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ABSTRACT. In this article, we have introduced the idea of statistically convergent generalized difference 

lacunary double sequence spaces 
2[ ( , , , )]nw M p q θΔ , 

2
0[ ( , , , )]nw M p q θΔ  and defined over a semi 

norm space (X, q). Also we have study some basic properties and obtained some inclusion relations 
between them.  
Keywords: statistical convergent, P-convergent, difference sequence, lacunary sequence, Orlicz function. 

Espaços sequenciais semi-normais duplos com diferença estatística lacunar generalizada 
definidos pela função de Orlicz 

RESUMO. Este trabalho apresenta a ideia de espaços sequenciais duplos com diferença lacunar 

generalizada e convergente 
2[ ( , , , )]nw M p q θΔ e 

2
0[ ( , , , )]nw M p q θΔ  definidos em um espaço 

semi normalizado. Além disso, foram também estudadas algumas propriedades básicas e obtidas algums 
relações de inclusão entre elas. 
Palavras-chave: estatística convergente, P-convergente, sequência de diferença, sequência lacunar, função de orlicz.  

Introduction 

The concept involving statistical convergence 
plays a vital role not only in pure mathematics but 
also in other branches of mathematics especially in 
information theory, computer science and biological 
science. 

Let ∞ ,c and 0c  be the Banach spaces of 

bounded, convergent and null sequences ( )kx x=  

with the usual norm || || sup | |k
k

x x= . In order to 

extend the notion of convergence of sequences, 
statistical convergence was introduced by Fast 
(1951) and Schoenberg (1959) independently. Later 
on it was further investigated by Fridy (1985), 
Mursaleen and Mohiuddine (2009a and b), 
Mohiuddine and Danish Lohani (2009), 
Mohiuddine et al. (2010), Šalát (1980), Tripathy 
(2003), Tripathy and Sen (2001) and many others. 
The idea depends on the notion of density (natural 
or asymptotic) of subsets of N. A subset E of N is 
said to have natural density ( )Eδ  if  

 

1

1( ) lim ( )
n

En k
E k

n
δ χ

→∞ =

=   

exists, where Eχ  denotes the characteristic function 

of E.  
A sequence ( )kx w∈  is said to be statistically 

convergent to a number   if for every 0ε >  the set  
 

{ }:| |kk x ε∈ − ≥   

 
has natural density zero. 

Kizmaz (1981) introduced the notion of 
difference sequence spaces as follows: 
 

{ }( ) ( ) : ( )k kX x x w x XΔ = = ∈ Δ ∈  

for X= ∞ ,c  and co. Later on, the notion was 

generalized by Et and Çolak (1995) as follows: 
 

{ }( ) ( ) : ( )m m
k kX x x w x XΔ = = ∈ Δ ∈  

 
for X= ∞ ,c and co, where  

1 1 0
1( ) ( ),m m m m

k k kx x x x x x− −
+Δ = Δ = Δ − Δ Δ =  

and also this generalized difference notion has the 
following binomial representation: 
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0

( 1)
m

m i
k k i

i

m
x x

i +
=

 
Δ = −  

 
 for all k ∈. 

 
Subsequently, difference sequence spaces were 

studied by Esi (2009a and b), Esi and Tripathy 
(2008), Tripathy et al. (2005) and many others. 

An Orlicz function M is a function 
:[0, ) [0, )M ∞ → ∞ , which is continuous, convex, 

nondecreasing function such that M(0) = 0, M(x) > 
0, for x > 0 and M(x) → ∞ as x → ∞. If convexity of 
Orlicz function is replaced by M(x + y) ≤ M(x) + 
M(y) then this function is called the modulus 
function and characterized by Ruckle (1973). An 
Orlicz function M is said to satisfy ∆2 – condition for 

all values  if there exists K > 0 such that 
(2 ) ( ), 0M u KM u u≤ ≥ . 
Remark 1.1.  An Orlicz function satisfies the 

inequality M(λx) ≤ λM(x) for all λ with 0 < λ < 1. 
Lindenstrauss and Tzafriri (1971) used the idea 

of Orlicz function to construct the sequence space 
 

1

| |( ) : , 0k
M k

k

xl x M for some r
r

∞

=

  = < ∞ >  
  

  

which is a Banach space normed by 
 

1

| ||| ( ) || inf 0 : 1k
k

k

xx r M
r

∞

=

  = > ≤  
  

 . 

