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ABSTRACT. The purpose of this paper is to introduce the concepts of almost A-statistical convergence
and strongly almost A- convergence of fuzzy numbers. We obtain some results related to these concepts. It
is also shown that almost A- statistical convergence and strongly almost A-convergence are equivalent for

almost bounded sequences of fuzzy numbers.
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Sobre a convergéncia A-quase estatistica de nimeros difusos

RESUMO. Essa pesquisa introduz os conceitos de convergéncia A-quase estatistica e forte convergéncia A-
quase estatistica de ntimeros difusos. Alguns resultados foram obtidos com tais conceitos. Mostra-se que
conceitos de convergéncia A-quase estatistica e forte convergéncia A-quase estatistica equivalem a quase

sequéncias limitadas de ndameros difusos.

Palavras-chave: niimeros difusos, medias de de la Vallee-Poussin, convergéncia estatistica.

Introduction

The concepts of fuzzy sets and fuzzy set
operations were first introduced by Zadeh (1965)
and subsequently several authors have discussed
various aspects of the theory and applications of
fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy orderings, fuzzy measures of
fuzzy events, fuzzy mathematical programming,.
Matloka (1986) introduced bounded and convergent
sequences of fuzzy numbers and studied some of
their properties. Later on sequences of fuzzy
numbers have been discussed by Diamond and
Kloeden (1994), Nanda (1989), Savas (2000, 2006),
Esi (2006), Tripathy and Baruah (2009, 2010a and
b), Tripathy and Borgogain (2008, 2011), Tripathy
and Dutta (2007, 2010), Tripathy and Sarma (2011)
and many others.

Let

C(R")={AcR": A iscompact and convex set} -
The space C(R”) has a linear structure induced by

the following operations

A+B={a+b: aeA beB} and
A={a: aeA} for A,BeC(R”) and yeR.
The Hausdorff distance between A and Bin
C(Rn ) is defined by
é'w(A,B)zmax{supaEAinfbeB a-b a—bH}~

It is well-known that (C(R”),ﬁw) is a complete

> SupbeB lnfaeA

metric space.

Throughout this paper by a fuzzy number we
mean a function X from R" to [0,1] which is normal,
fuzzy convex, upper semicontinuous and the closure
of {{eR: X(t)>0} is compact. These properties
imply that for each 0<a <1, the «a —level set
X = {t eR": X(t)= a} Is a non-empty compact,
convex subset of R", with support X°. If R" is
replaced by R, then obviously the set C(R") is
reduced to the set of all closed bounded intervals
A= [A, K] on R, and we have

5. (A.B)=max(|A~ Bl.[A~B)

b

Let L(R) denote the set of all fuzzy numbers.
The linear structure of L(R) induces the addition
X + Y and the scalar multiplication AX in terms of
o — level sets, by

[X +Y] =[X]" +[Y]* and [AX]* = A[X]*

foreach 0<a <1.
The set R of real numbers can be embedded in

L(R) if we define I € L(R) by

- I, if t=r
r(t)z{o if

'[il’.
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The additive identity and multiplicative identity
of L(R) are denoted by 0 and 1, respectively.

For I in R and X in L(R), the product rX is
defined as follows:

X(r't), if

0, if r=0

rX (t)={

Define a2 map  d:L(RXL(R)>R by

d(X,Y) = supyee 8, (XY 7).

For X,Y e L(R) define X <Y if and only if

X*<Y? for any ael0]]. It is known that
(L(R).,d) is complete metric space (MATLOKA,
1986).

A sequence X =(X,) of fuzzy numbers is a

function X from the set N of natural numbers into
L(R). The fuzzy number X, denotes the value of the
function at K € N (MATLOKA, 1986).

We denote by w" denotes the set of all sequences
X = (xk ) of fuzzy numbers.

A sequence X = (xk) of fuzzy numbers is said to
be bounded if the set {xk ‘keN } of fuzzy numbers
is bounded (MATLOKA, 1986).

We denote by ¢ the set of all bounded
sequences X = (X k) of fuzzy numbers.

A sequence X =(X, ) of fuzzy numbers is said to

be convergent to a fuzzy number X, if for every
£>0 there is a positive integer k, such that

d(X,,X,)<¢ forall k >k, (MATLOKA, 1986).
We denote by ¢ the set of all convergent
sequences X = (X, ) of fuzzy numbers.
It is straightforward to note that & < ¢ < w*.

Nanda (1989) studied the classes of bounded and
convergent sequences of fuzzy numbers and showed
that these are complete metric spaces.

