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ABSTRACT. In this paper, we study S - tangent surfaces according to Sabban frame in the Lorentzian
Heisenberg group H. We obtained differential equations in terms of their geodesic curvatures in the
Lorentzian Heisenberg group H . Finally, we found explicit parametric equations of one parameter family

of S - tangent surfaces according to Sabban Frame.
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Uma familia de parametros de superficies tangenciais em S

RESUMO. Investigam-se as superficies tangenciais em S conforme o esquema de Sabban no grupo H de
Lorentz-Heisenberg. Os autores obtiveram equagdes diferenciadas em termos de curvaturas geodésicas no
grupo H de Lorentz-Heisenberg. Encontraram-se equagdes paramétricas explicitas de uma familia
parametrica de superficies tangenciais em S de acordo com o esquema de Sabban.
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Introduction

Construction of fluid flows constitutes an active
rescarch field with a high industrial impact.
Corresponding  real-world ~ measurements  in
concrete scenarios complement numerical results
from direct simulations of the Navier-Stokes
equation, particularly in the case of turbulent flows,
and for the understanding of the complex spatio-
temporal evolution of instationary flow phenomena.
More and more advanced imaging devices (lasers,
highspeed cameras, control logic, etc.) are currently
developed that allow to record fully timeresolved
image sequences of fluid flows at high resolutions.
As a consequence, there is a need for advanced
algorithms for the analysis of such data, to provide
the basis for a subsequent pattern analysis, and with
abundant applications across various areas, (O'NEIL,
1983; KWON et al., 2005).

Paper, sheet metal, and many other materials are
approximately unstretchable. The surfaces obtained
by bending these materials can be flattened onto a
plane without stretching or tearing. More precisely,
there exists a transformation that maps the surface
onto the plane, after which the length of any curve
drawn on the surface remains the same. Such
surfaces, when sufficiently regular, are well known
to mathematicians as developable surfaces. While
developable surfaces have been widely used in

engineering, design and manufacture, they have
been less popular in computer graphics, despite the
fact that their isometric properties make them ideal
primitives for texture mapping, some kinds of
surface  modelling, and computer animation
(CARMO, 1976; O'NEIL, 1983; KWON et al,
2005).

A smooth map ¢:N—>M is said to be

biharmonic if it is a critical point of the bienergy
functional:

E¢)=[ ST v,

where T(9):= trV?d¢ is the tension field of ¢,

(EELLS; SAMPSON, 1964; EELLS; LEMAIRE,
1978; JIANG, 1986; DIMITRIC, 1992; CADDEO
et al., 2004, 2005).

The Euler-Lagrange equation of the bienergy is
given by T,(#)=0. Here the section T,(¢) is

defined by
T,(¢) = —A,T(#) + uR(T(P).dp)ds, (1.1)

and called the bitension field of ¢ . Non-harmonic

biharmonic maps are called proper biharmonic
maps.
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This study is organised as follows: Firstly, we
study S-tangent surfaces according to Sabban
frame in the Lorentzian Heisenberg group H.
Secondly, we obtain differential equations about in
terms of their geodesic curvatures. Finally, we find
explicit parametric equations of one parameter
family of S- tangent surfaces according to Sabban
Frame and we illustrate our results in Figures 1,2,3.

The Lorentzian Heisenberg Group H

Heisenberg group H can be seen as the space R’
endowed with the following multipilcation:

(xﬂyﬂz)(x9yoz) = (x+xoy+yaz+z_5xy+5xy)

H is a three-dimensional, connected, simply
connected and 2-step nilpotent Lie group,
(RAHMANTI, 1992; KORPINAR; TURHAN, 2011,
2012,TURHAN; KORPINAR, 2010, 2011).

The identity of the group is (0,0,0) and the
inverse of (x,y,z) is given by (=x,—y,—z) . The left-

invariant Lorentz metricon H is
_ 2 2 2
g=—dx" +dy" +(xdy+dz)".