 
The space Ml  is closely related to the space pl , 

which is an Orlicz sequence space with 

( ) | |pM x x= , for 1 ≤ p < ∞.  
In a later stage different Orlicz sequence spaces 

were introduced and studied by Tripathy and 
Mahanta (2004), Esi (1999, 2009a and b, 2010), Esi 
and Et (2000), Parashar and Choudhary (1994) and 
many others. 

The following well-known inequality will be 
used throughout the article. Let p = (pk) be any 
sequence of positive real numbers with 

10 sup , max{1, 2 }G
k k

k
p p G D −< ≤ = =  then 

 

| | (| | | | )k k kp p p
k k k ka b D a b+ ≤ +  

 
for all k ∈  and ak, bk ∈ . Also 
| | max{1,| | }kp Ga a≤  for all a ∈ . 

Let w2 denote the set of all double sequences of 
complex numbers. By the convergence of a double 
sequence we mean the convergence in the 

Pringsheim sense that is, a double sequence x = 
(xk,l) has Pringsheim limit L (denoted by 

limP x L− = ) provided that given ε > 0 there exists 
N∈ such that 

,| |k lx L ε− <  for k,l > N 

(PRINGSHEIM, 1900). And we called it as "P - 
convergent". We shall denote the space of all P - 
convergent sequences by c2. The double sequence x = 
(xk,l) is bounded if and only if there exists a positive 
number M such that ,| |k lx M<  for all k and l. We 

shall denote the space of all bounded double 
sequences by 2

∞l . The zero single sequence will be 
denoted by θ = (θ, θ, θ,…) and the zero double 
sequence will be denoted by θ2 = (θ). 

The notion of asymtotic density for subsets of 
×  was introduced by Tripathy (2003). A subset 

E of ×  is said to have density ρ (E) if  
 

,

1( ) lim ( , )Ep q n p k q
E n k

pq
ρ χ

→∞ ≤ ≤

=   

 
exists. 

The notion of statistically convergent double 
sequences was introduced by Mursaleen and Edely 
(2003) and Tripathy (2003) independently. 

A double sequence (xk,l) is said to be statistically 
convergent to   in Pringsheim’s sense if for every       
ε > 0,  

ρ({(k, l) ∈ × : ,| |k lx L ε− ≥ })= 0. 

The double sequence , {( , )}r s r sk lθ =  is called 

double lacunary sequence if there exist two 
increasing sequence of integers such that 

 

10, ,o r r rk h k k as r−= = − → ∞ → ∞  

 
and 

 

0 10, s s sl h l l as s−= = − → ∞ → ∞ . 

 
Notations: , ,,r s r s r s r sk k l h h h= =  and ,r sθ  is 

determined by  
 

, 1 1{( , ) : }r s r r s sI k l k k k and l l l− −= < ≤ < ≤  

 

,
1 1

, sr
r s r s r s

r s

lkq q and q q q
k l− −

= = = . 

 
The set of all double lacunary sequences is 

denoted by 
,r s

Nθ  and defined by Savas and 

Patterson (2006) as follows: 
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,

,

1
, , ,, ( , )

( ) : lim ( ) | | 0,
r s

r s

k l r s k lr s k l I
N x x P h x L for some Lθ

−

∈

  = = − − = 
  

  

New types of double sequence spaces 

In this presentation our goal is to extend a few 
results known in the literature from ordinary 
(single) difference sequences to difference double 
sequences. Some studies on double sequence spaces 
can be found in Gökhan and Çolak (2004, 2005 
2006). 

