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ABSTRACT. The main hypothesis of correspondence analysis is given by the independence between the 
levels of categorical variables. Due to violation of this hypothesis, this study aims to improve the technique 
of correspondence analysis, providing a new approach for the calculation of the coordinates through the 
residual incorporation by tables in which categories have different levels of correlation. For this purpose, 
the simulation was made using Monte Carlo to generate frequencies from the correlated binomial 
distribution BC (n, π, ρ). It was concluded that in all evaluated scenarios the approach is promising in the 
sense that the objects were better discriminated against conventional approach. Moreover, the proposed 
procedure for obtaining the coordinates is likely to be used on real data as shown in the application 
example. 
Keywords: binomial; residuals; cophenetic; inertia. 

Uma nova abordagem da análise de correspondência simples com ênfase na violação da 
hipótese de independência dos níveis das variáveis categóricas 

RESUMO. A principal hipótese da análise de correspondência é dada pela independência entre os níveis 
das variáveis categóricas. Decorrente a violação dessa hipótese, esse trabalho tem por objetivo aprimorar a 
técnica da análise de correspondência, fornecendo uma nova abordagem para o cálculo das coordenadas 
através da incorporação de resíduos, mediante tabelas em que as categorias apresentam diferentes níveis de 
correlação. Com esse propósito, utilizou-se a simulação Monte Carlo na geração de frequências 
provenientes da distribuição binomial correlacionada BC (n, π, ρ). Concluiu-se que em todos os cenários 
avaliados a abordagem é promissora, no sentido que os objetos foram melhor discriminados em relação a 
abordagem convencional. Ainda, o procedimento proposto para obtenção das coordenadas é plausível de ser 
utilizado em dados reais conforme ilustra o exemplo de aplicação. 
Palavras-chave: binomial; resíduos; cofenética; inércia. 

Introduction 

The categorical data analysis involves a number 
of statistical methods applied to discrete data, 
represented by quantitative variables. In this context, 
sampling designs associated with the probabilistic 
models are proposed with the aim of evidencing 
relevant information parameters for preserving the 
measurement scales.  

In terms of data organization, it is summarized in 
the formation of contingency tables, in which the 
main characteristics of the statistical analysis are 
characterized by assessing the independence 
between variables, studying the conditional 
distributions, understanding the association between 
categories, as well as a comprehensive graphical 
representation and interpreting of the results. The 

above scenario indicates the correspondence analysis 
technique as an important alternative to contemplate 
the features mentioned.  

According to Guedes, Ivanqui, Martins, and 
Cochia (1999) is understood as correspondence 
analysis the exploratory technique of multivariate 
analysis which allows obtaining a multidimensional 
graphical representation of the dependence between 
the rows and/or columns of a contingency table of 
two inputs, where the rows and columns represent 
categories or arrangements for categorical variables. 
The graphical representation is obtained through the 
distribution of the scores of the categories of rows 
and columns and marking these categories as points 
where the scores are used as the coordinates of these 
points. 
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The literature includes several papers describing 
the theoretical aspects and applications on the 
analysis theory of correspondence, such as: 
Greenacre (1992; 2007), Blasius, Greenacre, 
Groenen, and Velden (2009), Beh (2004; 2012). 

The feasibility in applying correspondence 
analysis in a contingency table starts with the 
application of a chi-square test to evaluate the 
independence between the levels of categorical 
variables.  

It is worth noting that statistics of this test in 
correspondence analysis is extremely important to 
validate the application, such that the dispersion of 
the points can be represented in the best possible 
way, in order to provide symmetrical perceptual 
maps. However, it is known that the chi-square 
statistic is sensitive to outliers that in the 
correspondence analysis case, can be identified by 
dots in which the variable mass of one is far superior 
to the other. 

Regarding the applications of correspondence 
analysis in real data, which considers the assumption 
of independence, between the responses of the 
levels of a categorical variable, innumerable 
experiments can exemplified in the sensorial 
analysis, in which, the tasters assign scores on a scale 
of 0 -10, in relation to some sensorial characteristic 
(eg flavor). 

Therefore, creating classes for these notes and 
for groups of tasters, defined by age, the data is 
organized in a frequency table, so that the classes 
referring to the notes are represented by the 
columns and the classes of the age group described 
by lines. In this way, the assumption of 
independence is contemplated if we assume that the 
tasters do not present any previous training to 
perform the tastings, or that they have 
heterogeneous sensorial perceptions. 

For the same experiment, if we consider that the 
tasters are trained to carry out the tastings, or that 
they have homogeneous sensorial perceptions, 
naturally the answers will be correlated. In this 
context, the assumption of independence would be 
violated, and the use of conventional 
correspondence analysis would not be adequate, that 
is, the coordinates obtained should be updated with 
information regarding the dependence of the 
categorical levels, and incorporation of the residues 
would be a viable alternative. 