The following set of left-invariant vector fields
forms an orthonormal basis for the corresponding
Lie algebra:

0 0 0
e =—.,8, =——X—

6
2y T ax}' @b

The characterising properties of this algebra are
the following commutation relations:

g(elael) = g(eZJGZ) = 1’ g(e3’e3) =-1

Proposition 2.1.

For the covariant derivatives of the Levi-Civita
connection of the left-invariant metric g, defined

above the following is true:

| 0 e e
VZE e, 0 e | (22)
e, —¢ O

where the (i, j) -element in the table above equals
Ve, for our basis {e;,k=1,2,3}.
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The unit pseudo-Heisenberg sphere (Lorentzian
Heisenberg sphere) is defined by

(57) =fBeH:g@.B)=1}

We adopt the following notation and sign
convention for Riemannian curvature operator:

R(X,Y)Z=V\V,Z-V,V,Z -V Z.

The Riemannian curvature tensor is given by
R(X,Y,ZW)=—-g(R(X,Y)Z,W).

Moreover we put

Rijk :R(eiﬂej)ekﬂ Rijkl :R(eiaejaek’el)’

where the indices I, j,k and [ take the values 1,
2 and 3.

1 1 3
Ry = Zeza Ry = Zesa Ry, = _Zes
and
1 1 3
Ry, = _Zs Ry = Za Ry = _Z' (23)

Timelike Biharmonic S -Curves According To
Sabban Frame In The (SIZL

Let y:I—>H be a timelike curve in the

Lorentzian Heisenberg group H parametrized by arc
length. Let {T,N,B} be the Frenet frame ficlds

tangent to the Lorentzian Heisenberg group H
along ¥ defined as follows:

T is the unit vector field »' tangent to y, N
is the unit vector field in the direction of VT
(normal to y ), and B is chosen so that {T,N,B} is

a positively oriented orthonormal basis. Then, we
have the following Frenet formulas:

V,T=mN,
VN =T + 7B, (3.1)
V,B=-m,

where K is the curvature of y and 7 is its torsion,
g(T.T)=-1.g(N.N)=1.¢(B.,B)=1,
g(T3N): g(T7B): g(N3B):O
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One parameter family

Now we give a new frame different from Frenet

(BISHOP, 1975; BABAARSLAN; YAYLI,
2011). Let «a:1 —)(S]Z)4 be unit speed spherical
as the arc-length

frame,

timelike curve. We denote o
parameter of @ . Let us denote t(c’)=a (o), and we
call t(c) a unit tangent vector of @. We now set a

vector s(o)=a(o)xt(c) along @. This frame is
called the Sabban frame of o on (812 L Then we have

the following spherical Frenet-Serret formulae of o :

V.a =t,
Vit=a+ K S, (3.2)
Vs =kK,t,

where &, is the geodesic curvature of the timelike
curve a on the (S : )4 and
gt)=-1.gla.a)=1.g(s.s)=1

)= ¢lts)= gles)=0.

With respect to the
{e,.e,,e;}, we can write

orthonormal basis

a=ae +a,e, +ae,,
t=te, +4e, +15e,,3.3 (3)

S = 5,8, + 5,8, + 55€5.

To separate a biharmonic curve according to
Sabban frame from that of Frenet- Serret frame, in
the rest of the paper, we shall use notation for the
curve defined above as biharmonic S -curve.

Theorem 3.1.

a s a timelike biharmonic S -curve if and only if

K , = constant # 0,
1
l+i. = [——+2s1]+x [as,], (3.4)
Ko = 055 _Kg[___alz]
Proof.

Using Equation (2.1) and Sabban formulas
Equation (3.2), we have Equation (3.4).

Corollary 3.2.

All of timelike biharmonic S -curves are

helices.

79

Inextensible Flows Of S—Tangent Surfaces Of

Timelike Biharmonic S-Curves According To

Sabban Frame In The H

To separate a tangent surface according to
Sabban frame from that of Frenet- Serret frame,
in the rest of the paper, we shall use notation for
this surface as S - tangent surface.

