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Fractional Tarig Transform and Mittag-Leffler Function

Deshna Loonker and P. K. Banerji

ABSTRACT: In the present paper the Tarig transform of fractional order is studied
by employing Mittag - Leffler function. Properties of Tarig transform are proved
using the same fractional Tarig transform.
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1. Introduction
One may, among several , can justify efficiencies of the applications of integral
transforms, viz. Fourier, Laplace and Hankel (among other) to solve ordinary and

partial differential equations besides their applications in other areas. Consider a
set A of function f(t) of exponential order, expressed as

A={f(t):IM ki, ko > 0,|f(t)] < Me/*i;¢ € (=1)7 x [0,00)},

where M is a constant of finite number and k; and ks may be finite or infinite.
The integral transform, known as Tarig transform, is introduced and studied
by Elzaki, et al. [1,2,3], defined by

T{f(t),u] = Glu) = /Oooe*wf(t)dt w0 (L1)

Tarig transform that is denoted by the operator T'[-] , is defined by
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T =) = [ fe Dar a0 (1:2)
0
Properties of the said transform are given as follows :

1. The Tarig transform of derivative and nth order derivative of f(t), respec-
tively, are defined

T = S5 - L2 (1.3)
T[] = ¢ (w) = S S i o) (14)

2. When f(t) = 6(t) (the Dirac delta function), the Tarig transform becomes

()] = ~ | (1.5)

u

more such for other values are tabulated in [2,3].

When f(t) =1, the Tarig transform becomes

T(1) =w, (1.6)
and when f(t) = t",the same yields
Tit"] = nlu®*! (1.7)

= TI'(n+ Du®"tt . (1.8)
3. If F(u) and G(u) are Tarig transforms of the functions f(t) and g(¢), then
the conwvolution is given by

Tl(f*9)(®)] = u F(u)G(u) . (1.9)

4. If «, 8 are any constants and f(t) and g(t) are real functions, then the linear
property is defined by

Tlaf(t) + By(t)] = aF(u) + BG(u) . (1.10)

5.The relation between the Laplace transform F(s) and Tarig transform G(u)
is defined by

G(u) = F(f). (1.11)

In [12], the Tarig transform is extended to the distribution spaces and some
other properties have been formulated. In [11] the Parseval equation of the Tarig
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transform for distribution spaces is established and solution of Abel integral equa-
tion is obtained related to the distribution spaces.

Tarig transform for fractional integrals and derivatives for distribution spaces
are employed in [13]. The Mittag - Leffler function and its applications with the
integral transforms viz., Fourier, Laplace, Sumudu and Natural transform are given
in [6,7,8,9,10]. Different techniques are employed to solve fractional differential
equations [1,9,15,16,17,18]. Using the Mittag — Leffler function and its properties,
some functions are defined and studied by the researchers [9,15,16,17,18|.

The Mittag — Leffler function [15] is a direct generalization of the exponential
function, and has an affinity for fractional calculus.

One parameter representation of the Mittag — Leffler function is given by
[14]

=Y ——— ,a>0 (1.12)
k:o ak +1)

Whereas two parameter Mittag — Leffler function [4] is represented as

C, R 0 1.13
;;) k) , @, B,z € C,Re(a, B) > (1.13)

with C being the set of complex numbers.

Special cases of the Mittag — Leffler function are
(i) Ea(z) = 1:2 ,lzl <1

(ii) El( ) =¢€*
(i) FEa(z) = cosh(\/z) z € (C
(iv)

1v E1 1( Z F(k+1) ZO ﬁ = ez

k

_ z 1 — z e |
(v) Erz(z) = g_:om =X T T

Following relations, related to the Mittag — Leffler function, may be useful.
(i) f5Bm(2™) = Em (™) 1

(i) Eap(2) = 2Eaats(2) + oz

(i) L Fg p(z) = =1 (G)=(F=DPas ()

oz

Having accommodated possible sources and terminologies on Tarig transform
and the Mittag - Leffler function, in Section 2 we write concepts of fractional
derivative, define modified Riemann - Liouville fractional derivative, and Taylor
series of fractional order. In Section 3, we establish main results.



