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ABSTRACT. In this paper, we introduce the concept 83 — statistical convergence of order ¢ . Also some

relations between S - statistical convergence of order @ and strong \/AVZ (l)— summability of order ¢ are

given. Furthermore some relations between the spaces VAV(‘:)[LM ] and S7 are examined.
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Quase convergéncia estatistica da order «

. oo N L.
RESUMO. Apresenta-se o conceito S; — a convergéncia estatistica da ordem @ - e fornecem-se alguns

A

. a N L. Y1 -
relacionamentos entre S7 - a convergéncia estatistica da ordem «a e a forte W, (ﬂ)— sumabilidade da

ordem ¢ . Algumas relagdes entre os espagos W&)[ﬂ,M ] e S7 sio investigadas.
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Introduction

The idea of statistical convergence was given by
Zygmund (1979) in the first edition of his
monograph published in Warsaw in 1935. The
concept of statistical convergence was introduced by
Steinhaus  (1951) and Fast (1951) and later
reintroduced by Schoenberg (1959) independently.
Over the years and under different names statistical
convergence has been discussed in the theory of
Fourier analysis, Ergodic theory, Number theory,
Measure theory, Trigonometric series, Turnpike
theory and Banach spaces. Later on it was further
investigated from the sequence space point of view
and linked with summability theory by Salit (1980),
Fridy (1985), Connor (1988), Rath and Tripathy
(1994), Savag (2000), Mursaleen (2000), Miller and
Orhan (2001), Et and Nuray (2001), Mursaleen
et al. (2001, 2003, 2009), Mursaleen and Edely
(2009), Mohiuddine and Lohani (2009), Colak
(2010), Colak and Bektag (2011), Bhunia et al.
(2012), Kumar and Mursaleen (2011) and Savag and
Mohiuddine (2012) and many others. In recent
years, generalizations of statistical convergence have
appeared in the study of strong integral summability
and the structure of ideals of bounded continuous
functions on locally compact spaces. Statistical
convergence and its generalizations are also of the
natural numbers.

Moreover, statistical convergence is closely
related to the concept of convergence in
probability.

Let w denote the set of all real sequences
x=(x,) By £, and ¢, we denote the Banach
spaces of bounded and convergent sequences
x=(x,) normed by |x|=sup,|x,|, respectively. A
linear functional L on /¢_ is said to be a Banach
limit if it has the properties, i) L(x)>0 if x>0 (i.e.
x, >0 forall n), ii) L(e)=1, where e=(1,1,...), iii)
L(Dx)=L(x), where D is the shift operator defined
by (Dx,)=(x,,,) Banach (1955).

Let B be the set of all Banach limits on /7. A
sequence x is said to be almost convergent to a
number L if L(x): L for all L eB. Lorentz (1948)
has shown that x is almost convergent to L if and
only if

. .XxX, t+X
limz, , (x) = [im =21
k—xo k—x k+1

tot X g
bl

uniformlyin m.

Let f denote the set of all almost convergent
sequences. We write f-limx=L if x is almost
convergent to L. Maddox (1978) and (independently)

Acta Scientiarum. Technology

Maringd, v. 37, n. 1, p. 55-61, Jan.-Mar., 2015



56

Freedman et al. (1978) has defined x=(x,) to be

strongly almost convergent to a number L if

- . .
%E&m;'x”m —L| = 0, uniformly in m.

Let [f] denote the set of all strongly almost
convergent sequences. If x is strongly almost
convergent to L, we write [f]— limx = L. It is easy
to see that [f]c f<¢,. Das and Sahoo (1992)

defined the sequence space

R\ e
[v?/(p)]z Xew: n+1;|tkm(x) L| -0

asn — oo, uniformlyin m

and investigated some of its properties.

The order of statistical convergence of a
sequence of numbers was given by Gadjiev and
Orhan  (2002) and after then
convergence of order ¢ and strongly p— Cesaro
summability of order « studied by Colak (2010)
and generalized by Colak and Bektas (2011).

The statistical convergence of order « is
defined as follows. Let 0<a <1 be given. The
sequence x=(x,) is said to be statistically

statistical

convergent of order ¢ if there is a real number L
such that

tim{fk<n : |x, ~2]>2] =0,

n—on

for every £>0, in which case we say that x is
statistically convergent of order « , to L. In this case
we write S%—limx, = L. The set of all statistically
convergent sequences of order o will be denoted by
S,

The generalized de la Vallée-Poussin mean is
defined by

()= .

ﬁ‘n keI,

where 1=(4,) is a non-decreasing sequence of

positive numbers such that 1,,, < 4, +1, 4 =1,

n+l —
A, > as n— o and I, =[n—A, +1,n]
A sequence x=(x,) is said to be (V,1)-

summable to a number L if ¢, (x)—) L as n—> o,

Etet al.
Leindler (1965). (V,1)-summability reduces to
(€,1) summability when 4 = (4,)=(n).
We write

[aq:{x:@g:

. 1 n
lim — Z|xk —L| =0 for some L},
n—% g k=1

[V,/l]: {xz(xk) : limL z |xk—L|:Of0rsome L}

n—w ﬂ’n kel,

for the sets of strongly Cesiro summable and
strongly (V,1)-summable sequences, respectively.

