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ABSTRACT. In this paper, we introduce and investigate relationship among Ly -statistically convergent,

1
g -statistically convergent and ! —[V,4,A71-summable sequences respectively over normed linear spaces.

Keywords: difference operator, ideal, filter, statistical convergence, summability.

Dois novos tipos de convergéncia estatistica e 0 método de sumabilidade

RESUMO. Introduzem-se e investigam-se

relacio entre

a7 -estatisticamente  convergente,

L. s N L. . .
1* -estatisticamente convergente € | _[Vv/lvAr]_SCqHCI’ICIQ.S sumavels respectivamente sobre €spagos lineares
A

normatizados.
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Introduction

The idea of convergence of a real sequence had
been extended to statistical convergence by Fast
(1951) and can also be found in Schoenberg (1959)
If N denotes the set of natural numbers and K = N
then K(m,n) denotes the cardinality of K ~[m,n].

The upper and the lower natural density of the
subset are K defined by:

H(K) = Iimsup@ and ¢(K) = "minfM

n—o

If G(k)=d(k) then we say that the natural density
of K exists and it is denoted by d(K). Clearly

d(K) = |im7K(i'”) :

A sequence (x,) of real numbers is said to be
statistically convergent to L if for arbitrary & >0,
the set K(g)= {n eN ;‘xn - L‘ > g} has natural

density zero. Statistical convergence turned out to be
one of the most active areas of research in
summability theory mainly due to Fridy (1985) and
Salat (1980).

As a generalization of statistical convergence, the
notion of ideal convergence was introduced first by
Kostyrko et al. (2000/2001). This was further studied

in topological spaces by Lahiri and Das (2005), Das
et al. (2008) and many others. Mursaleen (2000)
introduced and studied the idea of A — convergence
extension of the [V, A]-summability
(1965). A — statistical
convergence is a special case of more general

as an

introduced by Leindler

| — statistical convergence studied by Kolk (1991).
The notion of difference sequence space was
introduced by Kizmaz (1981), who studied the

difference sequence spaces ¢_(A), ¢(A) and c(A).
The notion was further generalized by Et and Colak
(1995) by introducing the spaces Zw(As), ¢(a*) and
¢, (A°). Another type of generalization of the
difference sequence spaces is due to Tripathy and
Esi (2006), who studied the spaces fw(Ar), c(a,)
and ¢,(A,). Tripathy et al. (2005) generalized the

above notions and unified these as follows:
Let r, s be non- negative integers, then for Z a
given sequence space we have

Z(Aﬁ):{x:(xk)eW:(Aka)eZ},

where:
AX = (Aﬁxk) = (Af’lxk —Af’lxm) and
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ASXk = X, for allk € N, which is equivalent to

the following binomial representation:

Taking r =1, we get the spaces s (AS), C(AS)
and CO(AS) studied by Et and Colak (1995). Taking s

1, we get the spaces 0, (A)> C(Ar) and
¢, (4, )studied by Tripathy and Esi (2006). Taking r
=5 = 1, we get the spaces Kw(A), C(A) and c,(A)
introduced and studied by Kizmaz (1981). Some
other works on difference sequences may be found
in Karakaya and Dutta (2011), Tripathy and Dutta
(2010), Tripathy and Dutta (2012), and many others.

Recently, Savas and Das (2011) made a new
approach to the notions of [V, 1]-summability and

A — statistical convergence by using ideals and

introduce new notions, namely

| —[V, A]-summability and | * ~statistical
convergence. In this paper, our intension is to
generalize the results of Savas and Das (2011) by
considering difference sequences.

Throughout (X.[|) will stand for a real normed
linear space and by a sequence x = (x,) we shall
mean a sequence of elements of X. N will stand for
the set of natural numbers.

Main results

A family | 2" of subsets a non empty set Y is
said to be an ideal in Y if (i) @ el (i) A Bel
imply AuBel (i) Ael, Bc A imply
B e |, while an admissible ideal I of Y further
satisfies {X} € | foreach X €Y .IfIis an ideal in Y
then the collection F(I)={M cY :M°® e |}forms a
filter in Y which is called the filter associated with 1.

