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ABSTRACT. In this paper, we introduce the relatively new notion of ζ -open subset which is strictly 

weaker than open. We prove that the collection of all ζ -open subsets of a space forms a topology that is 

finer than the original one. Several characterizations and properties of this class are also given as well as 
connections to other well-known "generalized open" subsets. 
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Conjuntos aberto ζ  

RESUMO. Este artigo apresenta um novo conceito de subconjunto aberto ζ  que é muito mais fraco que 

o aberto. Foi comprovada que a coleta de todos os subconjuntos abertos ζ  de um espaço forma uma 

topologia mais fina do que a original. Várias caracterizações e propriedades desta classe são também 
apresentadas, bem como conexões com outros bem conhecidos subconjuntos abertos generalizados.  

Palavras-chave: aberto ζ , conjunto contável, espaço contável anti-localmente.  

Introduction 

Let ),( ℑX  be a topological space (or simply, a 
space). If XA⊆ , then the closure of A, the 
interior of A and the derived set of A will be 
denoted by )(),( AIntACl ℑℑ  and )(Adℑ , 
respectively. If no ambiguity appears, we use 

oAA,  and 'A  instead. A subset XA⊆  is called 
semi-open (simply, SO) (LEVINE, 1963) if there 
exists an open set ℑ∈O  such that OAO ⊆⊆ . 
Clearly A is a semi-open set if and only if 

))(( AIntClA ℑℑ⊆ . A complement of a semi-open 
set is called semi-closed (simply, SC). The semi-
interior of A is the union of all semi-open subsets 
contained in A and is denoted by )(AsInt . A is 
called preopen( simply, PO) (MASHHOUR et al., 
1982a and b) ))(( AClIntA ℑℑ⊆ . A is called 

−α open (NJASTAD, 1965) if 
)))((( AIntClIntA ℑℑℑ⊆  and −β open (ABD EL-

MONSEF et al., 1983) if )))((( AClIntClA ℑℑℑ⊆ . 
Finally, A is called regular-open (simply, RO) (WL-
DEEP et al., 1983) if ))(( AClIntA ℑℑ= . 
Complements of regular-open sets are called 
regular-closed (simply, RC). The collection of all 
SO (resp., PO, RO, RC, −α open  and −β open) 

subsets of X is denoted ),( ℑXSO (resp., 
),(),,(),,(),,( ℑℑℑℑ XXRCXROXPO α  and 

),( ℑXβ . We remark that ),( ℑXα  is a topological 
space and ),(),(),( ℑ∩ℑ=ℑ XPOXSOXα . A space 

),( ℑX  is called locally countable (P-space, anti locally 

countable, respectively) if each Xx∈  has a 
countable neighborhood (countable intersections 
of open subsets are open, non-empty open subsets 
are uncountable, respectively). For the preceding 
notions, the reader is referred to Crossley and 
Hildebrand (1971), Ganster and Reilly (1990), 
Mashhour et al. (1982), Munkres (1975) and 
Tong (1986). 

In this paper, we introduce the relatively new 
notions of ζ -open, which is weaker than the class 
of open subset. In section 2, we also show that the 
collection of all ζ -open subsets of a space ),( ℑX  
forms a topology that is finer than ℑ  and we 
investigate the connection of ζ -open notion to 
other classes of "generalized open" subsets as well as 
several characterizations of ζ -open and ζ -closed 
notions via the operations of interior and closure. In 
section 3, several interesting properties and 
constructions ofζ -open subsets are discussed in the 
case of anti locally countable spaces. 



112 Al-Hawary 

Acta Scientiarum. Technology Maringá, v. 35, n. 1, p. 111-115, Jan.-Mar., 2013 

ζ -open set 

We begin this section by introducing the notion 
of ζ -open and ζ -closed subsets. 

Definition 1 A subset A of a space ),( ℑX is 
called ζ -open if for every Ax∈ , there exists an 
open subset XU ⊆  containing x and such that 

)(\ AsIntU  is countable. The complement of an ζ -
open subset is called ζ -closed. 

Clearly every open set is ζ -open, but the 
converse needs not be true. 

Example 1 Let },{ baX =  and }}{,,{ aXφ=ℑ . 
Set }{bA = . Then A is ζ -open but not open. 