Strong (V,4)- summability reduces to strong (C,1)
summability when 1 = (1, )= (n).

Main results

In this section we give the main results of the
paper. In Theorem 2.4 we give the inclusion

relations between the sets of S7 — statistical

convergent sequences of order ¢ for different o' s.
In Theorem 2.8 we give the relationship between

the strong W (/1)— summability of order o and the

strong vAvpﬁ(/l)— summability of order f. In
Theorem 2.11 we give the relationship between the

strong W (/1)— summability of order « and the
S /' — statistical convergence of order f.
Definition 2.1

Let the sequence A =(4,) of real numbers be
defined as above and O<a <1 be given. The

sequence x = (x,)e w is said to be S§ — statistically

convergent of order « if there is a real number L
such that

n—»o0

.1
hmEHk el, : |tkm(x)—L| > g}l =0,
uniformly in m,

where 1, =[n-2,+1,n] and A’ denote the o”
power (4, of A, that is A°=(1)=
(/1{”, A, A, ) We write SA'f —limx, =L in case
x=(x,) is S’f — statistically convergent to L of
order ¢ . The set of all §Z — statistically convergent
sequences of order « will be denoted by SA'Z[ . We

shall write $% in the special case A, =n for all
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neN; S, in the special case =1 and § in the
special case 4, =n, a =1 instead of S;.

The S7 — statistical convergence of order « is

well defined for O0<a <1 , but it is not well
defined for a>1 in general. For this let x=(x,)

be fixed. Then for an arbitrary number L and
£>0 we have

limi%Hk el, : |tkm (x)—L| > g}| < limM =0,

nswo A%
n

uniformly in m

Thus S'Z’ —limx, is not uniquely determined for

a >1 ,where [a] denotes the integer part of the real
number a .

Theorem 2.2
Let 0<a<1and x=(x,), y=(y,) be sequences

of complex numbers > then (i) If §f—limxk =X,

and c¢eC, then SA'Z‘ —lim(ex ) =cx,, (@Gi) If
§j{‘ —-limx, =x, and 5’? —-limy, =y,, then

S7—lim(x, +y,) =x, + ¥,

Proof.
Omited.

Definition 2.3
Let the sequence A = (in) be as above, o € (0,1]
be any real number and let p be a positive real

number. A sequence x is said to be strongly

v?/;’(/l)—summable of order a, if there is a real

number L such that

lim —— ¥ It (x)-L|" =0

a
n—o ]’n kel,

uniformly in m,

where I, =[n-4,+1,n] The strong ﬁ/;‘(/l)—

summability of order o« reduces to the strong
v?/p(/l)—summability for a=1. The set of all

strongly Wz(l)—summable sequences of order «

will be denoted by VAVZ (/1)

Theorem 2.4

IfO<a<B<1 then S¢S/ .

57

Proof.

If 0<a < <1 then we may write

ﬂ/{l

n

/%ﬂ|{k el, : |t,m(x)—L|2¢s‘}‘£i

|{k el, : |tkm(x)—L|2£}‘

for every ¢ >0 and this gives that SA'f c S'f .

From Theorem 2.4 we have the following.
Corollary 2.5
If a sequence is 3‘; — statistically convergent of

order «, to L, then it is S, —statistically

convergent to L, that is Sﬁ'fggi for each
a € (0,1].

Theorem 2.6

S* < 8¢ if

a

lim inf A > 0.

n—o a

Proof.

For given & >0 we have

{kﬁn : |tkm(x)—L|25}
{keln : |tkm(x)—L|25}

and so

nLaHk <n: |tkm (x)— L| > 5}|

a

>/14L

e 2 {ke]n : |tkm(x)—L|Zg}|.

Taking the limit as n — o and using (1), we get

S*—limx, = L = §¢ —limx, = L.
Corollary 2.7

If liminf 2 > 0, then § < $7.

n—»0
Theorem 2.8
Let O0<a<f<1 and p be a positive real

number, then W) (1) c wo (1)
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Proof.

Let x=(x, )¢ W, (A). Then given « and f such
that 0 < a < # <1 and a positive real number p, we

may write

1
/I_f k§1|tkm( ) Llp z |tkm( LI

and this gives that W (ﬂ,) c \/Avf (/1)

The following result is a consequence of Theorem 2.8.

Corollary 2.9

Let 0<a <1 and p be a positive real number.

Then W) (1)< w, (2).

Theorem 2.10
Let O<a<l and

we(2) e W ()

O<p<g<ow. Then

Proof is seen from Holder inequality.