The metric d has the following properties:

d(CX,CY):‘C‘d(X,Y), for ceR and

d(X +Y,Z+W)<d(X,Z)+d(Y,wW).

A metric on L(R) is said to be translation
invariant  if d(X +2Z,Y +Z)=d(X,Y) for all
X,Y,Z € L(R).

The notion of statistical convergence for a
sequence of complex numbers was introduced by
Fridy (1985) and many others. Over the years and
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under different names statistical convergence has
been discussed in the different theories such as
the theory of Fourier analysis, ergodic theory and
number theory. Later on, it was further
investigated from the sequence space point of
view and linked with summability theory by Fridy
(1985), Salat (1980), Connor (1999) and many
others. This concept extends the idea to apply to
sequences of fuzzy numbers with Kwon and Shim
(2001), Et et al. (2005), Nuray and Savag (1995)
and many others.

Savag (2006) defined almost convergence for
fuzzy numbers as follows:

The sequence X =(X, ) of fuzzy numbers is said

to be almost convergent to a fuzzy number X, if
lim,_, d(t,(X),X,)=0 uniformly in m.

where
tn (X ) =— e
km( ) k+1 n i+m
This means that for every £>0, there exists a

k,e N such that d(tkm(X ), X, ) <& whenever
k >k, and for all m.

1 k

A sequence X =(X, ) of fuzzy numbers is said to

be statistically convergent to a fuzzy number X, if
for every £>0,

lim,,, n"|tk<n:d(X,,X,)=e}f=0.

The set of all statistically convergent sequences
of fuzzy numbers is denoted by S*.
We note that if a sequence X =(x,) of fuzzy

numbers converges to a fuzzy number X _, then it is

statistically converges to X, But the converse
statement is not necessarily valid.
Let A=(2,) be a non-decreasing sequence of

positive real numbers tending to infinity and A; = 1
and 2 < +1,forallneN.

The generalized de la Vallee-Poussin means is
defined by

t, (X): 1;1 Zxk ’

kel,
where I, =[n-4,+1,n]. A sequence x = (x) of

complex numbers is said to be (I, A)-summable to a
number [ if (x)>L asn—oo> Leindler (1965).

Main Results

Let x =(x,) be sequence of fuzzy numbers.
Then the sequence X = (Xk) of fuzzy numbers is

said to be almost A-statistically convergent to the
fuzzy number X, if for every &£>0,
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lim,,, A'[kkel, :d(t,(X).X,)=e]=0,
uniformly in m.
In this case, we write X, = xo(s";) or

S§ —limX, =X,. The

statistically convergent sequences is denoted by SF.

set of all almost A-

n for all ne N, we shall write
=(X,) is
almost statistically convergent to the fuzzy number
X,

Let X =(X,
and p=(p,) be a sequence of strictly positive real
= (Xk) is said to be
strongly almost A- convergent if there is a fuzzy
such that

In the special case A, =
§F instead of §F and we say that X

) be a sequence of fuzzy numbers
numbers. Then the sequence X

number X

limn—m /1;1 Z[d (tkm (X )’ Xo )] " = O’

kel,

uniformly

in m.

In this case, we write X, — X0<Wf, p) or
(v‘v;, p)-]im)(k =X,- The set of all strongly almost
A — convergent sequences is denoted by (Wf, p). In
the special case A,= n for all ne N, we shall write
(WF’ p) instead of (VA\/:, p) and we said that x =(x,)
is strongly almost convergent to the fuzzy number
X,

Let x =(x,) be sequence of fuzzy numbers.
Then the sequence x —(x, ) of fuzzy numbers is said

to be almost bounded if the set { ( ) k,me N} of

fuzzy numbers is bounded. By [F, we shall denote

the set of all almost bounded sequences of fuzzy
numbers.

In this section we give some inclusion relations
between strongly almost A- convergence and almost
A-statistically convergence and show that they are
equivalent for almost bounded sequences of fuzzy
numbers. We also study the inclusion §F C §f

under certain restrictions on the sequence A =(1,)-
Theorem 2.1. If X =(X,), Y :(Yk)e é; and
c eR, then
(@) S —limeX, =cSF —limX, .
(b) $F —1im(X, +Y,)=SF —limX, +SF —limY, -
Proof. (a) Let X =(X,)€8$F so that
SA/.LF —limX, =X_, ceR and &£>0. Then the
proof follows from the following inequality;
{k el, :d(tkm(X),X0)>i}

Ak e, 1dt, (X)X, )z e < 4]

131

forall me N .
(b) Suppose that X =(X, ), Y = (Y, )e S so that

SF—limX, =X, and $F—limY, =Y,. By
Minkowski’s inequality, we get
d&m(x+leo+YJSdam(xl

X, )+d(t,(Y)Y,)-

Therefore given ¢ >0, for all me N, we have

,1;1|{k el,
{k el :d(tkm(x),xo)%}

At (X +Y) X, +Y, )2 e
{k el :d(tkm(Y),Yo)zg}

<) +4)

Hence, we obtain the result.

