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ABSTRACT. This paper presents the following definition which is natural combination of the definition 
for asymptotically equivalent and Orlicz function. The two nonnegative double sequences  lkxx ,=  and 

 lkyy ,=  are said to be M-asymptotically double equivalent to multiple L provided that for every 
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M

~ ) and simply M-asymptotically double 

equivalent if L=1. Also we give some new concepts related to this definition and some inclusion theorems.  
Keywords: asymptotically equivalence, double sequences, P-convergent, double lacunary sequence. 

Sequências asintomaticas de espaços duplos definidas pelas funções de Orlicz 

RESUMO. Apresenta-se uma definição, a qual é a combinação natural da definição para o equivalente 
asintótico e função de Orlicz. As duplas sequências nâo-negativas  lkxx ,=  e  lkyy ,=  são o equivalente 

duplo M-asintótico para o múltiplo L desde que, para cada 0,>
0,=lim
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 para outros 0,>  

(denotado por yx
M

~ ) e simplesmente equivalente duplo M-asintótico se L=1. Novos conceitos a essa 

definição e teoremas de inclusão são também proporcionados. 
Palavras-chave: equivalência asintótica; sequências duplas; P-convergente, sequência de espaços duplos. 

Introduction 

In 1993, Marouf (1993) presented definitions for 
asymptotically equivalent sequences for single 
sequences and asymptotic regular matrices. In 2003, 
Patterson (2003) extend these concepts by 
presenting an asymptotically statistical equivalent 
analog of these definitions and natural regularity 
conditions for nonnegative summability matrices. 
Later these definitions extended to lacunary 
sequences by Patterson and Savas (2006) In 2009, 
Esi (2009) extended these definitions to double 
lacunary sequences. 

Definitions and notations 

An Orlicz function is a function 
    0,0,:M  which is continous, non-

decreasing and convex with   0,=0M    0>xM  for 
0>x  and   xM  as .x  

An Orlicz function is said to satisfy 
conditionΔ2   for all values of u , if there exists a 

constant 0>K , such that 0.),()(2  uuKMuM  

The idea of sequence spaces defined by Orlicz 
functions were introduced and studied by several 
authors such as Altin et al. (2005) (ALTINOK  
et al., 2004, 2008), Bektas and Altin (2003), 
Tripathy and Altin (2008) and many others. 

Now we recall some definitions of double 
sequences. 

Definition 2.1. (PRINGSHEIM, 1900) A 
double sequence  lkxx ,=  has Pringsheim limit L  

(denoted LlimxP = ) provided that given 0,>  

there exists NN  such that ,<, Lx lk   whenever 

Nlk >, . We shall describe such an  lkxx ,=  more 

briefly as "P-convergent". By a bounded double 
sequence we shall mean there exists a positive 
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number K such that Kx lk <,
 for all Nlk,  and 

denote such bounded sequence by 

  .<sup= ,,,2


 lklk xx We shall also denote the set 

of all bounded double sequences by .iil  We also 
note in contrast to the case for single sequence, a  
P-convergent double sequence need not to be 
bounded. 

Definition 2.2 (SAVAS; PATTERSON, 2011) 
The double sequence   srsr lk ,=,  is called 

double lacunary sequence if there exist two 
increasing of integers such that 

 
  rkkhk rrro  as= 0,= 1  

 
and 
 

. as= 0,= 1   sllhl ssso  

 

Notations: srsr lkk =, , srsr hhh =,  and sr ,  
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Definition 2.3. (MURSALEEN; EDELY, 2003) 
A real double sequence  lkxx ,=  is said to be 
statistically convergent to  L  provided that for each 

0>  
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In this case, we write LxSt lklk =lim ,,2    and 

we denote the set of all P – statistical convergent 
double sequences by .2St  

Definition 2.4. (PATTERSON; SAVAS, 2006) 
The two nonnegative double sequences  lkxx ,=  

and  lkyy ,=  are said to be asymptotically double 

equivalent of multiple L provided that 
 

L
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lk
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lk
=lim

,

,

,
  

 

(denoted by yx
P

~ ) and simply asymptotically 
double equivalent if L=1. 