Another interesting example for the infinite case 
is giving next. 

Example 2 Consider the real line ℜ  with the 
topology }\0\:{ UorfiniteisUU ℜ∈ℜℜ⊆=ℑ  
and set }0{\ ∪ℜ= QA . Then A is not open while it 
is ζ -open. 

Next, we show that the collection of all ζ -open 
subsets of a space ),( ℑX  forms a topology ζℑ  that 

contains ℑ . 
Theorem 1 If  ),( ℑX  is a space, then ),( ζℑX  is 

a space such that ζℑ⊆ℑ . 

Proof. We only need to show ),( ζℑX  is a space. 
Clearly since Xandφ are open, they are ζ -open. If 

ζℑ∈BA,  and BAx ∩∈ , then there exist open sets 

U,V in X both containing x such that )(\ AsIntU  
and )(\ BsIntV  are countable. Now VUx ∩∈  and 
for every  

 

))()((\)(
)(\)(
BsIntAsIntVU

BAsIntVUy
∩∩

=∩∩∈
  

 
either )(\ AsIntUy∈ or )(\ BsIntVy∈ . Thus 

)(\)(\)( AsIntUBAsIntVU ⊆∩∩  or 
)(\)(\)( BsIntUBAsIntVU ⊆∩∩  and thus 

)(\)( BAsIntVU ∩∩  is countable. Therefore, 

ζℑ∈∩ BA . 

If }:{ Δ∈ααA  is a collection of ζ -open subsets 

of X, then for every α
α

Ax 
Δ∈

∈ , βAx∈  for some 

Δ∈β . Hence there exists an open subset U of X 
containing x such that )(\ AsIntU  is countable. 
Now as 

)(\)(\)(\ AsIntUAsIntUAsIntU ⊆⊆
Δ∈Δ∈

α

α
α

, 

)(\ α
α

AsIntU 
Δ∈

 is countable and hence ζα
α

ℑ∈
Δ∈

A . 

Corollary 1 If ),( ℑX  is a p-space, then ζℑ=ℑ . 

Next we show that ζ -open notion is 
independent of both PO and SO notions. 

Example 3 Consider ℜ  with the standard 
topology. Then Q  is PO but not ζ -open. Also 
[0,1] is SO but not ζ -open. 

Example 4 In Example 1, {b} is ζ -open but 
neither PO nor open. 

Next we characterize ζℑ  when X is a locally 

countable space. 
Theorem 2 If ),( ℑX  is a locally countable 

space, then ζℑ  is the discrete topology. 

Proof. Let XA⊆  and Ax∈ . Then there 
exists a countable neighborhood U of x and hence 
there exists an open set V containing x such that 

UV ⊆ . Clearly UAsIntUAsIntV ⊆⊆ )(\)(\  and 
thus )(\ AsIntV  is countable. Therefore A is ζ -
open and so ζℑ  is the discrete topology.  

Corollary 2 If ),( ℑX  is a countable space, then 

ζℑ  is the discrete topology. 
The following result, in which a new 

characterization of ζ -open subsets is given, will be 
a basic tool throughout the rest of the paper. 

Lemma 1 A subset A of a space X is ζ -open if 

and only if for every Ax∈ , there exists an open 
subset U containing x and a countable subset C such 
that )(AsIntCU ⊆− . 

Proof. Let ζℑ∈A  and Ax∈ , then there exists 

an open subset U containing x such that 
)(\ AsIntU ) is countable. Let 

))(\()(\ AsIntXUAsIntUC ∩== . Then 
)(AsIntCU ⊆− . 

Conversely, let Ax∈ . Then there exists an 
open subset U containing x and a countable subset 
C such that )(AsIntCU ⊆− . Thus CAsIntU =)(\  
is countable.  

The next result follows easily from the definition 
and the fact that the intersection of ζ -closed sets is 
again ζ  -closed. 

Lemma 2 A subset A of a space X is ζ -closed if 
and only if AACl =)(ζ . 

We next study restriction and deletion 
operations. 