The purpose of this section is to study S-—
tangent surfaces of timelike biharmonic S -curve

in the Lorentzian Heisenberg group Heis ’.
The S — tangent surface of ¥ is a ruled surface

RS(o,u)=a(o)+ua (o) (4.1)

Definition 4.1.
s

A surface evolution Rs(a,u,t) and its flow

are said to be inextensible if its first fundamental
form {E,F,G} satisfies

0E oF 0G
—=—=—=0. (4.2)
ot ot ot
Definition 4.2.
We can define the following one-parameter
family of developable ruled surface
R%(o,u,t)=a(o,t)+ua'(o,1)

Hence, we have the following theorem.
Theorem 4.3.

Let R® be one-parameter family of the S -
tangent surface of a unit speed non-geodesic

o _ _ R
timelike biharmonic S -curve. Then py 1s
inextensible if and only if
%[sinh A(t)+u[sinh At)o
cosh?Alr)
+—282 [Bo(t)O' + Bl(t)] (4.3)
cosh?Alt) B, (1)
g BB
cosh A(¢)cosh[B, (¢)o +B, (¢)]+B, ()
+ [M sinh[B, (¢)o + B, (¢)] + B, ()]
B,(t) (4.3)
cosh A(t) [Bo(t)G+B](t)] +B3(t)]]

[T(l‘) cosh|
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cosh>A(t)
2B7(¢)

+u[—sinh A(t)o - B,(t)o +B,(1)]
+%0€)()smh2[8 (o +B, (]

+ 82—(t)cosh A(t)cosh[B, (t)o +B, (¢)]+B,(¢)

B,(1)

[%(/j)() B, (r)or +B,(1)]+ B, (1)
[00;101 (/;\)(f) cosh[B, (1)or +B, (1)) + B, (1T
" %[cosh A(¢)sinh[B, (1) + B, (1)
ful CO;‘: é‘)(’ ) cosh[B, (t)o +B, (1)1 + B, (¢)]

+B, (1 +§[cosh A(¢)cosh(B, (t)o + B, (1)

S (’j)(f) Sinh[B, ()or + B, ()] + B, (1)
+u[cosh A(¢)cosh[B, (t)o +B, (¢)1(B, (¢)

Bh (’j)(’)cosh[s (o +B,(1)
+u[cosh A()sinh[B, (¢t)o + B, (¢)1(B, (¢) + sinh A
_ cosh Alr)

1G
X0 sinh[B,(¢)o + B, (¢)] + B, (¢)]]* = 0

+sinh A(r)) -

where B,,B,,B,,B, are smooth functions of time

and
1+K‘2(Z)
B ({)=Y—2" _ginhA
o) coshA(r) sinh Afr)
Proof.

Assume that « is a unit speed non-geodesic
timelike biharmonic S -curve.
From definition of S -helix, we obviously obtain

t = sinh A(z)e, + cosh A(¢)sinh[B, (¢ )o
+B, (¢)le, (44)

+cosh A(¢)cosh[B, (t)o + B, (¢ )]es.

Using the formula of the Sabban, we write a
relation:

Vit=te +(t, +tt)e, +(t, +1t,)e;. (45)
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Since, we immediately arrive at

V.t =coshA(t)cosh[B, (¢)o +B, (¢)]
B, (t)+ sinh A(r ))e2
+ cosh A( )smh[B ( )o- +B ( )](Bo(t)+ sinh A(t))e3.

Obviously, we also obtain

coshZA(t)
2B3(¢)

—sinh A(Z)O‘ -

cosh’A )
48; (1)
cosh A(r)cosh[B, (¢)o +B, ()]

+B4(t)—[Coélsé)(t)sinh[Bo(t)a+Bl(t)]

B, (r )][COS*:(?)( 1) coshiB, (1o +B, 1)

sinh 2[B, (1)o + B, (¢)] + B, (0)

(4.6)
+B,()]e, + 1 [cosh A(t)cosh[B0 (t)o
(1)

+B,(1)IB, (¢)+sinh A(r))
_ cosh Ar)

Bo(t) cosh[BO(t)o- +B, (t)] +B, (t)]e2

[cosh A(t)sinh[B0 (t)O' +B, (t)]

R
A0

(B, 1)+ sinh A(r)) - DA

B, (¢)
sinh[B, (¢t)o +B, ()] + B, ()Jes.