Let | 2" be a nontrivial ideal in N. The
sequence (X,)pey in X is said to be
| —convergent to X € X , if for each & >0 the set
Ae)={neN ;Hxn - XH > ¢} belongs to I. For
details, we refer to Kostyrko et al. (2000/2001).

Definition 2.1: A sequence x = (x,) 1s said to be

|AS -statistically convergent to Le X, if for
r

every& >0, and every 0 >0,

Dutta et al.
{ne N :%‘{kSn:HAﬁXk—LHzg}‘z5}e .

Forl:l s = 0; ro = 17

i |AS -statistical

r

convergence coincides with statistical convergence.
Let A =(A,) be a non-decreasing sequence of
positive numbers tending to 00 such that
ﬂml < ﬂn +1, ll =1. The collection of such a

sequence A will be denoted by (2.

The generalized de la Valée-Pousin mean is
defined by

tn(x):izxk , where |n :[n_;tn +1, n].

n kel,

Definition 1.2: A sequence x = (%) is said to be
I-[V, A,A;]—summable to Le X, if

I —limt (A}, x) > L,

where t (4%, == 37 A%,

n kel,

ie., forany 0 >0,
neN:ft ;. 0-L=s}el.

If | = oS =0,r=1,1 —[V, A]-summability
becomes [V, 4] — summability (LEINDLER, 1965).

Definition 1.3: A sequence x =(x,) is said to be

2 L S
|AS -statistically convergent or |A§ -convergent to
r

r

L,ifforevery £ >0and 6 >0,

{neN:j{keln:

n

AX, —L23}25}el

In this case we write |AS§_|imx:L or

r

X — L(|§§)~ We also write IA? _IimHXkH :HLH For

i r = 0,5 =1, |As;‘ -convergence again
:

coincides with A — statistical convergence.
We shall denote by S(I,A}), S,(I,A}) and

[V,2,A;](1) the collections of all |Af -statistically
convergent, IAsg‘ -convergent and | —[V,2,A’]—

summable sequences respectively.
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Theorem 2.1: Let A =(4,) Q).

(i) X, — LV, 4,A ()= x . — L(S,(1,A})).
iy Ifxem(X), the
sequences of X and
X = LV, 4,A71(1) -

(i) S,(1,A}) nm(X) =V, 4, A 1(1) nm(X) -

space of all bounded
X ,— L(S,(I,A})) then

Proof. (i) Let £>0 and X ,— L[V, 4,A7](l).

We have

Yexotz Y |ax-tzelker, Jax-tze)
kel, kel, &|x -L|>&
So for a given 0 >0,
1 1
ﬂ—n‘{keln: —LH25}25:Z§ Ax L2 0
1e.,

freniHier, fin-tfze]>o)c { H i LHM}M}
Since x , — L[V, 2, A}](l), so the set on the right

hand side belongs
thatx , - L(S,(1,A7)).
(i) Suppose that

to I and so it follows

X, = L(S,(1,A)

and X € m(X ) We can choose Asrxk_LH <M, V k.

Let £ > 0 be given. Now

LH n ke |&Hz Upe LH+7|< el &Jx, ~L<e k_LH
SMerln: —LHZ&}‘+5
ﬂ’n
Note that
1
{neN :;t—n‘{ke 1 :asx, LZg}ZI\‘;}:A(s)eI
(say).
1f n e (A(£))°, then li A x, L < 26
n kel,
Hence
{n eN :% Asrxk—LH > 25} c A(e) and so
n kel,
belongs to | .

137

This shows that x , — L[V, 4,A%](1) -
(iii) The proof follows from (i) and (if).

Theorem 2.2: If |iminfZos0. then the

n—w n

following hold
S(1,49) € 5,(1,49)

Proof. For given ¢ >0,

%‘{kﬁn: —LHZe}‘Z%
‘{k el, ||A X, — LH>8}‘2%%‘{k el,: Asrxk_LHZ‘g}
A

If I"n'l'ff Fn =a then from  definition

{neN :£<E}
N 2J is finite.