Definition 2.5. (ESI; ACIKGOZ, 2014) The 
two nonnegative double sequences  lkxx ,=  and 

 lkyy ,=  are said to be asymptotically double 

statistical equivalent of multiple L provided that for 
every 0,>  
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LS

~  ) and simply asymptotically 
double statistical equivalent if L=1. 

Definition 2.6. (ESI, 2009) Let   srsr lk ,=,  

be a double lacunary sequence; the two nonnegative 
double sequences  lkxx ,=  and  lkyy ,=  are 

said to be asymptotically double lacunary statistical 
equivalent of multiple L provided that for every 
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L
sr

S
,

~


) and simply asymptotically 
double lacunary statistical equivalent if L=1. 

Furthermore, let L

sr
S

,  denote the set of all 

sequences  lkxx ,=  and  lkyy ,=  such that 

yx

L

sr
S

,

~


. 

Definition 2.7. (ESI, 2009) Let   srsr lk ,=,  

be a double lacunary sequence; the two double 
sequences  lkxx ,=  and  lkyy ,=  are said to be 

strong asymptotically double lacunary equivalent of 
multiple L provided that 
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) and simply strong 
asymptotically double lacunary equivalent if L=1. In 

addition, let L

sr
N

,  denote the set of all sequences 

 lkxx ,=  and  lkyy ,=  such that yx

L
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N
,

~


. 
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Definition 2.8. Let M be an Orlicz function. 
The two nonnegative double sequences  lkxx ,=  

and  lkyy ,=  are said to be M-asymptotically 

double equivalent of multiple L provided that 
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(denoted by yx
LM

~  and simply M-asymptotically 

double equivalent if 1=L . 
Since Orlicz function M is continuous and 
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Therefore y~xy~x
LML

 . This means that 

ordinary asymptotically double equivalence is 
equivalent to M-asymptotically double 
equivalence. 

Definition 2.9. Let M be an Orlicz function. 
The two nonnegative double sequences  lkxx ,=  

and  lkyy ,=  are said to be strong M-

asymptotically double equivalent of multiple L 
provided that 
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asymptotically double equivalent if 1=L . If 
xxM =)( , then we obtain 
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 

yx
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~ ) which is called strong 

asymptotically double equivalent of multiple L. 

Definition 2.10. Let M be an Orlicz function 
and   srsr lk ,=,  be a double lacunary sequence; 

the two double sequences  lkxx ,=  and  lkyy ,=  

are said to be strong M-asymptotically double 
lacunary equivalent of multiple L provided that 
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If xxM =)( , then we obtain the set L
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N

,  which 

was defined in (ALTINOK et al., 2008). 

Main theorems 

Theorem 3.1. Let M be an Orlicz 
function.Then 
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It is clear that  
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On the other hand we use the fact that 
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The result follows from this and the proof of (a). 
Theorem 3.3. Let M be an Orlicz function and 

  srsr lk ,=,  be a double lacunary sequence with 
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This completes the proof. 
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Since rk  and sl  both approaches infinity as both 

m  and n  approaches infinity, it follows that 
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The following theorem is an immediate 

consequence of Theorem 3.3 and Theorem 3.4. 
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Theorem 3.6. Let M be an Orlicz function and 
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This and from (a) the result follows. 
Theorem 3.7. Let M be an Orlicz function. 
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Proof. The proof is similar to the Theorem 3.1., 

so we omit it. 

Conclusion 

The definition of asymptotically equivalent 
sequences was introduced by Marouf (1993) in 
1993. Later on it was further investigated from 
sequence space point of view and linked with 
summability theory by several authors. The results 
obtained in this study are much more general than 
those obtained earlier. 
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