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ABSTRACT. In this article we introduce some fuzzy sequence spaces defined by Orlicz function and
study different properties of these spaces like completeness, symmetricity etc. We establish some inclusion

results among them.
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Alguns espacos sequenciais de niimeros difusos definidos pela fungao de Orlicz

RESUMO. Os autores apresentam alguns espagos sequenciais de ntimeros difusos definidos pela fungio
de Orlicz. Algumas propriedades desses espagos, como completude, simetricidade e outras, sio

investigadas. Resultados inclusivos sio estabelecidos.

Palavras-chave: completude, espago simétrico, paranorma, conjunto denso em lugar nenhum, fungio convexa,

condigio A,.

Introduction

The concept of fuzzy sets was first introduced by
Zadeh (1965). It has a wide range of applications in
almost all the branches, where mathematics is used.
Particularly the computer and IT professionals have
frequent use of fuzziness in every aspect. It attracted
many workers to introduce different types of fuzzy
sequence spaces.

Throughout, a fuzzy sequence will be denoted
by X = <X, >, where each X; is a fuzzy real
number. Throughout the article w" will denote the
set of all fuzzy sequences.

The concept of paranormed sequences was
studied by Nakano (1951) and Simmons (1965) at
the initial stage. Later on it was studied by many
others.

Some initial works on Orlicz function are
done by Et (2001). Some new results of sequence
spaces of fuzzy real numbers using Orlicz
function are found in Tripathy and Tripathy and
Sarma (2011).

The notion was further investigated by many
workers on sequence spaces.

Definitions and preliminaries

An ‘Orlicz function’ M is a mapping M :[0, ) —
[0, ) such that it is ‘continuous, non-decreasing
and convex’ with M(0) = 0, M(x) > 0, for x > 0 and
M(x) — o, as x —> o0.

The initial notion of Orlicz Spaces found in
Krasnoselkii and Rutitsky (1961).

Lindenstrauss and Tzafriri (1971) used the
idea of Orlicz function to construct the sequence
space

p

fM:{(xk):ZM(xk'J«m, for some p>0}
k=1

which is a Banach space normed by

1)1 =.mf{p>0:§M(In]gl}

k=1 P

The space (" is closely related to the space £7,
which is an Orlicz sequence space with M(x) = |x|,
for1<p < oo,

An Orlicz function M is said to satisty the A, -
condition for all values of u, if there exists a
constant K > 0, such that M(2u) < K(Mu), u > 0.

Remark. Let 0 < A < 1, then M(A x) < AM(x),
for all x > 0.

Let p = (p,.) be a positive sequence of real numbers.
If0 < p,<sup p, = Hand D = max (1, 2""), then for
a,,b, € Cforallk € N, we have

la, +b, "< D{ja, " +]b, " |-

Definition. A sequence space E is said to be

symmetric if (X, ) € Eimplies (X, ) € E, where 1

is the permutation of N. This definition for crisp set
is found in Kamthan and Gupta (1980).
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Let M be an Orlicz function and p = (p;) be a
sequence of strictly positive real numbers. We
introduce the following sequence spaces.

momg

WF(M,P)={<X, >ewF:limIZ[ ( X )D —0
P

forsome p >0 and L}

V%F(Mp)—{<Xi >ew han(M[d( ] =0, for somap>0.}
m m
o { g S e
M, p)=1< X, >ew:sup— <og for some p>0
m iy

Main results
Theorem 3.1. Let p = (p;) be bounded. The classes
of sequences W' (M, p), W, (M,p) and W) (M, p)

are complete metric spaces with respect to the metric

f(X,Y)=inf{p/; >0:sup[M(d(X"’Y’)]]Sl}’
i p

where: J = max (1, sup p,).

Proof. It can be easily verified that the classes are
metric spaces. To prove completeness consider the
class 17/ (M. p)-

Let < xX* > be a Cauchy sequence in W (M, p)-
Then f(x°,x")—>0ass, t — oo,

For a given &€ > 0 choose r > 0 and x, > 0 be

such that ¢ _ ( and M( 2) 1-

rX,

Then there exists m, € N such that f(x* x")<

_€ foralls,t>m,.

X,
Py 5
:>inf{p" :sup[ [—(X”X)D }<i
i P X,
Now,
M(MJSISM(E)
Y2l 2
- dX]. X)) _

G X) 2

Sdx,xy <X £ _¢

, 2

Sarma

This implies (x/) is a Cauchy sequence of

fuzzy real numbers. Since the set of fuzzy real
numbers is complete so there exit fuzzy number
X, such that

Let lim X!

§—>0

Now

nmsup[ (ijls p(M(M)jl
=0 P i P

Let s > m,, then taking infimum of such p’s we
have f(x',x,) <e.
Now using f(X,,0)< f(X,, X))+ f(X’,0) we

get  (X)ew,(M,p)- wiM,p) s
complete.

Proposition 3.2. (i) W"(M,p) < w!'(M,p);
(i1) wl(M,p) = W' (M,p)- The inclusions are
strict.

Proof. The proof is obvious.
Theorem 3.3. The spaces

=X, foralli € N.

Hence

W (M,p) and
Wl (M, p)are nowhere dense subset of W' (M, p).

Proof. The proof is obvious in view of Theorem
3.1 and Proposition 3.2.
Theorem 3.4. (i) If O<infp, <p <1, then

W"(M,p) < W (M); (i) If 1< p, <sup p, <oo, then
wr (M) W (M, p).

Proof. The first part of the result follows from
the inequality

LiM[d(X‘.,X)j<L [ [d(X‘,X)]]”’
m D P m o P

and the second part of the result follows from the

inequality
1 dx,. 0" 13[4, )J
(w2 ey (4

Theorem 3.5. Let M, and M, be two Orlicz
functions. Then

WF(M],p)ﬁ WF(Mzap)g WF(MI +M2,P)'

Proof. Let <X, > € w"(M,,p)n W'(M,,p)-
Then

hm— l(d( X)j =0, for some p, > 0.
oo pl
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limli[Mz(d(X"X)D ' -0, for some p, > 0.

"M )

Let p = max { o pz}. The result follows from
the following inequality.

S L) SD{jM(wﬂ é{M(WN
- P = A i 5

Result 3.6. The sequence spaces ,/W(M, A, p),
oM, A, p) and ,W,(M, A, p) are symmetric.
Proof. The result is obvious.

Conclusion

In this paper we have studied about some
paranormed type sequence spaces of fuzzy real
numbers and studied related properties. We have
proved the completeness property of the
introduced sequence space. This notion can be
used for further generalization of such sequence
spaces.
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