Also, the position vector of « is

a(o)=[sinh Al + A (1o B (o)

BZ
_ cosh A( )

48; ()
B, )cosh A(¢)cosh[B,(t)o +B,(1)]

sinh 2[B, (¢)o +B, (¢)]

8.0)
8,1+ 155\ Lo, ()8, () (47)

B, (r )][°°sh (A)( Y cosh(B, ()o + B, (1)

cosh A(r)

B (e)1le, +1 5.0)
cosh[Bo( )c7+Bl() +B3(t)]e2

A s (o 8,01+, 0l

78,0

where B,,B,,B;,B, are smooth functions of time

and
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1+ x2(¢
1)= +Kg()—sinhA(t).
coshA(r)
Furthermore, we have the natural frame

(Re).(R°).} given by

(RS), =[sinh A(t)+ u[sinh A(t)o

ceosh TAW e () B ()

2B;

_ cosh A (1) .
—4B§(t) sinh Z[BO(I)O'

BZ
B Q) - Boggcosh AG)

cosh [B,(t)o +B, (1)1 +B,()
et A G B (o 4B ()

8,0
A ()

+ B, (t )][ cosh

B, ()
B,(t) +B,()+B,@E)

CcoSs A()

+al-sinhA (o ~ <L 1B (o +B,(1)

+ cosh A( )sm + B (t)cos t
B B (o +B,(0)+5 0 hA(r)

cosh [B,(t)o +B,(t)+B,(r)

_ [%&A)@)sinh B,( ) +B,()
B cos 4801+ B

+ [cosh A(¢)sinh [B,(t)o + B, (1)

ru S AL) (A)(f)cosh 8,() + B, ()

+ B3(t) ] + u[cosh A(t)cosh [BO(I)O'

+B,(t)I(B,(¢)+sinh A(z))

. °°;h (‘t\)(f)cosh[ao(t)m B, ()] +B,(0)le,
[cosh A(r)cosh [B,(t)o + B, ()]

cosh A1) i 18 (o + B, (1)

CON
+B,(¢)]+ u[cosh A(z)sinh [B,(t)o
+B,(t)I(B,(t)+ sinh A(¢))

COShA()m tlo+b(t)]|+b,\t)]le
BO(Z‘) S }{B() Bl()] Bz( )]] 3

and

cosh

81

(RS )u = sinh A(t)e1 + cosh A(t)sinh[B0 (t)O'
+B,(¢)e, + cosh A(t)cosh[B, (t)o +B, (¢)le,.

The components of the first fundamental form
are

% = % (( ) (RS )3-) = %[SinhA(l) +ulsinhA(f)o

+L’A‘(’)[Bo(t)cr +B,()-

2B?
cosh 2A(t)

4B2(t)

_ 2()cosh A(r)cosh [B,(t)o + B, (¢)]

B, (1)

+B4(t)+

sinh 2[B,(t)o + B, (z)]

cosh A(t)
B, ()

sinh [B, (t)o + B, (1)]+ B, ()l cothO é\)(t)

cosh [B,(t)o +B, (¢ )]+ B, (¢)]]

o ~ cosh2A(r)
+u[~sinh A(t)o THO [B,(t)o +B,(1)]
N cosh 2A(t)

4B70) sinh 2[B,(t)o + B, ()]

B, (¢ ;cosh A(¢)cosh [B,(t)o + B, (1)]

B0
+Bm—[°°§1(’j)(f)smh[so(t>a+Bl(z)]

coshA(z)

+Bz(t)][T(t)C0

shiB, (t)o+B, (¢)]+ B, (11T

+ %[coshA(t)sinh[Bo (t)a +B, (t)]

A s o+ 0148,
+u[coshA(t)cosHB,(t)o+B, (¢)]
coshA(r)

B,() cosh[B, (t)o

(B, (¢)+sinh A(¢)) -
, 0
+B,(t)]+B, ()P + =

costiB, (¢)o+B,(¢)] + u[COBSh(ZA)(t)
+B, (¢)]+B,(¢)]+u[coshA(r)
sinh[B,(¢)o +B, (¢)1B, () + sinh A(¢))

- oA bt o+ 8,0 8,0

oy 06
or ot

[coshA(¢)

siniB, (t)o

0.
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S

Hence, is inextensible if and only if

Equation (4.3) is satisfied. This concludes the proof
of theorem.

Theorem 4.4.

Let R® be one-parameter family of the S -
tangent surface of a unit speed non-geodesic
timelike  biharmonic S -curve. Then, the
parametric equations of this family are

_ coshA(r)

X s (o,u,t)= T(f)

sinh[B,(¢)o +B,(¢)]

+ucosh A(f)cosh[B, (t)o +B, (¢)] + B, (¢),

+ucosh A(t)sinh[B, (¢ )o +B, ()] + B (),

cosh>Al(r)
285 (1)

osh[B, (t)or+B, (¢)]

Z.s (o,u,t)=sinh At)o +

[Bo(t)o +B,(0)]

_cosh®Al) 2(B,(1)o +B, (1))

4B (r)

_Bz_(’)cosh Alt)cosh[B, (t)o +B, (¢)]

B,(1)

+usinh A(¢)+u cosh Az X

sinh[B, (1 )o + B, (¢)]
+ Bz(t))Sinh[Bo(t)O' + Bl(t)] + B4(t)’

(4.8)

cosh A(¢)

By(¢)

where B,,B,,B;,B, are constants of integration and

1+K2(l‘)

Bo(t):—g

—sinh A(z)
cosh A(r) o (t)

Proof.

By the Sabban formula, we have the following
equation
t = sinh A(t)Je, + cosh A(¢)sinh[B, (¢)o +B, (¢ )]e, 19
+cosh A(t)cosh[B, (¢ )o + B, (¢)]es. *9)
Using Equation (2.1) in Equation (4.9), we
obtain

t = (cosh A(t)cosh[B,(t)o + B, ()],

cosh A(t)sinh[B0 (t)g +B, (t)], (4.10)

Koérpinar and Turhan

sinh A(t) +cosh A(t)( cosh A1) sinh[B, (¢ )o

By(t)
+ Bl(t)] + Bz(t)) Sinh[Bo(t)O' + Bl(t)]),

(4.10)

where B,,B, are constants of integration.

Consequently, the parametric equations of R®
can be found from Equation (4.1), Equation (4.10).
This concludes the proof of Theorem.

We can use Mathematica in above theorem, yields

The equation (4.8) is illustrated colour Red,
Blue, Purple, Orange, Magenta, Cyan, Yellow,
Green at the time t=1, t=1.2, t=1.4, t=1.6, t=1.8,
1=2,1=22,t=24.

o
N e

Figure 2. For B, = B, = B; = B, = -1.
Corollary 4.5.

Let a: 1 — (SlzL be a unit speed non-geodesic

timelike biharmonic S -curve. Then, the parametric
equations of ¢ are

¥ (0)=OMA b B,o +B,]+B,,

0

yS (a) = cosh A cosh[B,o +B,]+B;,

0
cosh’A

2
0

z%(c)=sinh Ao +

[Byo +B,]

2
_cosh’A

2

0

sinh 2[B,o +B,]
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One parameter family

—%cosh Acosh[B,o +B,]+B,,

0
where B,,B,,B;,B, are constants of integration and
A1+ K‘; )
B, =———sinh A
cosh

We can use Mathematica in above theorem, yields

Figure 3. Biharmonic S-curve forB; =B, =B; =B, = 1.

Conclusion

The flow of a curve or surface is said to be
inextensible if, in the former case, the arclength is
preserved, and in the latter case, if the intrinsic
curvature is preserved. Physically, inextensible curve
and surface flows are characterized by the absence of
any strain energy induced from themotion.

