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ABSTRACT. The concept of statistical summability (C, 1) has recently been introduced by Moricz 
(2002). In this paper, we use this notion of summability to prove the Korovkin type approximation 
theorem for functions of two variables. Finally we construct an example by Bleimann, Butzer and Hahn 
operators to show that our result is stronger than those of previously proved by other authors for ordinary 
convergence and statistical convergence. 
Keywords: statistical convergence, A–statistical convergence, statistical A–summability, statistical summability (C, 1), 

positive linear operator, Korovkin type approximation theorem. 

O teorema do tipo aproximação de Korovkin para funções de duas variabilidades pela 
sumabilidade estatística 

RESUMO. O conceito de sumabilidade estatística (C, 1) foi introduzido recentemente por Moricz (2002). 
Usamos a noção de sumabilidade nesse artigo para provar o teorema de aproximação de Korovkin para 
funções de duas variabilidades. Construimos um modelo pelos operadores de Bleimann, Butzer and Hahn 
para mostrar que nossos resultados são mais fortes do que aqueles provados por outros autores para 
convergência ordinária e convergência statística. 
Palavras-chave: convergência estatística, A-convergência estatística, A-summabilidade estatística, sumabilidade 

estatística (C, 1), operador linear positivo, teorema do tipo aproximação de Korovkin. 

Introduction 

The concept of statistical convergence for 
sequences of real numbers was introduced by Fast 
(1951) and further studied by many others (FRIDY 
1985; MOHIUDDINE; AIYUB, 2012; 
MOHIUDDINE; ALGHAMDI, 2012; 
MOHIUDDINE et al., 2010, 2013a). 

Let N⊆K  and { }.:= KknkKn ∈≤  Then the 
natural density of K  is defined by 

||lim=)( 1
nn KnK −δ  if the limit exists, where || nK  

denotes the cardinality of 
nK . 

A sequence )(= kxx  of real numbers is said to be 
statistically convergent to L provided that for every 

0>ε  the set }|:|{:= εε ≥−∈ LxkK kN  has natural 
density zero, i.e. for each 0>ε ,  
 

0.|=}|:|{|1
lim ε≥−≤ Lxnk

n k
n

 

 
In this case we write .=lim Lxst−  Note that if 

)(= kxx  is convergent then it is statisically 

convergent but not conversely. The idea of statistical 
convergence of double sequences has been 

introduced by Moricz (2003), Mursaleen and Edely 
(2003) and further studied by Mohiuddine  
et al. (2012a, b and d; 2013b), Mursaleen and 
Mohiuddine (2009). 

Let ( ) ,,,= N∈knaA nk
 be an infinite matrix and 

( )kxx =  be a sequence. Then the (transformed) 

sequence, :=Ax  ( )ny , is defined by  

 

,:=
1=

knk
k

n xay 
∞

 

 
where it is assumed that the series on the right 
converges for each N∈n . We say that a sequence x  
is A-summable to the limit   if →ny  as .∞→n  

A matrix transformation is said to be regular if it 
maps every convergent sequence into a convergent 
sequence with the same limit. The well-known 
conditions for a matrix to be regular are known as 
Silverman-Toeplitz conditions (MADDOX, 1970). 
That is ( )nkaA =  is regular if and only if  

 
,<||sup= ∞ nkkn aA ||||  (1)
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0=lim nkn a  for each ,N∈k  (2)
1.=lim nkkn a  (3)

 
In Edely and Mursaleen (2009) have given the 

notion of statistical A-summability for single 
sequences and statistical A-summability for double 
sequences has recently been studied in (BELEN  
et al., 2012). 

Let ( )nkaA =  be a nonnegative regular matrix and 

( )kxx =  be a sequence of real or complex sequences. 

We say that x  is statistically A-summable to L if for 
every 0>ε ,  

 
{ }( ) 0.=: εδ ≥−∈ Lyn nN  

 
So, if x  is statistically A-summable to L then for 

every 0>ε ,  
 

{ } 0.=:1
lim ε≥−≤ Lymn

m n
m

 

 
Note that if a sequence is bounded and  

A-statistically convergent to L, then it is  
A-summable to L; hence it is statistically  
A-summable to L but not conversely [see Edely and 
Mursaleen (2009)]. 

If ,1)(= CA , the Cesàro matrix, then statistical 
A-summability is reduced to statistical summability 
(C, 1) due to Moricz (MORICZ, 2002). 

For a sequence )(= kxx , let us write 

.
1

1=
0= k

n

kn x
n

t +
 We say that a sequence )(= kxx  is 

statistically summable (C, 1) if st - .=lim Ltnn ∞→  In 

this case we write )(= 1 stCL - .lim x  
In the following example we exhibit that a 

sequence is statistically summable (C, 1) but not 
statistically convergent. Define a sequence )(= kuu  by 

 

 

(4)

 
Then 
 

                                                                                      
1

1=
0=
k

n

k
n u
n

t +
 

(5)

It is easy to see that 0=lim nn t∞→  and hence  

st - 0,=lim nn t∞→  i.e. )(= kuu  is statistically 

summable (C, 1) to 0.  On the other hand  
st - 0=inflim kk u∞→  and st - 1,=suplim kk u∞→  

since the sequence ∞
2=

2 )( mm  is statistically convergent 

to 0.  Hence )(= kuu  is not statistically convergent. 