Let M  be an Orlicz function and ,( )k lp p=  be a 

factorable double sequence of strictly positive real 
numbers and ,r sθ  be a lacunary sequence. Let X be 

a seminormed space over the complex field  with 
the seminorm q. We now define the following new 
statistically convergent generalized difference 
lacunary double sequence spaces:  

 

 
 

 
 

and 
 

 
where: 

1 1 1 1
, , , 1 1, 1, 1( ) ( )u u u u u u

k l k l k l k l k lx x x x x x− − − −
+ + + +Δ = Δ = Δ − Δ − Δ + Δ

1
, ,( ) ( )k l k lx xΔ = Δ

, , 1 1, 1, 1( ),k l k l k l k lx x x x+ + + += − − + 0
, ,k l k lx xΔ =  

and also this generalized difference double notion 
has the following binomial representation: 

 

, ,
0 0

( 1)
n n

n i j
k l k i l j

i j

n m
x x

i j
+

+ +
= =

  
Δ = −   

  
  

 
Some double sequence spaces are obtained by 

specializing ,r sθ M, p, q and n. Here are some 

examples: 
(i) If , {( , )}r s r sk lθ = ={(2 ,2 )}r s , M(x)=x, n 

= 0 , , 1k lp =  for all ,k l ∈ and ( ) | |q x x=  then 

we obtain the double sequence spaces 2 2
0[ ],[ ]w w  

and 2[ ]w∞ .  

(ii) If M(x)=x, n = 0 , , 1k lp =  for all ,k l ∈ 

and ( ) | |q x x=  then we obtain the double sequence 

spaces 2 2
0[ ] ,[ ]w wθ θ  and 2[ ]w θ∞ . 

(iii) If M(x)=x, n = 0 for all ,k l ∈ and 

( ) | |q x x=  then we obtain the double sequence 

spaces 2 2
0[ ( )] ,[ ( )]w p w pθ θ  and 2[ ( )]w p θ∞  defined as 

follows:  
 

 
 

 
and 
 

 
 
(iv) If n = 0  and ( ) | |q x x=  then we obtain the 

double sequence spaces 2 2
0[ ( , )] ,[ ( , )]w M p w M pθ θ  and 

2[ ( , )]w M p θ∞  defined as follows: 

 

 
 

 
 

and 
 

 
 
(v) If n=1 and ( ) | |q x x=  then we obtain the 

double sequence spaces 
2 2

0[ ( , , )] ,[ ( , , )]w M p w M pθ θΔ Δ  and 
2[ ( , , )]w M p θ∞ Δ  defined as follows: 

 

 
 

 
 

and 

 
 

where  
 
( ) ( )1,1,11,,, ++++ +−−=Δ lklklklklk xxxxx . 
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Main Results 

Theorem 3.1. Let ,( )k lp p=  be bounded. The 

classes of 2[ ( , , , )]nw M p q θΔ , 2
0[ ( , , , )]nw M p q θΔ  

and 2[ ( , , , )]nw M p q θ∞ Δ  are linear spaces over the 

complex field . 
Proof. We give the proof for the space 
2[ ( , , , )]nw M p q θ∞ Δ  and for the others spaces the 

proof can be obtained in a similar way. Let 
2

, ,( ), ( ) [ ( , , , )]n
k l k lx x y y w M p q θ∞= = ∈ Δ . Then 

we have 
 

 (3.1) 
 

and 
 

 (3.2) 
 
Let ,α β ∈ be scalars and 

1 2max{2 | | , 2 | | }ρ α ρ β ρ= . Since M is non-

decreasing convex function, we have 
 

,

, ,( ( ))
k lpn

k l k lq x y
M

α β
ρ

  Δ +
      

 

 

≤
, ,

, ,( ( )) ( ( ))
k l k lp pn n

k l k lq x q y
M M

α β
ρ ρ

      Δ Δ
+                  

 

 

≤
, ,

, ,( ) ( )
k l k lp pn n

k l k lq x q y
D M M

ρ ρ

       Δ Δ +                     

 

 

where 1
,

,
max(1, 2 ), supH

k l
k l

D H p−= = < ∞ .   