86 DESHNA LOONKER AND P. K. BANERJI

2. Preliminaries on Fractional Derivatives
2.1. Fractional derivative via fractional difference

Definition 2.1. Let there be a continuous function f: R — R, t — f(t) (but
not necessarily differentiable). Let h > 0 be a constant discretization span. The
forward operator FW (h) is given by

FW(h)f(t) = f(t+h). (2.11)

With regard to (2.11), the fractional difference of order a,0 < o < 1, of the
function f(t) is given by

ACF(t) = (FW — 1) = 1kcg t+ (a— k)h],
ft)=( ) I;)()k,f[( )h]
and the fractional derivative of order « is defined by the limit
Acf(t)

@ (4) = I
SOt = lim == (2.12)

2.2. Modified Riemann-Liouville fractional derivative

. To overcome some drawbacks with the Riemann — Liouville fractional derivative,
the modified version is devised [6,7].

Definition 2.2. Let f: R— R,t — f(t) is a continuous function.

(i) When f(t) is constant K, its fractional derivative of order a , is given
by
1 1
DYk = K—— —,a>0
t Tl_a) %<
= 0 : a>0
(i1) For f(t) being not a constant, we have

f() = £(0) + (f(t) — £(0))

and its fractional derivative is defined by

F(t) = Dy £(0) + Dy (f(t) — f(0) (2.21)

which, when o < 0, is given by

1
I'(-a)

DE(f() — £(0)) = / (-l fE)de. a<0  (222)
0
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whereas for a > 0, we have

DR (f(t) = £(0)) = D (f(t)) = De(f V(1)) (2.23)
and
O = e ™)™ n<a<n+1. (2.24)

2.3. Taylor series of fractional order

Definition 2.3. The continuous function f : R — R,t — f(t) has a fractional
derivative of order kao . For any positive integer k and for any o, 0 < a < 1, we
have

f(t+h) Z fW) 0<a<l, (2.31)
k= O

where I'(1 + ak) = (ak)!.

2.4. Integration with respect to (dt)*

. The integral with respect to (dt)®, is defined as the solution of the fractional
differential equation

dy = FO(A)* , = 0,5(0) =0 (2.41)

Lemma 2.4. [6,7] Let f(t)be a continuous function. Then the solution y(t),y(0) =

0, is given by
t
v = [ e

a/t(t —o)lVfEdeE, 0<a<1 . (2.42)
0

3. Tarig Transform of Fractional Order and the Mittag-Leffler Function

In this section Tarig transform of fractional order is defined by using the Mittag
— Leffler function, which is the generalization of the exponential function. Prop-
erties and convolution theorem are proved using the Tarig transform of fractional
order.

By virtue of terminologies used in the preceding sections and recalling those
described for Fourier and the Lapalce transforms, respectively , through the Mittag
— Leffler function [6,7], following definition results.

Definition 3.1. Let f(t) be a function that vanishes for negative values of t . Then
the Tarig transform of order «, for finite f(t), is defined by
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L) = Gow = [ g (-1) @ (3.1)
- 1[5 (-g)am(dw (32)

u
M

— im> [ E. (_é)a F(t)(db) (3.3)

Mtoou Jg

where E,, is the Mittag — Leffler function, given by (1.12).