For 6 >0,
{neN:i’n{keln: —sz;}za}
C{neN:i{keln: —LZg}ZZé'}

u{neN:}“”<a}-
n 2

Since I is admissible, the set on the right hand
side belongs to I and the proof follows.
Theorem 2.3: If A1eQ be such that Iimﬁzl’
non
then S, (1,A%) = S(1,A?).

oAy
Proof. Let >0 be given. Since I|£n?:1’ we

can choose MEN guch that

n>m

YR
"2, for all
Now observe that, for& > 0

%‘{k <n: Asrxk—LH > g} =

1
n

‘{ksn—/ln
n-A4

< ”+%‘{keln:‘

n

31—(1—§j+1|{ke|n
2) n

: Asrxk—LHZe;}

: As,xk—LH > g}+%‘{k el,

Asrxk—LH > 5}‘

; Asrxk—L"z g}
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Aser—L" > 5}1 foralln>m.

sg+ﬂ%ehﬂ

Hence

{neN:i{ksn:

As,xk_LZE}za}

C{HEN :%‘{keln:

A x| g} > ‘;} uf2,...m}

If 1-S,—A;—limx=L then the set on the

right hand side belongs to I and so the set on the left
hand side also belongs to I. This shows that

X=(X,) is | -statistically A} — convergent to L.

Theorem 2.4: If X is a Banach space,
then S,(I,A)nm(X) is a closed subset of m(X).

Proof. Suppose that (x") is a convergent
sequence in S, (I,A;)Am(X) and converges to

xem(X). The proof follows if we can show that
xeS,(I,A})nm(X) using the fact that every
bounded sequence is also A; -bounded.

Assume that x" - L (S,(1,A})) V neN.

Take a sequence {&,},. of strictly decreasing
positive numbers converging to zero. We can find

Nne N as such that HX_XJ'H <& for all j>n.
=g

Choose 0<§<1.
5

Now
1 son £
A=imeN:—{kel,:|ax -L[>= <5 e F(I)
A 4
and
B= mEN'i kel :fasxt-L [>&l<s eF(l)
- 'ﬂm m* r n+l —4

Since. AnBeF(l) and ®¢F(l), we can
choose me AN B . Then

kel,:
= <25 <1.

A A Xt - L

m

Since 4 o and AnBeF(l) is infinite, we
can choose the above m so that 4 >5 (say). Hence
there must exist a kel, for which we have
simultaneously,

Dutta et al.

Ko L < 2 and [ L <
Then it follows that
L — Lol < Ly — &5 [+
A X — A X+ ‘ Axt-L
< ‘ ASX - L, +‘Aﬁx£” L., +Hx— x| +Hx— x|

4 4 4 4
This implies that {| 3}  is a Cauchy sequence
in X, which is complete. Let L —>LeX as

n—oo.

We shall prove that x — L(S,(l,A})). Choose
£ >0 and choose ne N such that

&

o< =,
=4

L-L<Z.
4
Now

%‘{k el,:

4

Ax - L= g} <1
ﬂd}/

‘@elf +zﬁﬁ—Ln+wm—WZgﬂ

{ke|7:| Zg}

It follows that, for any given ¢ > 0

s s N
Aer —Aer

S n
AL X, — L, ,

1
< =
A

4

A X, — L" > 8} > 5} c

1 &
N:—Kkel : >_>0
{7/6 /’Ly { (S y 2} }

This shows that X— L(S,(l,A})) and

completes the proof of the theorem.

{yeN :l_];‘{k€|7:

Ax —L

n

Conclusion

The paper defines and studies two types of
statistical convergence and a summability method
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for difference sequences over a normed space.
Although we are able to extend some results of Savas
and Das (2011), the following further suggestions
remain open: Is there other conditions such that
Theorem 2.2 holds? Whether the condition in
Theorem 2.3 is necessary?
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