Now, from (3.1) and (3.2), we have 
 

 
 

Therefore 2[ ( , , , )]nx y w M p q θα β ∞+ ∈ Δ . Hence 
2[ ( , , , )]nw M p q θ∞ Δ  is a linear space. 
Theorem 3.2. The double sequence spaces 

2[ ( , , , )]nw M p q θΔ  2
0[ ( , , , )]nw M p q θΔ  and 

2[ ( , , , )]nw M p q θ∞ Δ  are seminormed spaces, 

seminormed by 

 
 
Proof. Since q is a seminorm, so we have 

,(( ))k lf x ≥ 0 for all ,( )k lx x=  2( ) 0f θ =  and 

, ,(( )) | | (( ))k l k lf x f xλ λ=  for all scalars λ . 

Now, let ,( )k lx x= , 
2

, 0( ) [ ( , , , )]n
k ly y w M p q θ= ∈ Δ  Then there exist 

1 0ρ > , 2 0ρ >  such that  

 

 
 
Let 1 2ρ ρ ρ= +  Then we have, 
 

 
 

 
 
Since 1 2, 0ρ ρ >  so we have, 

 

 

 
 

 
 

 
 
= , ,(( )) (( ))k l k lf x f y+ . 

 
Therefore f is a seminorm. 
Theorem 3.3. Let (X, q) be a complete 

seminormed space. Then the spaces 
2[ ( , , , )]nw M p q θΔ  2

0[ ( , , , )]nw M p q θΔ  and 
2[ ( , , , )]nw M p q θ∞ Δ   are complete seminormed 

spaces seminormed by f.  
Proof. We prove the theorem for the space 
2
0[ ( , , , )]nw M p q θΔ  The other cases can be 

establish following similar technique. Let 

,( )i i
k lx x=  be a Cauchy sequence in 
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2
0[ ( , , , )]nw M p q θΔ  . Let 0ε >  be given and for b 

> 0, choose 0x  fixed such that 0 1
2

bxM   ≥ 
 

 and 

there exists 0m ∈ such that 

 

 
 
By definition of seminorm, we have 
 

 
(3.3) 
 

This implies that  
 

( ) ( ) ε<−+− 
==

j
l

i
l

n

l

j
k

i
k

n

k

xxqxxq ,1,1
1

1,1,
1

 

 

This shows that ,1( )i
kx  and 1,( )( , )j

lx k l n≤   are 

Cauchy sequences in (X, q) Since (X, q) is  complete, 
so there exists ,1 1,,k lx x X∈  such that 

 

,1 ,1lim i
k ki

x x
→∞

= and 1, 1,lim ( , )j
l lj

x x k l n
→∞

= ≤  

 
Now from (3.3), we have 
 

( )( )
( ) ( )( ) o

o
j

lk
i

lk

j
lk

i
lk

n

mjibxM
xxf
xxq

M ≥





≤≤















−

−Δ
,,

2
1

,,

,, allfor . 

(3.4) 
 

This implies 
 

( )( ) o
o

oj
lk

i
lk

n mji
bx

bxxxq ≥=≤−Δ ,,
2

.
2,, allfor

εε  

 

So ( ),( )n i
k lxΔ  is a Cauchy sequence in (X, q). 

Since (X, q) is complete, there exists xk,l ∈ X such 

that , ,lim ( )n i
k l k li

x xΔ =   for all ,k l ∈ Since M 

is continuous, so for 0i m≥ , on taking limit as 

j → ∞  we have from (3.4),  
 

 
 

On taking the infimum of such ρ′ s, we have 

( )( ) olk
i

lk mixxf ≥<− allfor,,, ε . 