Theorem 3 If A is ζ -open subset of X, then 

ζζ )|(| AA ℑ⊆ℑ . 
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Proof. Let AG |ζℑ∈ . Then AHG ∩=  for some 
ζ -open subset H. For every Gx∈ , there exist VH, 

ℑ∈AV  containing x and countable sets HD  and AD  
such that )(HsIntDV HH ⊆−  and )(AsIntDV AA ⊆− . 
Therefore, AHAAH DDVVAx ∪ℑ∈∩∩∈ ,)(  is 

countable and  
 

).(
)(

)(
)()(

)()(
)()()()()(

GsInt
AGsInt

AAHsInt
AAsIntHsInt
DVDV

DXDXVVDDVVA

A

AAHH

AHAHAHAH

⊆
∩=

∩∩=
∩∩⊆

−∩−=
−∩−∩∩⊆∪−∩∩

 
Therefore, ζ)|( AG ℑ∈ . 

Corollary 3 If A is open subset of X, then 

ζζ )|(| AA ℑ⊆ℑ . 

In the next example, we show that if A in the 
preceding Theorem is not ζ -open, then the result 

needs not be true. 
 
Example 5 Consider ℜ  with the standard 

topology and let QA \ℜ= . Then A is not ζ -open 
and so not open. As (0,1) is ζ -open, then 

AAD |)1,0( ζℑ∈∩=  while if ζ)|( AD ℑ∈  then for 

every Dx∈ , here exists AU |ℑ∈  and a countable 
AC ⊆  such that φ=⊆− )(DsIntCU . Thus CU ⊆  

and hence U is countable which is a contradiction. 
In the next example, we show that ζ)|( Aℑ  needs 

not be a subset of A|ζℑ . 
Example 6 Consider ℜ  with the standard 

topology, QA =  and B=(0,2). If AB |ζℑ∈ , then 

ADB ∩=  for some ζℑ∈D  which is impossible as 

AB −∈2 . On the other hand to show 

ζ)|( AB ℑ∈ , let Bx∈ . If Ax∈ , pick Aqq ∈21,  

such that 20 21 <<<< qxq  and let 
AqqU ∩= ),( 21 . Then )(BsIntBUx =⊆−∈ φ . If 

Ax∉ , then Aqq \, 21 ℜ∈  such that 
20 21 <<<< qxq  and let AqqU ∩= ),( 21 . Then 

)(BsIntBUx =⊆−∈ φ . Thus in both cases 

ζ)|( AB ℑ∈ . 

Lemma 3 If X is a Lindelof space, then A-
sInt(A) is countable for every closed subset ζℑ∈A . 

Poof. Let A be a closed set such that ζℑ∈A . 

For every Ax∈ , there exists an open set xV  

containing x such that )(AsIntVx −  is countable. 

Thus }:{ AxVx ∈  is an open cover for A and as A is 
lindelof, it has a countable subcover }:{ NnVn ∈ . 

Now ))(()( AsIntVAsIntA n
Nn

−=−
∈
  which is 

countable. 
Corallary 4 If X is a second countable space, 

then A-sInt(A) is countable for every closed subset 

ζℑ∈A . 

Theorem 4 Let ),( ℑX  be a space and XC ⊂  is 
ζ -closed. Then BKCCl ∪⊆ℑ )(  for some closed 

subset K and a countable subset B.  
Proof. Let C be ζ -closed. Then X-C is ζ -open 

and hence for every CXx −∈ , there exists an open 
set U containing x and a countable set B such that 

).()( CClXCXsIntBU ℑ−⊆−⊆−  Thus 
 

.)())((
))(()()(

BUXBUXX
BXUXBUXCCl

∪−⊆∪−∩⊆
−∩−⊆−−⊆ℑ  

 
Letting K=X-U. Then K is closed such 

BKCCl ∪⊆ℑ )( . 

Anti-locally countable spaces 

In this section, several interesting properties and 
constructions of ζ -open subsets are discussed in 

case of anti locally countable spaces. 
Theorem 5 A space ),( ℑX  is anti locally 

countable if and only if ),( ζℑX  is anti locally 

countable. 
Proof. Let ζℑ∈A  and Ax∈ . Then by Lemma 

1, there exists an open subset XU ⊆  containing x 
and a countable C such that )(AsIntCU ⊆− . 