The following theorem shows that almost
A-statistical convergence and strongly almost
A-convergence are equivalent for almost bounded
sequences of fuzzy numbers.

Theorem 2.2. Let the sequence p=(p,) be

bounded and X =(X
numbers. Then

@) X, > X, (WF, p) implies X, — XO(Sf)

(b) x:(xk)e |‘00F and X, _>XO(§;) imply
X, > X, (W5, p).

© SE NI =(@g.p)nir.

Proof. (a) Let ¢>0and X, — X, (W},
all me N, we have

,) be a sequence of fuzzy

p). For

>

A 2, (X)X,)" 22 Y d(tn (X).X,)"
o TSI
> kel td(t, (X), X,) > 5}|.min(gh,gH )
Hence X =(Xk)E SA/'I:
(b) Suppose that X =(X,)€ §F N If. Since
X=(X,)€ I;F,we write
d(tkm(X),Xo)ST for all me N . Given ¢ >0,

forall me N, let
G:\{kel d(te (X)X, )2 &} and
“fik e 1, 2 dlt, (X)X, ) < e

Then we have

203 d (b (X xo)"“ ="

kel, keG,

3t (X ), X0)" + 24,73 d (1 (X). X,)"

keH,
< max(T "TH )ﬂ;lGn + max(sh,sH )
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Taking the limit as £ — 0 and n — oo, it follows
that X = (x,) € (&, p).

(c) Follows from (a) and (b).

Theorem 2.3. If liminf, 4,n"' >0, then §F = SF.

Proof. Let X =(X,)€ S". For given &> 0, we

get
|{k < n:d(tkm(X),Xo)2€}|:)Gn

where G,
Thus,
nlk<n:d(t,(X)X,)zef=n"G, =4n"

Taking limit as n-—»>o  and
liminf, 4,n~" >0, we get X =(X, )€ §F.

Theorem 2.4. Let 0<p, <qg, and (pkq;]) be
bounded. Then (VA\//'; ,q)c (W/'l: , p).

Proof. Let X=(X,)e (w: ,q). Let
w, =d(t,, (X)X, )* for all
A = P, 0, forall ke N. Then 0< 4, <1 forall
ke N. Let b be a constant such that 0<b< 4, <1

forall k e N.

Define the sequences (u,) and (v,) as follows:

For w, >1, let (1) = (w) and V, =0 and for
w, < 1, let u, = 0 and v, = w,. Then it is clear that
for all keN, we have w, = u, + v, and
W;’k = ufk +Vl:1k . follows that

is the same as given in Theorem 2.2.(b).

using

meN and

Now it

U <u, <w, and v} <v/. Therefore

-1 A -1 e -1 -1 2

Ay wi =4 Z(uk +vk) <A W+ v
kel,

kel, kel, kel,

Now for each n,

S Sl )

kel, kel,
1 A 1 1-4
<[l V) [l )
- Z nd Z n
kel, kel,
A
-1
= 24DV,
kel,
and so
A
-1 A -1 -1
2w <A w +[ 4Dy,
kel, kel, kel,
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Hence X :(Xk)e(‘f, p) Le. (VAVE,Q)C (VAVE’ p)-
Theorem 2.5. [ F = Wi,

where:

i, ={x = (X, ): 0Py 27 38 (X)0) < oo}

kel,

Proof. Let X :(xk)ewfx. Then there exists a

constant T, > 0 such that

27 (, (X)X, ) < supy oy 4 S d (b (X)0)< T,

kel,
forall me N

and so we have X :(Xk) IS f; Conversely, let
X = (Xk) € j*. Then there exists a constant T, >0
such that d(tkrn (X ), X, ) <T, forall K and M. So,

270t (X)0)<T, 47 SI<T,, for all k
kel kel

and m.
Thus X :(Xk) € W/ﬁ’iw'

Conclusion

In this paper, we constructed the concepts of
almost A-statistical convergence of fuzzy numbers
and then we obtained effectiveness results in
connection with these concepts. Moreover, we
showed that almost A-statistical convergence and
strongly almost A-convergence are equivalent for
almost bounded sequences of fuzy numbers.
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