Let )[0,= ∞I  and C (I) denote the space of all 

continuous real valued functions on I. Let 
fICfICB :)({=)( ∈  is bounded on )(}. ICI  and 

)(ICB  are equipped with norm 
 

.|)(|sup=)( xff
Ix

IC
∈

||||  

 
Let )(IHω  denote the space of all real valued 

functions f on I such that 
 

|),
11

|;(|)()(|
x

x

s

s
fxfsf

+
−

+
≤− ω  

 
where: 
ω  is the modulus of continuity, i.e. 

 
}.||:|)()(|{sup=);(

,
δδω ≤−−

∈
xsxfsff

Ixs
 

 
It is to be noted that any function )(IHf ω∈  is 

continuous and bounded on I. 
The following Korovkin type theorem [see 

Korovkin (1960)] was proved by Çakar and Gadjiev 
(1999). 

Theorem 1: Let )( nL  be a sequence of positive 

linear operators from )(IHω  into ).(ICB  Then for 

all )(IHf ω∈   

 
0=||)();(lim )( IBCn

n
xfxfL −

∞→
||  

 
if and only if  

 
0,1,2),=0(=);(lim )( igxfL IBCiin

n
|||| −

∞→
 

 
where: 
 

.)
1

(=)( ,
1

=)( 1,=)( 2
210 x

x
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x

x
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++
 

 
Erkus and Duman (2005) have given the  

Ast -version of the above theorem for functions of 
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two variables. Quite recently, Korovkin type of 
approximation theorems have been proved in 
Alotaibi and Mursaleen (2012), Alotaibi et al. (2013), 
Anastassiou et al. (2011), Belen and Mohiuddine 
(2013), Braha et al. (2014), Demirci and Karakus 
(2011, 2013), Dirik and Demirci (2010a and b), 
Edely et al. (2010), Mohiuddine (2011), 
Mohiuddine and Alotaibi (2013a and b), 
Mohiuddine et al. (2012c), Mursaleen and  Alotaibi 
(2011, 2012, 2013), Mursaleen and Ahmad (2013), 
Mursaleen and Edely (2009), Mursaleen and 
Kiliçman (2013), Mursaleen et al. (2012) for 
functions of one and two variables by using almost 
convergence, statistical convergence, A-statistical 
convergence, statistical A-summability and weighted 
statistical convergence of single and double 
sequences. In this paper, we use the notion of 
statistical summability (C, 1) to prove a Korovkin 
type approximation theorem for functions of two 
variables with the help of test functions 

.)
1

()
1

( ,
1
 ,

1
 1, 22

y

y

x

x

y

y

x

x

+
+

+++
 

Main result 

Let )[0,= ∞I  and IIK ×= . We denote by 

)(KCB  the space of all bounded and continuous real 
valued functions on K equipped with norm 

 
).( |,),(|sup:=

),(
)( KCfyxff B

Kyx
KBC

∈
∈

||||  

 
Let )(KH ∗ω

 denote the space of all real valued 

functions f on K such that 
 

 
 

where: 
∗ω  is the modulus of continuity, i.e. 
 

 
 

It is to be noted that any function )(KHf ∗∈
ω

 is 

bounded and continuous on K, and a necessary and 
sufficient condition for )(KHf ∗∈

ω
 is that 

 
0.=);(lim

0
δω

δ
f∗

→
 

 
We prove the following result: 

Theorem 2: Let ( )nkaA =  be nonnegative regular 

summability matrix. Let )( kT  be a sequence of 

positive linear operators from )(KH ∗ω
 into ).(KCB  

Then for all )(KHf ∗∈
ω

  

 
0=||),(),;(lim)( )(1 KBCk

k
yxfyxfTstC −−
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if and only if  
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Proof.: Since each of the functions 1,=),(0 yxf  

,
1

=),(1 x

x
yxf

+
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1
=),(2 y
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yxf

+
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belongs to ),(KH ∗ω
 conditions (6)–(9) follow 

immediately from (5).  Let )(KHf ∗∈
ω

 and 

Kyx ∈),(  be fixed. Then for 0>ε  there exist 

0>, 21 δδ  such that ε<|),(),(| yxftsf −  holds for 

all Kts ∈),(  satisfying 
1<|

11
| δ

x

x

s

s

+
−

+
 and 

.<|
11

| 2δ
y

y

t

t

+
−

+
Let  

 

 
 
Hence 
 

 
),(2 )(\ tsN KK δχε +≤  (10)

 
where: 

Dχ  denotes the characteristic function of the set D 
and .||= )(KBC

fN ||  Further we get 

 

(11)
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Combining (10) and (11), we get  
 

(12)

 
After using the properties of f, a simple 

calculation gives that  
 

 

 
where: 

.4:= 2δ
ε N
NM ++  

Now replacing ),(.; yxTk  by ),(.;
1

1
0=

yxT
m k

m

k+
 and 

then by ),(.; yxBm  and taking sup ),( Kyx ∈ , we get 

 

 

 
(13)

 
For a given 0>r  choose 0>ε  such that r<ε . 