Due to this problem, the necessity to add new 
information to statistical Chi-Square arises, in which 
the decomposition of singular value is employed. 
Veloso and Cirillo (2016) in a simulation study 

proposed a significance test to show major 
components that best discriminate outliers. They 
recommend that the samples must be corrected by 
the distances chi-square Pearson and Yates. 

Another alternative is to incorporate Pearson’s 
residues and its different versions described by Lee 
and Yick (1999), developing a procedure that 
involves Pearson’s residues using the singular value 
decomposition in relation to the normalization 
method. 

Beh (2012) proposes a procedure to identify the 
cells that divert from the independence assumption. 
However, the assumptions relating to such residue 
are not always satisfied and therefore such findings 
may lead to questionable conclusions, since these 
residues do not have unit variance, it is questionable 
to use them to identify the cells that are not 
consistent with the aforementioned hypothesis. 

Due to the fact that the main assumption of 
correspondence analysis is checked on the 
assumption of independence between the categorical 
variables, represented in rows and columns, it keeps 
the focus on the incorporation of the standardized 
waste proposed by Haberman (1973) and residue set 
proposed By Barnett and Lewis (1994) in the 
calculation of the scores of simple correspondence 
analysis, whereas contingency tables structures with 
varying degrees of correlation between levels of 
categorical variables. Thus, the simple 
correspondence analysis is enhanced with getting 
new coordinates involving those wastes. 

Because of what has been mentioned, this study 
aimed to evaluate and improve the technique of 
correspondence analysis, providing a new approach 
for the calculation of residue incorporation by 
contingency tables in which categories have different 
levels of correlation. 

Material and methods 

The generation of contingency tables 
represented by the matrix Xl×c l cX × , with the I line 

fixed (i=1,…,l and l=5 or 10), the observed 
frequencies yij (j=1,…,C and C=5 or 10) 
were simulated according to the binomial 
distribution, that is yij~BC(n,π,ρ) defined by 
Equation 1: 

 ܲ൫ݕ௝ห ௝݊, ,௝ߨ ൯ߩ = ቀ ௝݊ݕ௝ቁ ௝௬ೕ൫1ߨ − ௝൯௡ೕି௬ೕ(1ߨ − ೤ೕ೙ೕ(1ߨ	+ ஺ଵ൫௬ೕ൯ܫ(ߩ −  ஺ଶ൫௬ೕ൯                  (1)ܫߩ௝)௡ೕି೤ೕ೙ೕߨ

 
where: A1=0,1,…,nj, A2=0,nj, yj=0,…,nj and 0≤ρ≤1. 
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Following the procedure given by Cirillo and 
Ramos (2014), the vector of random variables 
Y=(Y1,Y2,…,Yj) which each component represents 
the number of occurrences in the category j for 
j=1,2,…,C associated to a πj=(π1, π2,…, πj), vector, 
that corresponds to the binomial probability of 
success and the mixing binomial rate (n,π) with 
(1-ρ) probability is a modified Bernoulli 
distribution represented by BeM(π) admitting 0 or n 
values with probability p. Therefore, it should be 
emphasized that fixed ρ=0 the model BC(n,π,ρ) is 
equivalent to the common binomial model B(n,π). 

For ρ≠0 the model includes extra-binomial 
variation and ρ≈1 obtains an excess nj of simulated 
frequency. In this case, to prevent the matrix 
frequencies are null, making the realization of 
matrix operations in the calculation of scores, the 
null value generated was replaced by Equation 1. 
Due to this adjustment, the average remains the 
same obtained by Tallis (1962), but the variance 
becomes rough, that is Equation 2 and 3: 

൫ܧ  ௝ܻ൯ = ௝݊ߨ௝                (2) ܸܽݎ൫ ௝ܻ൯ ≅ ௝(1ߨ − ௝)൛ߨ ௝݊ + ߩ ௝݊( ௝݊ − 1)ൟ                                    (3)
  

Following these specifications, the parameter 
values used in generation of contingency tables are 
summarized below (Table 1). 

Table 1. Parametric values used to generate scenarios for 
contingency tables for the application of correspondence analysis. 

Dimension Proportion of the binomial Degree of correlation (ρ) 

5×5 and 10×10 

0.2 
0.2 
0.5 
0.8 

0.5 
0.2 
0.5 
0.8 

0.9 
0.2 
0.5 
0.8 

 

For each generated contingency table, rij and 
rij*proposed respectively by Barnett and Lewis 
(1994) and Haberman (1973) were calculated by  
Equation 4, 5 and 6: 

 ܴ஻௅ = ൥ݎଵଵ ⋯ ⋮ଵ௖ݎ ௜௝ݎ ௟ଵݎ⋮ ⋯ ௟௖ݎ ൩ in which ݎ௜௝ = ௬೔ೕି௘೔ೕඥ௘೔ೕ                   (4) 

 
for, (l=1,…,n ; j=1,…,n), eij=n×pijpij with ݌௜௝ ܧ= ቂ௫೔ೕ௡ ቃ	estimated by the equation 

௫೔శ௫శೕ௡ ; (5) 

