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ABSTRACT. In this paper we introduce the concepts of statistical and lacunary statistical
convergence of interval numbers in topological groups. We prove some inclusion relations and study

some of their properties.
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Convergéncia estatistica e estatistico-lacunar de niimeros de intervalos em grupos topologicos

RESUMO. Nesse artigo apresentamos os conceitos de convergéncia estatistica e estatistico-lacunar de
nameros de intervalos em grupos topoldgicos. Provamos relagoes de inclusio a estudamos algumas de

suas propriedades.
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Introduction

Interval arithmetic was first suggested by
Dwyer (1951). Development of interval
arithmetic as a formal system and evidence of its
value as a computational device was provided by
Moore (1959) and Moore and Yang (1962).
Furthermore, Moore and others Dwyer (1951),
Dwyer (1953), and Moore and Yang (1958) have
developed applications to differential equations.

Chiao (2002) introduced sequence of interval
numbers and defined wusual convergence of
sequences of interval number. Sengodniil and
Eryilmaz (2010) introduced and studied bounded
and convergent sequence spaces of interval
numbers and showed that these spaces are
complete metric space. Recently Esi (2011)
introduced and  studied strongly almost
A —convergence  and  statistically  almost

— convergence of interval numbers.

The idea of statistical convergence for single
sequences was introduced by Fast (1951).
Schoenberg (1959) studied statistical convergence
as a summability method and listed some of
elementary properties of statistical convergence.
Both of these authors noted that if bounded
sequence is statistically convergent, then it is
Cesaro summable. Existing work on statistical
convergence appears to have been restricted to
real or complex sequence, but several authors
extended the idea to apply to sequences of fuzzy
numbers and also introduced and discussed the

concept
numbers.

of statistically sequences of fuzzy

Preliminaries

Let p= (pk) be a positive sequence of real

numbers. If o<p=

infipy < pp S H =sup, p, <
and D= max(l,zH*I) then for a,,b, €C for all
k N we have |a, +b,|" < D(Jak‘pk +‘bk‘pk)

By a lacunary sequence 6 = (kr), r=0,1,2,...,
where:

k, =0, we shall mean increasing sequence of non-

negative integers h, =k —k _, —o as ¥ —>0.
The intervals determined by & are denoted by

I = (k k, ] and the ratio k, will be denoted
k

r—1°

r=1

by ¢.. The space of lacunary strongly convergent

sequence NN, was defined by Freedman et al.
(1978) as follows:

N,= “’;Ex q =0for someL.

’LEI

A set consisting of a closed interval of real
numbers such that ¢ <x<b) is called an interval
number. A real interval can also be considered as a
set. Thus we can investigate some properties of
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interval numbers, for instance arithmetic

properties or analysis properties.
We denote the set of all real valued closed intervals
by IR. Any elements of IR. is called closed interval

and denoted by A. Thatis A= {x eR:asx< b}.

An interval number A is a closed subset of real
numbers (CHIAO, 2002). Let @, and a, be first and

last points of A interval number, respectively. For
A,BelIR, we have 4-Be a, =a,.a, =a, .
A+B= {XeR:all +a, <x<a +a2r;,and it >0,
then CZZ:{XGRZOMII SxSaalr} and if
a <0, then aZZ{xeR:aalr sx<oa,

P
AB= {x € R:min {a,] Ay 5Oy Ay Gy A Gy Ay }S x<

max{all.a2l,all.azr,alr.azl,alr.a% }} The set of all
interval numbers IR. is a complete metric space
defined by d(g,§)=max{all —a, }
(CHIAO, 2002).

In the special case Z= [a,a] and l_9= [b,b],

we obtain usual metric of R,
Let us define transformation f :N — R by

k> f(k)=4, A=(4) Then 4=(4.) i

called sequence of interval numbers. The A is called

b

a —a,
r r

k™ term of sequence A= (Ak) w' denotes the set
of all interval numbers with real terms and the

algebraic properties of W' can be found in
(SENGONUL; ERYILMAZ, 2010).

Now we give the definition of convergence of
interval numbers:

A sequence A= (Zk) of interval numbers is said
to be convergent to the interval number A, if for each
£>0 there exists a positive integer k, such that
d(Zk,Zo)< € for all k >k, and we denote it by
lim Ax = Ao, (CHIAO, 2002).

limk Ak = Ao = hmk akl = aol

Thus,
im:a, =a, .
limx k. o,

and

By X, we will denote an abelian topological
Hausdorff  group, additively  which
satisfies the first axiom of countability. In Cakalli

written

(1995), a single sequence x =(x,) in X is said to

Esi

be statistically convergent to an element L € X if
for each neighborhood U of 0,

limlHkSn:xk —LeU}|=O,
n Nn

where the vertical bars indicate the number of
elements in the enclosed set. In this case we write
st(X)—limgx, = L or x, = L(st(X)).

In Cakalli (1996), for single sequence X = (xk)

in X the concept of lacunary statistical convergence
was defined by Cakalli (1996) as follows: Let

Hz(kr) be a lacunary sequence; the single
sequence x=(xk) in X is said to be

st” —convergent to L (or lacunary statistically

convergent to L in X ) if for each neighborhood

U of 0,
limhi|{k€1, 1 X —L§EU}|=O.

: . 0 . _
In this case we write st (X)—hmkxk =L or
0
X, —>L(st (X ))
In this paper, we introduce and study the
concepts of statistical convergence, strongly
convergence, lacunary statistical convergence and

lacunary strongly convergence for interval
numbers in topological groups as follows.