Theorem 3.2. (Tarig Laplace Duality of Fractional order) If the Laplace
transform of fractional order of a function f(t) is Lo{f(t)} = Fa(s) and the Tarig
transform To[f(t)] = Go(u) is of order «, then

Fa (52)

Golu) = (3.4)

u

Proof: Invoking Eqn. (2.42) in the definition of Tarig transform of fractional order
(3.1), we write

L) = Gow = [ g (-1) @
- AE%OQ/OM(Mt)O‘lf(ut)Ea <£)adt. (3.5)

By using the change of variable ut — w , i.e., dt = dT“’ , we get the right hand

side

M
w w N\ dw
— i M — Lya-1 Ea(——) w
Mlg)loa/o ( U ) (w) u? U
M
ad
= Al%x;oa/o (Mu —w)* ! f(w)E, (f%) u—f
Using the definition of Laplace transform, we have
F, (%
7,10)) = Galu) = 2z 69)
which, proves the theorem. O

Theorem 3.3. (Change of Scale Property) Let f(at) be a function in the set
A, where a is non — zero constant. Then

Talf(e)] = =G (%) (37)

a
Conditions as mentioned above, are applicable.
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Proof: Using (3.3), we have

Tolf(at) = lim > A2 (—%)af(at)(dt)“

= lim la/M(M—t)a_l flat)E, (—%)adt
0 u

By using the change of variable at — ¢/, dt = dt,, we get

a

Ma / / o /
— lim la/ (M — L)1 B, ( ! > ar
O a

au? a

Ma _ N\a—1 / @
:/ WMa—8)"" ¢\, ( tQ) v
0 a® au

i.e.

Tolf(at)] = —Go (%)

a” a
Theorem is proved.
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(3.9)

d

Theorem 3.4. Let f(t —b) is a function of fractional Tarig transform. Then

L7t~ 0) = Ea (~35) Gat)

Proof: By (3.3) of Definition 3.1, we have.

M a
nife-v) = g [ B (-5) fe- v
0

MTooU

= lim a/OM(M—t)O‘lv f(t —b)E, (——)adt :

M1oo

Considering t — b = x, we have the right hand side

_ lim ot /OMb(M—b—x)o‘l F(2)Eq (—(b‘:””))adx

Mtoo U

~ Jim ot /OM_b(M —b—2)° f(2)E, (—%)a E. (—i)a dz

Mtoo U
i.e.

Llf(e 0] = Ea () Gat)

which is due to E,(Ax 4+ y)®) = Eq(Aax®)Ey (Ay®).

(3.10)

(3.11)

(3.12)
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Theorem 3.5. If f(t) is Eo(a®t®)f(t), then the Tarig transform is given by
1 — au? au

T [Ea(a®) ()] = (L)a . (%) . (3.13)

Proof: Using (3.3) again of Definition 3.1, we have.

niE 0] = g [ B () Baeso@”

i.e.

1M - “
:I&}%aa/o (M —t)° v f(t)Ea ( (t ug“)) dt

Setting (1 — au?)t = w, we have the right hand side, reduced to

1 M—au? a—1 «a d
:hma_/ Mo Pl ) B (- )"
Mtoo u Jo 1—au 1 — au? u?/ (1 —au?)

_ /O e (1 1au2)a (M(1 - au?) — w))* ™ f (#) Eo(—25) dw

i.e.

T [Ea(a®t%) ()] = <#)aca (L) . (3.14)

1 —au? 1 — au?

Hence, the theorem is proved. ]

Theorem 3.6. Let the convolution of two functions f(t) and g(t) of order « is
given by

(@) 9(t)a = [ (2= )g(O)de)", (315)
0
Then the convolution of Tarig transform of order « is
To[(f(t) % g(t))a] = u*Ma(v)Na(v) . (3.16)
Proof: The convolution of Laplace transform of order « is given by

La[(f(t) * 9(t))a] = Lal{f(1)} La{g(t)} (3.17)
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Now using Tarig — Laplace duality (Theorem 3.1, (3.4)), we have

Tal(f(0)*90)a] = —LalfO)}Lalol®)}
(b (B)] -5

= M) Na(u)]
To[(f(t) * g(t))a] = u*Ma(v)Na(v) . (3.18)
The theorem is proved. O
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