Define the following sets 
 

},),(),;(:{:= )( ryxfyxfBnmD KBCm ≥−≤ ||||  

},
4

||),(),;(:{:= )(001 K

r
yxftxfBnmD KBCm

ε−≥−≤ ||
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4
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r
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4

||),(),;(:{:= )(223 K

r
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}.
4
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r
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ε−≥−≤ ||  

 
Then from (13), we see that 

4321 DDDDD ∪∪∪⊂  and therefore 

).()()()()( 4321 DDDDD δδδδδ +++≤  Hence conditions 

(6)–(9) imply the condition (5). 
This completes the proof of the theorem. 
For 0=m  in the above theorem, we have the 

following special case which is two variables version 
of Theorem 1: 

Corollary 2: Let ( )nkaA =  be nonnegative regular 

summability matrix. Let )( kT  be a sequence of 

positive linear operators from )(KH ∗ω
 into ).(KCB  

Then for all )(KHf ∗∈
ω

  

0=),(),;(lim )(KBCk
k

yxfyxfT |||| −
∞→

 (14)

 
if and only if  

 
0=1),(1;lim )(KBCk

k
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 (16)

0=
1
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1
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t

t
T ||||

+
−

+∞→

 (17)

 
(18)

Statistical rate of convergence 

In this section, using the concept of statistically 
summable (C, 1) we study the rate of convergence 
of positive linear operators with the help of the 
modulus of continuity. Let us recall, for ∈f  )(KH ∗ω

 

 

 
 

where:  

 
We have the following result: 
Theorem 3: Let )( kT  be a sequence of positive 

linear operators from )(KH ∗ω
 into ).(KCB  Assume 

that 
 

0,=)(lim)( )(001 KBCkk ffTstC |||| −− ∞→  (19)

0,=);(lim)( 01 nn fstC δω∗
→−  (20)

 
where: 

 
 
Then for all )(KHf ∗∈

ω
 

 
0.=||)(lim)( )(1 KBCk

k
ffTstC −−

∞→
||  

 
Proof.: Let )(KHf ∗∈

ω
 be fixed and Kyx ∈),(  

be fixed. Using linearity and positivity of the 
operators 

kT  for all N∈n , we have 
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Hence  
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Now if we choose 

)()(:=:= KBCkn T |||| ψδδ , 

then 
 

)(00)()( )(||||)( KBCkKBCKBCk ffTfffT |||||||| −≤−
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Therefore  
 

 
where: 

}.||{2,max= )(KBC
fM ||  Now, for a given 0>r , 

choose ε  0>  such that .> rε  Let us write  
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Then 
321 EEEE ∪∪⊂  and therefore 

).()()()( 321 EEEE δδδδ ++≤  Using conditions 

(19) and (20) we conclude 
 

0.=)(lim)( )(1 KBCk
k

ffTstC |||| −−
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This completes the proof of the theorem. 

Example and the concluding remark 

We show that the following double sequence of 
positive linear operators satisfies the conditions of 
Theorem 2 but does not satisfy the conditions of 
Corollary 2 and Theorem 2 of (ERKUS; DUMAN, 
2005). 

Example 1: Consider the following Bleimann  
et al. (1980) (of two variables) operators:  
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where: 
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it is easy to see that 
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Also by simple calculation, we obtain 
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Finally, we get 
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Now, take (1,1)= CA  and define )(= nuu  by (4). 

Let the operator )()(: KCKHL Bn →ω  be defined by 

 
).,;()||(1=),;( yxfBuyxfL nnn +  

 
It is easy to see that the sequence )( nL  satisfies 

the conditions (6), (7), (8) and (9). Hence by 
Theorem 2, we have  

 

 
 

On the other hand, the sequence )( nL  does not 

satisfy the conditions of Corollary 2 and Theorem 2 
of (EDELY et al., 2010), since )( nu  as well as )( nL  is 

neither convergent nor statistically (nor  
A–statistically) convergent. That is, Corollary 2 and 
Theorem 2 of (ERKUS; DUMAN, 2005) do not 
work for our operators .nL  Hence our Theorem 2 is 

stronger than Corollary 2 and Theorem 2 of 
(ERKUS; DUMAN, 2005). 

Conclusion 

Korovkin type approximation theorems have 
recently been proved for different types of 
summability methods, e.g. staitistcal convergence, 
A-statistical convergence, Statistical A-summability 
etc.  In this paper, we have proved such 
approximation theorem for functions of two 
variables with the help of test functions 

22 )
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 1,

y

y

x

x

y

y
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+
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 by using the notion 

of statistical summability (C, 1). Through an 
example, we have also justified that our result was 
stronger than those of previously proved for 
ordinary convergence and statistical convergence. 
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