Main results

In this section we give some definition and
prove the results of this paper.
Definition 3.1 - An interval numbers sequence

A= (Zk) is said to be statistically convergent to an
clement of A, of X if for each neighborhood
system U of 0= [0,0]

1 _
lim—{kﬁn:xk—xaéU}ZO,

n n

in this case we write Zk —)ZO(E(X)) or
s(X)-limdr = 4,. The

convergent

set of all statistically

sequences of interval number

sequences is denoted by ;(X)

Definition 3.2 - An interval numbers sequence

A= (Zk) is called strongly convergent in X if
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for each neighborhood system U of 0= [0,0] such
that

lim— Zd(Ak Ao) 0

nR =

In this case we write A —)20(39()()) or
N(X)—limZk :Z().
Definition 3.3 - Let §=(k,) be a lacunary

sequence. A sequence A:(Zk) of interval

numbers is said to be lacunary statistically

convergent to interval number A, in X, if for each
neighborhood system of 0=0,0]

1imhi\{kel,:2k—71()eu}{=o.
In this case we write A —)20(59()()) or

so(X)-limAx = x,. The

statistically convergent sequences of interval number

set of all lacunary

sequences is denoted by EG(X ) In the special case
0= (2r), we shall write E(X) instead of EQ(X).

Definition 3.4. - An interval numbers sequence

X = (Xk) is called strongly lacunary convergent in

X if for each neighborhood system U of 0= [0,0]
such that

ime Y [ald. Al =o

r hr kel xk—xoeU

hmi Z [d(;lk,;lo)]ﬂk=0

r hr ke[ Xk—xoeU

in this case we write A %ZO(NQ)(X )) or
NZ(X)—lim;k = x,.In the special case 4= (2’), we
shall write N (X ) instead of Ng (X)

Theorem 3.1 - Let 0= (kr) be a lacunary

sequence and 2=(2k) be a sequence of interval

numbers. Then
iy A = A V00 yopies A = Aofso()
(ii) A=(dc)em(x) ind Ax = Ao (s0(x))

493

mply A = A0 (V5 ()]
(iii) If A=(di)em(x), then Ak eio(ﬁﬁ (X))
and A _)2"(;9()())

m X)={j4=(74k)18up(d(j4k,740)<00}.

Proof. (i) Let £>0 and Ax —>ZU(N§(X))

Then we write

> lala )

ke[r xk—xoeU

‘{ke[r:Zk—Zo %U}‘S

and

lim L Z

" h; kel dg—AorU

(4,4, = 0.

This implies that

lirrn;kelr c Ai— Ao eU‘ =

A - A(50(x))

Hence

(i) Suppose that A= (Ak) ) and
Zk - 20 (;g(X)) Since A ( )E E( ) there
is a constant C > 0 such that d Ak Z )S C. Given

& >0, we have

- Salaa )

;ke[

> falaa)

r keIr;l]( —ApeU

o % ldaal

hr ke[r;lk —dpeU

i z gk

( kE]r‘ Ek 7206U

Shi z max(Ch,CH)+

' kel’,ik—ier

Sma)(C*,CH)}j{k el : di—A, eU}+ma)(gh,gH)

Thus we obtain Ax —> Ao (ﬁg (X ))
(1i1) It follows from (i) and (ii).

Acta Scientiarum. Technology

Maringa, v. 36, n. 3, p. 491-495, July-Sept., 2014



494

Theorem 3.2. - Let 9=(kr) be a lacunary

sequence and A= (Zk be a sequence of interval

numbers. Then

() For liminf,q,>1 .. A —>ZO(E(X ))
motics A > Aso(X))

(ii) For limsup, g, <o, then Ar %ZO(EH(X))
implics Ax — A, (s(X))

(i) If 1<liminf,q, <limsup, g, <oo,
A > A(s(x)) i and only if
A —> A, (Ee (X ))

Proof. (i) Suppose that liminf,q, >1,

there exists a 0 >0 such that g, 2140 for
sufficiently large 7, which implies

then

then

o
1+6

by
k

if A —>ZO(EH(X)) , then for sufficiently large r, we

have
1 - = 1
1

>0 Uleer -4, eU}(

1+06 h

Hence A —>20(;9(X))

(i) If lim sup , g, < oo, then there exists C
> (0 such that q, <C forall r = 1. Let

A —>20(39(X)) and set 4 =‘{k el :d(;lk,;lo)z g}‘. Then

there exists an 7, € N such that

3.1)

Now let N = max{Ar 1<r< VO} and choose

nsuch that k, | <n <k, . Then we have

; esnd—4et] ki\{kszg A—del

a

Esi

‘ B

A+ A+ + A +AL )+ A
{ Ao ot

krfl
N Ly e A

kr—l krfl hr +1 hl
Siro—l-— supA" {h, gt +h,}

r—1 kr 1\ " hr

k. —k

Siro +¢ = ,by(3 1)

r=1 r-1

N
<—r +eg, <—r, +&C.

krfl r-1

Thus we obtain Ax — A, (;(X ))
(iii) It follows from (i) and (ii).

Conclusion

The concept of interval arithmetic was first
suggested by Dwyer (1951). After then Chiao
(2002)  introduced usual convergence of
sequences of interval numbers. Recently, interval
numbers sequences studied by several authors.
The results obtained in this paper are much more
general than those obtained earlier.
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