Hence sInt(A) is uncountable and so is A. The 
converse follows from the fact that every open 
subset is ζ -open. 

Corollary 5 If ),( ℑX  is anti locally countable 
space and A is ζ -open, then ).()( AClACl

ζℑℑ =  

Proof. Clearly ).()( AClACl
ζℑℑ ⊇  On the other 

hand, let )(AClx ℑ∈  and B be an ζ -open subset 

containing x. Then by Lemma 1, there exists an 
open subset V containing x and a countable set C 
such that )(BsIntCV ⊆− . Thus 

ABsIntACV ∩⊆∩− )()(  and 
ABsIntCAV ∩⊆−∩ )()( . As Vx∈  and 

)(AClx ℑ∈ , φ=∩ AV  and then as V and A are ζ -
open, AV ∩  is ζ  -open and as X is ani locally 
countable, AV ∩  is uncountable and so is 
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CAV −∩ . Thus AB∩  is uncountable as it 
contains the uncountable set ABsInt ∩)( . 
Therefore, φ≠∩ AB  which means ).(AClx

ζℑ∈  

By a similar argument, we can easily prove the 
following result: 

Corollary 6 I ),( ℑX  is anti locally countable 

and A is ζ -closed, ).()( AIntAInt
ζℑℑ =  

Theorem 6 Let ),( ℑX  be an anti locally 
countable space. Then   ),(),( ζαα ℑ⊆ℑ XX . 

Proof. If ),( ℑ∈ XA α , then 
)))((( AIntClIntA ℑℑℑ⊆  and by Corollary 5, 
)))((( AIntClIntA ℑℑℑ⊆ ζ . Now by Corollary 6 and 

as ))(( AIntCl ℑℑ  is ζ -closed, 
)))((( AIntClIntA

ζζζ ℑℑℑ⊆  which means 

),( ζα ℑ∈ XA . 

The converse of the preceding result needs not 
be true as shown next. 

Example 7 Consider ℜ  with the standard 
topology and let QA \ℜ= . Then ),( ζα ℑ∈ XA , 

but ),( ℑ∉ XA α . 

Similarly, one can show that in an anti locally 
countable space, ),(),( ℑ⊆ℑ XX ββ ζ . 

Theorem 7 Let ),( ℑX  be an anti locally 
countable space. Then )()( AdAd

ζℑℑ =  for every 

subset XA⊆ .  
Proof. If )(Adx ℑ∈  and V is any ζ -open  

subset containing x, then there exists an  
open subset U containing x and a countable  
C such that VVsIntCU ⊆⊆− )( . Thus 

}){(}){()(}){()( xAVxAVsIntxACU −∩⊆−∩⊆−∩−

 and as )(Adx ℑ∈  and oV  is open containing x, we 

have φ≠−∩ }){( xAV o  and so φ≠−∩ }){( xAV . 
Therefore )(Adx

ζℑ∈ . 

The converse is obvious as every open subset is 
ζ -open. 

Theorem 8 Let ),( ℑX  be an anti locally 
countable space. Then   ),(),( ℑ=ℑ XROXRO ζ . 

Proof. If ),( ℑ∈ XROA , then ))(( AClIntA ℑℑ=  
and by Corollary 5, ))(( AClIntA

ζℑℑ= . Now by 

Corollary 6 and as )(ACl
ζℑ  is ζ -closed, 

))(( AClIntA
ζζ ℑℑ=  which means ),( ζℑ∈ XROA . 

Conversely, if ),( ζℑ∈ XROA , then 

))(( AClIntA
ζζ ℑℑ= . Then as A is ζ -open, by 

Corollary 5, ))(( AClIntA ℑℑ=
ζ

 and as )(AClℑ  is 

ζ -closed being a closed set, then ))(( AClIntA ℑℑ=  

which means ),( ℑ∈ XROA . 
The converse of the preceding result needs not 

be true as shown next. 
Example 8 Let X={a,b,c,d,e} and 

}},,,{},,,{},,{},{,,{ dcbacbabaaXφ=ℑ . Then 
),( ℑX  is not an anti locally countable space such 

that },{),( XXRO φ=ℑ  while ℑ=ℑ ),( ζXRO . 