 ܴு = ቎ݎଵଵ∗ ⋯ ⋮∗ଵ௖ݎ ∗௜௝ݎ ∗௟ଵݎ⋮ ⋯ ∗௟௖ݎ ቏  given ݎ௜௝ = ௥೔ೕ∗ටቀଵି೤೔శ೙ ቁ൬ଵି ೤శೕ೙ ൰ (6)

Following these specifications, the scores of 
correspondence analysis in the conventional way C1 
and C2 modified with the incorporation of C1

RBL and 
C2

RBL, C1
RH and C2

RH residues, were obtained 
respectively for the profiles of ‘row’ and ‘column’ 
represented by Equation 7 at 12: 

 

ଵܥ =
ێێۏ
ێێێ
ۍ 1ቀ݊ଵା݊ ቁ ⋯ 0⋮ ⋱ ⋮0 ⋯ 1ቀ݊௣ା݊ ቁۑۑے

ۑۑۑ
ې
ێێۏ
ଵଵට݊ଵା݊ݑۍێ ⋯ ⋮ଵ௞ට݊ଵା݊ݑ ⋱ ௣ଵට݊௣ା݊ݑ⋮ ⋯ ௣௞ට݊௣ା݊ݑ ۑۑے

ېۑ
 

 ൥ߣଵ ⋯ 0⋮ ⋱ ⋮0 ⋯  ୩൩                    (7)ߣ

 

ଶܥ =
ێێۏ
ێێێ
ۍ 1ቀ݊ଵା݊ ቁ ⋯ 0⋮ ⋱ ⋮0 ⋯ 1ቀ݊ା௤݊ ቁۑۑے

ۑۑۑ
ې
ێێۏ
ଵଵට݊ାଵ݊ݒۍێ ⋯ ⋮ଵ௞ට݊ାଵ݊ݒ ⋱ ௤ଵට݊ା௤݊ݒ⋮ ⋯ ௤௞ට݊ା௤݊ݒ ۑۑے

ېۑ
 

 ൥ߣଵ ⋯ 0⋮ ⋱ ⋮0 ⋯  ୩൩                     (8)ߣ

 

ଵ(ோಳಽ)ܥ = ൥ݎଵଵ ⋯ ⋮ଵ௖ݎ ௜௝ݎ ௟ଵݎ⋮ ⋯ ௟௖ݎ ൩ ێێۏ
ଵଵݑۍێێ ቀ݊ଵା݊ ቁିଵଶ ⋯ ଵ௞ݑ ቀ݊ଵା݊ቁିଵଶ⋮ ⋱ ௣ଵݑ⋮ ቀ݊௣ା݊ ቁିଵଶ ⋯ ௣௞ݑ ቀ݊௣ା݊ ቁିଵଶۑۑے

 ېۑۑ
൥ߣଵ ⋯ 0⋮ ⋱ ⋮0 ⋯  ୩൩                   (9)ߣ

 

ଶ(ோಳಽ)ܥ = ൥ݎଵଵ ⋯ ⋮ଵ௖ݎ ௜௝ݎ ௟ଵݎ⋮ ⋯ ௟௖ݎ ൩ ێێۏ
ଵଵݒۍێێ ቀ݊ଵା݊ ቁିଵଶ ⋯ ଵ௞ݒ ቀ݊ଵା݊ ቁିଵଶ⋮ ⋱ ௤ଵݒ⋮ ቀ݊ା௤݊ ቁିଵଶ ⋯ ௤௞ݒ ቀ݊ା௤݊ ቁିଵଶۑۑے

 ېۑۑ
൥ߣଵ ⋯ 0⋮ ⋱ ⋮0 ⋯  ୩൩                  (10)ߣ

ଵ(ோಹ)ܥ = ቎ݎଵଵ∗ ⋯ ⋮∗ଵ௖ݎ ∗௜௝ݎ ∗௟ଵݎ⋮ ⋯ ∗௟௖ݎ ቏ ێێێۏ
11ݑۍێ ቀ݊1+݊ቁ−12 ⋯ 1݇ݑ ቀ݊1+݊ቁ−12⋮ ⋱ 1݌ݑ⋮ ቀ݊݌+݊ቁ−12 ⋯ ݇݌ݑ ቀ݊݌+݊ቁ−12ۑۑۑے

ېۑ
 

 ൥ߣଵ ⋯ 0⋮ ⋱ ⋮0 ⋯  ୩൩                 (11)ߣ

 

ଶ(ோಹ)ܥ = ቎ݎଵଵ∗ ⋯ ⋮∗ଵ௖ݎ ∗௜௝ݎ ∗௟ଵݎ⋮ ⋯ ∗௟௖ݎ ቏ ێێێۏ
11ݒۍێ ቀ݊+1݊ ቁ−12 ⋯ 1݇ݒ ቀ݊+1݊ ቁ−12⋮ ⋱ 1ݍݒ⋮ ቀ݊+݊ݍ ቁ−12 ⋯ ݇ݍݒ ቀ݊+݊ݍ ቁ−12ۑۑۑے

ېۑ
 

൥ߣଵ ