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ABSTRACT. The purpose of this paper is to introduce the concepts of almost λ-statistical convergence 
and strongly almost λ- convergence of fuzzy numbers. We obtain some results related to these concepts. It 
is also shown that almost λ- statistical convergence and strongly almost λ-convergence are equivalent for 
almost bounded sequences of fuzzy numbers. 
Keywords: fuzzy number, de la Vallee-Poussin mean, statistical convergence. 

Sobre a convergência λ-quase estatística de números difusos 

RESUMO. Essa pesquisa introduz os conceitos de convergência λ-quase estatística e forte convergência λ-
quase estatística de números difusos. Alguns resultados foram obtidos com tais conceitos. Mostra-se que 
conceitos de convergência λ-quase estatística e forte convergência λ-quase estatística equivalem a quase 
sequências limitadas de números difusos. 
Palavras-chave: números difusos, medias de de la Vallee-Poussin, convergência estatística. 

Introduction 

The concepts of fuzzy sets and fuzzy set 
operations were first introduced by Zadeh (1965) 
and subsequently several authors have discussed 
various aspects of the theory and applications of 
fuzzy sets such as fuzzy topological spaces, similarity 
relations and fuzzy orderings, fuzzy measures of 
fuzzy events, fuzzy mathematical programming. 
Matloka (1986) introduced bounded and convergent 
sequences of fuzzy numbers and studied some of 
their properties. Later on sequences of fuzzy 
numbers have been discussed by Diamond and 
Kloeden (1994), Nanda (1989), Savaş (2000, 2006), 
Esi (2006), Tripathy and Baruah (2009, 2010a and 
b), Tripathy and Borgogain (2008, 2011), Tripathy 
and Dutta (2007, 2010), Tripathy and Sarma (2011) 
and many others. 

Let 

   :  n nC R A R A is compact and convex set  . 

The space  nRC  has a linear structure induced by 
the following operations 

 BbAabaBA  ,:  and 

 AaaA  :  for  nRCBA ,  and R . 

The Hausdorff distance between A  and B in 
 nRC  is defined by 

   babaBA AaBbBbAa   infsup,infsupmax, . 

It is well-known that   ,
nRC  is a complete 

metric space. 

Throughout this paper by a fuzzy number we 
mean a function X from Rn to [0,1] which is normal, 
fuzzy convex, upper semicontinuous and the closure 
of   0:  tXRt  is compact. These properties 
imply that for each 10   , the  level set 

    tXRtX n :  is a non-empty compact, 

convex subset of Rn, with support X0. If Rn is 
replaced by R, then obviously the set  nRC  is 

reduced to the set of all closed bounded intervals 
 AAA ,  on R, and we have 

 

   BABABA  ,max, . 

 
Let L(R) denote the set of all fuzzy numbers. 

The linear structure of L(R) induces the addition  
X + Y and the scalar multiplication λX in terms of 
 level sets, by 
 

           XXandYXYX   
 
for each 10   . 
The set R  of real numbers can be embedded in  

L(R) if we define r  L(R) by 
 

 
1,

0,

if t r
r t

if t r


  

. 
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The additive identity and multiplicative identity 
of L(R) are denoted by 0  and 1, respectively.  

For r  in R and X in L(R), the product rX is 
defined as follows: 

 

 
1( ), 0

0, 0

X r t if r
rX t

if r

 
 


. 

 
Define a map     RRxLRLd :  by  

 
  YXYXd ,sup),( 10  . 

 
For  RLYX ,  define YX   if and only if  

 YX   for any  1,0 . It is known that 

  dRL ,  is complete metric space (MATLOKA, 
1986). 

 
A sequence  kXX   of fuzzy numbers is a 

function X from the set N of natural numbers into 
L(R). The fuzzy number Xk denotes the value of the 
function at Nk   (MATLOKA, 1986). 

We denote by wF denotes the set of all sequences 
 kXX   of fuzzy numbers. 

A sequence  kXX   of fuzzy numbers is said to 

be bounded if the set  NkX k :  of fuzzy numbers 

is bounded (MATLOKA, 1986). 
We denote by F

  the set of all bounded 

sequences  kXX   of fuzzy numbers. 

A sequence  kXX   of fuzzy numbers is said to 

be convergent to a fuzzy number X0 if for every 
0  there is a positive integer k0 such that 

  ok XXd ,  for all 
okk  (MATLOKA, 1986). 

We denote by cF the set of all convergent 
sequences  kXX   of fuzzy numbers. 

It is straightforward to note that cF  F
   Fw . 

Nanda (1989) studied the classes of bounded and 
convergent sequences of fuzzy numbers and showed 
that these are complete metric spaces. 

The metric d has the following properties: 
 
   YXdccYcXd ,,  , for Rc  and 

     WYdZXdWZYXd ,,,  . 
 