In this work, we study S - tangent surfaces
according to Sabban frame in the Lorentzian
Heisenberg group H. We find explicit parametric
equations of one parameter family of S - tangent
surfaces according to Sabban Frame.

Acknowledgements

The authors wish to thank the referees for providing
constructive comments and valuable suggestions.

References

BABAARSLAN, M.; YAYLI, Y. On spacelike constant
slope surfaces and Bertrand curves in Minkowski 3-space.
ArXiv.org - Mathematics, v. 2, p. 1-22, 2011.
(Bibliographic Code: 2011arXiv1112.1504B)

BISHOP, L. R. There is more than one way to frame a
curve. American Mathematical Monthly, v. 82 n. 3,
p. 246-251, 1975.

CADDEO, R.; ONICIUC, C.; PIU, P. Explicit formulas
for non-geodesic biharmonic curves of the Heisenberg
group. Rendiconti del Seminario Matematico
Universita e Politecnico di Torino, v. 62, n. 3,
p. 265-277, 2004.

83

CADDEO, R.; MONTALDO, S.; ONICIUC, C.; PIU,
P. The classification of biharmonic curves of Cartan-
Vranceanu  3-dimensional  spaces. ArXiv.org -
Mathematics, v. 1, p. 1-16, 2005. (Bibliographic Code:
arXiv:math/0510435).

CARMO, M. D. Differential geometry of curves and
surfaces. New Jersey: Prentice Hall, 1976.

DIMITRIC, 1. Submanifolds of E” with harmonic mean
curvature vector. Bulletin of the Institute of
Mathematics. Academia Sinica, v. 20, n. 1, p. 53-65,
1992.

EELLS, J.; LEMAIRE, L. A report on harmonic maps.
Bulletin of the London Mathematical Society, v. 10,
n. 1, p. 1-68, 1978.

EELLS, J.; SAMPSON, J. H. Harmonic mappings of
Riemannian manifolds. American Journal of
Mathematics,v. 86, n. 1, p. 109-160, 1964.

JIANG, G.Y. 2-harmonic isometric immersions between
Riemannian manifolds. Chinese  Annals of
Mathematics Series A, v. 7, n. 2, p. 130-144, 1986.

KORPINAR, T.; TURHAN, E. Tubular Surfaces Around
Timelike Biharmonic Curves in Lorentzian Heisenberg
Group Heis®. Analele Stiintifice ale Universitatii
Ovidius Constanta, Seria Matematica, v. 20 n. 1,
p. 431-445, 2012.

KORPINAR, T.; TURHAN, E. On characterization of
B-canal surfaces in terms of biharmonic B-slant helices
according to Bishop frame in Heisenberg group Heis’.
Journal of Mathematical Analysis and Applications,
v. 382, n. 1, p. 57-65, 2011.

KWON, D. Y.; PARK, F. C.; CHI, D. P. Inextensible
flows of curves and developable surfaces. Applied
Mathematics Letters, v. 18, n. 10, p. 1156-1162,
2005.

O'NEIL, B. Semi-Riemannian geometry. New York:
Academic Press, 1983.

RAHMANTI, S. Metriqus de Lorentz sur les groupes de
Lie unimodulaires de dimension trois, Journal of
Geometry and Physics, v. 9, n. 3, p. 295-302, 1992.
TURHAN, E.; KORPINAR, T. Position vector of
spacelike biharmonic curves in the Lorentzian Heisenberg
group Heis®. Analele Stiintifice ale Universitatii
Ovidius Constanta, v. 19, n. 1, p. 285-296, 2011. (Seria

Matematica).
TURHAN, E.; KORPINAR, T. On Characterization Of
Timelike Horizontal Biharmonic Curves In The

Lorentzian Heisenberg group Heis’. Zeitschrift fiir
Naturforschung A- A Journal of Physical Sciences,
v. 652, n. 8, p. 641-648, 2010.

Received on May 16, 2012.
Accepted on_June 25, 2012.

License information: This is an open-access article distributed under the terms of the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

Acta Scientiarum. Technology

Maringd, v. 37, n. 1, p. 77-83, Jan.-Mar., 2015