We end this section by showing that ),( ζℑX  is 

Urysohn  when ),( ℑX  is an anti locally countable 
space. 

Definition 2 [8] A space ),( ℑX  is Urysohn if 
for every two distinct points x and y in X, there 
exists two open subsets U and V such that Ux∈ , 

Vy∈  and .)()( φ=∩ ℑℑ VClUCl  
Corollary 7 Let ),( ℑX  be an anti locally 

countable space that is Urysohn. Then ),( ζℑX  is 

Urysohn. 
Proof. If yx ≠  in X, then there exists ℑ∈VU ,  

such that Ux∈ , Vy∈  and .)()( φ=∩ ℑℑ VClUCl  
By Corollary 5, 

.)()()()( φ
ζζ

=∩=∩ ℑℑℑℑ VClUClVClUCl  

Conclusion 

The relatively new notions of ζ -open, which 
is weaker than the class of open subset was 
introduced. It is showon that the collection of all 
ζ -open subsets of a space ),( ℑX  forms a 
topology that is finer than ℑ  and connections of 
ζ -open notion to other classes of "generalized 
open" subsets as well as several characterizations 
of ζ -open and ζ -closed notions via the 
operations of interior and closure were 
investigated. Several interesting properties and 
constructions of ζ -open subsets were discussed in 
the case of anti locally countable spaces. 

Acknowledgements  

The authors would like to thank the referees for 
useful comments and suggestions. 

References 

CROSSLEY, S.; HILDEBRAND, S. Semi-closure. Texas 
Journal of  Science, v. 22, n. 2, p. 99-112, 1971. 
CROSSLEY, S.; HILDEBRAND, S. Semi-topological 
properties.  Fundamenta Mathematicae, v. 71, n 1, 
p. 233-254, 1972. 



ζ -Open sets 115 

Acta Scientiarum. Technology Maringá, v. 35, n. 1, p. 111-115, Jan.-Mar., 2013 

ABD EL-MONSEF, M. E.; EL-DEEB, S. N.; 
MAHMOUD, R. A. β -open sets and β -continuous 

mappings. Bulletin of the Faculity of Science, v. 12,  
n. 1, p. 77-90, 1983. 
GANSTER, M.; REILLY, I. A decomposition of 
continuity. Acta Mathematica Hungarica, v. 56, n. 3-4, 
p. 299-301, 1990. 
LEVINE, N. Semi-open sets and semi-continuity in 
topological spaces. American Mathematical Monthly, 
v. 70, n. 1 , p. 36-41, 1963. 
MASHHOUR, A.; HASANEIN, I.; EL-DEEB, S. A note on 
semi-continuity and precontinuity. Indian Journal of  Pure 
and Applied Mathematics, v. 13, n. 10, p. 1119-1123, 
1982a. 
MASHHOUR, A. S.; ABD EL MONSEF, M. E.; EL 
DEEP, S. N. On precontinuous and weak precontinuous 
mappings. Proceedings Mathematical Physical and 
Engineering Sciences, v. 53, n. 53, p. 47-53, 1982b. 
MUNKRES, J. Topology a first course. New Jersey: 
Prentice Hall Inc., 1975. 

NJASTAD, O. On some classes of nearly open sets. 
Pacific Journal of  Mathematics, v. 15, n. 3, p. 961-970, 
1965. 
TONG, J. A Decomposition of continuity. Acta 
Mathematica Hungarica, v. 48, n. 1-2, p. 11-15, 1986. 
TONG, J. On decomposition of continuity in topological 
spaces. Acta Mathematica Hungarica, v. 54, n. 1-2,  
p. 51-55, 1989. 
WL-DEEP, S. N.; HUSANEIN, I. A.; MASHHOUR, A. 
S.; NOIRI, T. On p-regular spaces. Bulletin 
Math'ematique de la Soci'et'e des Sciences 
Math'ematiques de la R'epublique Socialiste de 
Roumanie, v. 27, n. 75, p. 51-55, 1983. 

 
 

Received on December 21, 2011. 
Accepted on April 25, 2012. 

 
 

License information: This is an open-access article distributed under the terms of the 
Creative Commons Attribution License, which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.  

 
 
 

 

 
 
 