A metric on L(R) is said to be translation 

invariant if    YXdZYZXd ,,   for all 
ZYX ,,  L(R). 

The notion of statistical convergence for a 
sequence of complex numbers was introduced by 
Fridy (1985) and many others. Over the years and 

under different names statistical convergence has 
been discussed in the different theories such as 
the theory of Fourier analysis, ergodic theory and 
number theory. Later on, it was further 
investigated from the sequence space point of 
view and linked with summability theory by Fridy 
(1985), Salat (1980), Connor (1999) and many 
others. This concept extends the idea to apply to 
sequences of fuzzy numbers with Kwon and Shim 
(2001), Et et al. (2005), Nuray and Savaş (1995) 
and many others. 

Savaş (2006) defined almost convergence for 
fuzzy numbers as follows: 

The sequence  kXX   of fuzzy numbers is said 

to be almost convergent to a fuzzy number X0 if  
   0,lim  okmm XXtd   uniformly in m. 

where 

  





k

i
mikm X

k
Xt

01

1 . 

This means that for every 0 , there exists a 

Nko   such that    okm XXtd ,  whenever 

okk   and for all m. 

A sequence  kXX   of fuzzy numbers is said to 

be statistically convergent to a fuzzy number X0 if 
for every 0 , 

   .0,:lim 1 
 okn XXdnkn  

The set of all statistically convergent sequences 
of fuzzy numbers is denoted by FS . 

We note that if a sequence  kXX   of fuzzy 

numbers converges to a fuzzy number 
oX , then it is 

statistically converges to X0. But the converse 
statement is not necessarily valid. 

Let  n  be a non-decreasing sequence of 

positive real numbers tending to infinity and λ1 = 1 
and 11  nn  , for all n N . 

The generalized de la Vallee-Poussin means is 
defined by 

 
  




nIk

knn xxt 1 , 

where  nnI nn ,1  . A sequence x = (xk) of 

complex numbers  is said to be (V, λ)-summable to a 
number l if  nt x L as n  , Leindler (1965). 

Main Results 

Let  kXX   be sequence of fuzzy numbers. 

Then the sequence  kXX   of fuzzy numbers is 

said to be almost λ-statistically convergent to the 
fuzzy number X0 if for every 0 , 
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    ,0,:lim 1 
  okmnnn XXtdIk  

uniformly in m. 
In this case, we write  F

ok SXX 
ˆ  or 

ok
F XXS  limˆ
 . The set of all almost λ‐

statistically convergent sequences is denoted by FS
ˆ . 

In the special case  λn	= n for all Nn , we shall write 
ˆFS  instead of FS

ˆ  and we say that  kXX   is 

almost statistically convergent to the fuzzy number 

oX . 

Let  kXX   be a sequence of fuzzy numbers 

and  kpp   be a sequence of strictly positive real 

numbers. Then the sequence  kXX   is said to be 

strongly almost λ- convergent if there is a fuzzy 
number oX  such that 

    ,0,lim 1 





k

n

p

Ik
okmnn XXtd  uniformly 

in m. 
In this case, we write  pwXX F

ok ,ˆ   or 

  ok
F XXpw  lim,ˆ  . The set of all strongly almost 

 convergent sequences is denoted by  pwF ,ˆ . In 

the special case λn=	n for all Nn , we shall write 
 pwF ,ˆ  instead of  pwF ,ˆ   and we said that  kXX   

is strongly almost convergent to the fuzzy number 
X0. 

Let  kXX   be sequence of fuzzy numbers. 

Then the sequence  kXX   of fuzzy numbers is said 

to be almost bounded if the set   NmkXtkm ,:  of 

fuzzy numbers is bounded. By Fl̂ ,  we shall denote 
the set of all almost bounded sequences of fuzzy 
numbers. 

In this section we give some inclusion relations 
between strongly almost λ- convergence and almost 
λ-statistically convergence and show that they are 
equivalent for almost bounded sequences of fuzzy 
numbers. We also study the inclusion FŜ  FS

ˆ  

under certain restrictions on the sequence  n . 

Theorem 2.1. If  kXX  ,   kYY FS
ˆ  and 

Rc , then 
(a) 

k
F

k
F XSccXS limˆ.limˆ   . 

(b)   k
F

k
F

kk
F YSXSYXS limˆlimˆlimˆ  

. 

Proof. (a) Let  kXX   FS
ˆ  so that 

ok
F XXS  limˆ
 , Rc  and 0 . Then the 

proof follows from the following inequality; 

      












 

c
XXtdIkcXcXtdIk okmnnokmnn

 ,:,: 11  

for all Nm . 
(b) Suppose that  kXX  ,   kYY FS

ˆ  so that 

ok
F XXS  limˆ
  and 

ok
F YYS  limˆ
 . By 

Minkowski’s inequality, we get  
 
        okmokmookm YYtdXXtdYXYXtd ,,,  . 