 
Thus ( ), ,

i
k l k lx x− ∈ 2

0[ ( , , , )]nw M p q θΔ . By 

linearity of the space 2
0[ ( , , , )]nw M p q θΔ  we have 

for all 0i m≥ , 
 

( ) 2
, , , , 0( ) ( ) [ ( , , , )]i i n

k l k l k l k lx x x x w M p q θ= + − ∈ Δ  

 

Thus 2
0[ ( , , , )]nw M p q θΔ  is a complete semi-

normed space. 
Theorem 3.4. (a) If , ,,

0 inf 1k l k lk l
p p< ≤ <  

then 2 2[ ( , , , )] [ ( , , )]u uZ M p q Z M qθ θΔ ⊂ Δ  

(b) If , ,
,

1 supk l k l
k l

p p< ≤ < ∞  then 

2 2[ ( , , )] [ ( , , , )]u uZ M q Z M p qθ θΔ ⊂ Δ  where 
2 2 2

0,Z w w=  and 2w∞ . 

Proof. The first part of the result follows from 
the inequality 

 
,

, ,( ) ( )
k lpn n

k l k lq x q x
M M

ρ ρ
    Δ Δ

≤             
 

 
and the second part of the result follows from the 
inequality 

 
,

, ,( ) ( )
k lpn n

k l k lq x q x
M M

ρ ρ
    Δ Δ

≤            
. 

 
Theorem 3.5. Let 1M  and 2M  be Orlicz 

functions satisfying 2Δ -condition. If 

2( ( ))lim 1
t

M t
t

β
→∞

= ≥  then 

2 2
1 1 2[ ( , , , )] [ ( , , , )]n nZ M p q Z M M p qθ θΔ = Δ

 where 2 2 2
0,Z w w=  and 2w∞ . 

Proof. We prove it for 2 2
0Z w=  and the other 

cases will follows on applying similar techniques. 

Let 2
, 0 1( ) [ ( , , , )]n

k lx x w M p q θ= ∈ Δ  then 

 

( )
( )

( )
0lim

,

,

,
1

1
,

1
,,2 =






















 Δ
−

−

∈

− 
lk

sr

p
lk

n

llk
srsr

xq
Mhst

ρ
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Let 0 1ε< <  and δ  with 0 1δ< <  such that 

2 ( )M t ε<   for 0 t δ≤ < . Let  

 

,l
, 1

( )n
k

k l

q x
y M

ρ
 Δ

=   
 

 

 
and consider 

 
, , ,

2 , 2 , 2 ,[ ( )] [ ( )] [ ( )]k l k l k lp p p
k l k l k lM y M y M y= + (3

.6) 
 
where the first term is over ,k ly δ≤  and the second 

is over ,k ly δ>  From the first term in (3.6), using 

the Remark 1.1 
 

, ,
2 , 2 ,[ ( )] [ (2)] [( )]k l k lp pH

k l k lM y M y< +  (3.7) 

 
On the other hand, we use the fact that 
 

, ,
, 1k l k l

k l

y y
y

δ δ
< < +  

 
Since 2M  is non-decreasing and convex, it 

follows that 
 

, ,
2 , 2 2 2

21 1( ) 1 (2)
2 2

k l k l
k l

y y
M y M M M

δ δ
   

< + < +   
   

 

 
Since 2M  satisfies 2Δ -condition, we have 

 

( ) ( ), , ,
2 , 2 2 2

1 1( ) (2) 2 2
2 2

k l k l k l
k l

y y y
M y K M K M K M

δ δ δ
< + =  

 
Thus from the second term in (3.6) we have  
 

( ), ,1
2 , 2 ,[ ( )] max 1,( (2) ) [( )]k l k lp pH

k l k lM y KM yδ −≤
(3.8) 
 

By (3.7) and (3.8), taking limit in the Pringsheim 
sense, we have 

,( )k lx x= 2
0 1 2[ ( , , , )]nw M M p q θ∈ Δ . Observe 

that in this part of the proof we did not need 1β ≥  

Now, let 1β ≥   and 2
, 0 1( ) [ ( , , , )]n

k lx x w M p q θ= ∈ Δ . 