Theorem 2.11
Let ¢« and S be fixed real numbers such that
O<a<p<l

and O0<p<o. If a sequence is

strongly v?/,‘f(i)—summable of order a, to L, then
it is SZ’ — statistically convergent of order f,to L,
ie ﬁ/;’(/i)c S7.

Proof.

For any sequence x =(x,) and &> 0, we have

Ag,, tim (x)f L‘p = kEZ,” ‘tkm (x)fL‘p
o () 22
+ X |t ()-L|
lt ()<
> Z t i (x)f L‘p
L‘>.‘
‘A{k el ‘tm (x)- L‘ > g}‘ o
and so that
la z| km |
>—|ke] tkm(x)—L|2€}‘ g’
|{k el, : t,(m(x)—L| > 8}‘ g’.

Et et al.

From this it follows that if x:(xk) is strongly

A

WZ (ﬂ,)—summable of order «, to L, then it is

S7 — statistically convergent of order f3,to L.

Corollary 2.12
Let o be a fixed real number such that 0 < @ <1
and O0<p<o. Then, the following statements

hold: #) If a sequence is strongly W/ (4)- summable

of order a, to L, then it is S; — statistically

convergent of order «, to L, i.e v?/l‘f(/l)c ST, i)

W (A)c S, .

Results related to orlicz function
In this section we give the inclusion relations

between the sets of S; — statistical convergent

sequences of order @ and strongly v?/(';)[/l,M]—

summable sequences of order ¢ with respect to

an Orlicz function M.

An  Orlicz function is a  function
M [0,00)—) [0,00), which is continuous, non-
decreasing and convex with M (0)=0, M(x)>0
for x>0 and M (x) > © as x > © .

Lindenstrauss and Tzafriri (1971) used the
idea of Orlicz function to construct the sequence
space

ly=Xxew: Z | |j<oof0rsomep>0

The space ¢,, with the norm

= inf{ p>0 iM(MJ < 1}
k=1 P

becomes a Banach space, called an Orlicz sequence
space. The Orlicz space ¢,, is reduced in the special

case M(x)g x|’

p — summable

to the classical space 7, of

absolutely sequences,  where

I<p<oo.

Recently Orlicz sequence spaces have been
studied by Bhardwaj and Singh (2000), Mursaleen
et al. (2001), Savas and Rhoades (2002), Colak et al.
(2006), Et et al. (2006), Giingdr et al. (2004),
Tripathy et al. (2008), Dutta and Bagar (2011) and
many others.
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Definition 3.1
Let M be an Orlicz function, p=(p,) be a

sequence of strictly positive real numbers and let
a € (0,1] be any real number. Now we define

lim —

x:w>:wﬂ

kel, P
uniformly in m, for some L and p >0

If xe v?/(o;)[/i,M ], then we say that x is strongly

v?/(i,)[/l,M |- summable of order o with respect to

the Orlicz function M.
In the following theorems we shall assume that
the sequence p= (pk) is  bounded and

O<h=inf, p, < p,<sup,p, =H <o .

Theorem 3.2

Let a, B e (0, l] be real numbers such that a < S8
and M be an Orlicz
Wi [4.M]c 87

function, then

Proof.
Let xe W&)[E,M], &£>0 be given and Y, and
>, denote the sums over kel,, |tkm(x)—L|26

and kel | —L| <& respectively. Since

km

A% <A foreach n we may write

£ im (x)— Lj_pk

X Y
ﬂlz{ [‘ L LH e +z{£[“j(x“ﬂm
P

r Pk
P
1 P

e fu(te A
A%ZV@W
z min ([M (¢,

v

W [v ()1 )

L im (x)7 L‘ = SH
min ([f(s )] L)l

Since x €Wf)[4,M] the left hand side of the
inequality n—> oo
uniformly in m. Therefore the right hand side

above tends to zero as

59

tends to zero as n—» o uniformly in m and

hence x e S,1 , because min([f(g,)]',[/(&)]") > 0.

Corollary 3.3
Let 0<a<1 and M be an Orlicz function,
then v?/(“p)[/l,M]c S

Theorem 3.4
Let M be an Orlicz function and x =(x,) be a

bounded sequence, then S¢ < v?/(“p)[/LM].

Proof.

= L. Since

xe/l,, then there is a constant 7 >0 such that

=

Suppose that x e/, and SA'jf —limx,

|tkm (xl <T. Given & >0 we have

[ fla@-1)" 1
ﬂj ke]n p ﬂ*jj

:§§|,_‘
]
/S\
R
N
=
E

{ kel, :|tkm(x)—L|28}|

" ul T
+max{M(£1)] ,[M(gl) } ;—K,

=g

Hence 8% < W, [A M.

Conclusion

We introduced an studied the A - statistical
convergence of order o, A - strong p- Cesiro
summability of order o. Some of inclusion relations
of given sets are established.

Also using an Orlicz function establish some
other sets of sequences related to the subset.
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