 
Therefore given 0 , for all Nm , we have  
 

    
ookmnn YXYXtdIk ,:1 . 

     






 







  

2
,:

2
,: 11  okmnnokmnn YYtdIkXXtdIk

 

 
Hence, we obtain the result. 
The following theorem shows that almost  

λ-statistical convergence and strongly almost  
λ-convergence are equivalent for almost bounded 
sequences of fuzzy numbers. 

Theorem 2.2. Let the sequence  kpp   be 

bounded and  kXX   be a sequence of fuzzy 

numbers. Then 
(a)  pwXX F

ok ,ˆ   implies  F
ok SXX 

ˆ . 

(b)  kXX   Fl̂  and  F
ok SXX 

ˆ  imply 

 pwXX F
ok ,ˆ  . 

(c) FS
ˆ  Fl̂ =  pwF ,ˆ  Fl̂ . 

Proof. (a) Let 0 and  pwXX F
ok ,ˆ  . For 

all Nm , we have 
 

     
  

k

okm

n

k

n

p

XXtd

Ik
okmn

p

Ik
okmn XXtdXXtd 








 





,

11 ,,  

     Hh
okmnn XXtdIk  ,min.,:1   . 

Hence  kXX   FS
ˆ . 

(b) Suppose that  kXX   FS
ˆ  Fl̂ . Since 

 kXX   Fl̂ , we write 

   TXXtd okm ,  for all Nm . Given 0 , 

for all Nm , let  
    okmnn XXtdIkG ,:  and 

    okmnn XXtdIkH ,: .  

Then we have 
 

  1 1, k

n n

p

n km o n
k I k G

d t X X  

 

   

     1, ,i i

n

p p

km o n km o
k H

d t X X d t X X



   

   Hh
nn

Hh GTT  ,max,max 1   . 
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Taking the limit as 0  and n , it follows 
that  kXX    pwF ,ˆ . 

(c) Follows from (a) and (b). 
Theorem 2.3. If 0inflim 1 nnn  , then FŜ

FS
ˆ . 

Proof. Let  kXX   FŜ . For given 0 , we 

get 
    nokm GXXtdnk  ,:  

 
where nG  is the same as given in Theorem 2.2.(b). 

Thus, 
    nnokm nGnXXtdnkn 111 ,:    . 

Taking limit as n  and using 
0inflim 1 nnn  , we get  kXX   FS

ˆ . 

Theorem 2.4. Let 
kk qp 0  and  1

kk qp  be 

bounded. Then    pwqw FF ,ˆ,ˆ   . 

Proof. Let  kXX   qwF ,ˆ  . Let 

   kq
okmk XXtdw ,  for all Nm  and 

1 kkk qp  for all .Nk   Then 10  k  for all 

.Nk   Let b be a constant such that 0 1kb     

for all .Nk    
Define the sequences (uk) and (vk) as follows: 
For 1kw , let (uk) = (wk) and 0kv  and for 

wk < 1, let uk = 0 and vk = wk. Then it is clear that 
for all Nk  , we have wk = uk + vk and 

kkk
kkk vuw   . Now it follows that 

kkk wuu k   and 
kk vv k  . Therefore 

  














 
nnn

k

n

k

Ik
kn

Ik
kn

Ik
kkn

Ik
kn vwvuw   1111 . 

 
Now for each n, 
 

      







   1111

nn

n
Ik

kn
Ik

kn vv  

     





 






























 

1

1

1
11

1
1

nn Ik
n

Ik
kn v  

 


 







 





nIk
kn v1  

and so 


  







 













nnn

k

Ik
kn

Ik
kn

Ik
kn vww 111 . 

Hence  kXX   pwF ,ˆ   i.e.    pwqw FF ,ˆ,ˆ   . 

Theorem 2.5. Fl̂
Fw  ,ˆ  , 

where: 
Fw ,ˆ      









 




nIk
kmnmnk XtdXX 0,sup: 1

,  . 

Proof. Let  kXX  Fw  ,ˆ  . Then there exists a 

constant 01 T  such that  
 

      1
1

,1
1

1 0,sup, TXtdXXtd
nIk

kmnmnom  


   

for all Nm  
 
and so we have  kXX   Fl̂ . Conversely, let 

 kXX   Fl̂ . Then there exists a constant 02 T  

such that    2, TXXtd okm   for all k  and m . So, 

 
   2

1
2

1 10, TTXtd
nn Ik

n
Ik

kmn  






  , for all k 

and m. 
Thus  kXX  Fw  ,ˆ  . 

Conclusion 

In this paper, we constructed the concepts of 
almost λ-statistical convergence of fuzzy numbers 
and then we obtained effectiveness results in 
connection with these concepts. Moreover, we 
showed that almost λ-statistical convergence and 
strongly almost λ-convergence are equivalent for 
almost bounded sequences of fuzy numbers. 
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