Since 1β ≥  we have 2 ( )M t tβ≥  for all 0t ≥ .   

It follows that ,( )k lx x= 2
0 1 2[ ( , , , )]nw M M p q θ∈ Δ  

implies 2
, 0 1( ) [ ( , , , )]n

k lx x w M p q θ= ∈ Δ . This implies 
2 2
0 1 0 1 2[ ( , , , )] [ ( , , , )]n nw M p q w M M p qθ θΔ = Δ

 
Theorem 3.6. Let M, 1M  and 2M  be Orlicz 

functions, q, 1q  and 2q   be seminorms. Then 

(i)  
(ii)  
(iii) If 1q  is stronger than 2q , then 
2 2

1 2[ ( , , , )] [ ( , , , )]n nZ M p q Z M p qθ θΔ ⊂ Δ , 

where 2 2 2
0,Z w w=  and 2w∞ . 

Proof. (i) We establish it for only 2 2
0Z w=  The 

rest of the cases are similar. Let 
2 2

, 0 1 0 2( ) [ ( , , , )] [ ( , , , )]n n
k lx x w M p q w M p qθ θ= ∈ Δ ∩ Δ

 Then 
 

 
 

 
 

Let 1 2max{ , }ρ ρ ρ=  The result follows from the 

following inequality 
 

( ) ( )

( ) ( )



































 Δ
+






















 Δ
≤






















 Δ
+

lklk

lk

p

lk
np

lk
n

p
lk

n

xq
M

xq
MD

xq
MM

,,

,

2

,
2

1

,
1

,
21

ρρ

ρ
 

 
The proofs of (ii) and (iii) follow obviously. 
The proof of the following result is routine 

work. 
Proposition 3.7. For any Orlicz function M, if  

1 2( )q equivalent to q≅ , then 
2 2

1 2[ ( , , , )] [ ( , , , )]n nZ M p q Z M p qθ θΔ = Δ  where 
2 2 2

0,Z w w=  and 2w∞
. 

Let 2E  be a double sequence space. Then 2E  is 
called 

(a) solid (or normal) if 2
, ,( )k l k lx Eα ∈  

whenever 2
,( )k lx E∈  for all double sequences 

,( )k lα  of scalars with ,| | 1k lα ≤  for all ,k l ∈ 

(b) monotone provided 2E  contains the 
canonical preimages of all its step spaces. 
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It is a well known result that if 2E  is normal 
then it is monotone. 

Theorem 3.8. The spaces 2
0[ ( , , , )]nw M p q θΔ  

and 2[ ( , , , )]nw M p q θ∞ Δ  are normal as well as 

monotone. 
Proof. Let ,( )k lα  be a double sequences of 

scalars such that ,| | 1k lα ≤  for all ,k l ∈ Since M 

is monotone, we get for some 0ρ >  
 

,

,

, ,1
,

( , )

( ( ))
( )

k l

r s

pn
k l k l

r s
k l I

q x
h M

α
ρ

−

∈

  Δ
      

  

,

,

,1
, ,

( , )

( ( ))
( ) sup | |

k l

r s

pn
k l

r s k l
k l I

q x
h M α

ρ
−

∈

  Δ
      

  

,

,

,1
,

( , )

( ( ))
( )

k l

r s

pn
k l

r s
k l I

q x
h M

ρ
−

∈

  Δ
      

  

 
which leads us to the desired results. 

Conclusion 

In this article we defined some new sequence 
spaces by double lacunary summability method by 
combining the concept of Orlicz function and 
statistical convergence. Further, we proved some 
topological and algebraic properties of the resulting 
spaces. 
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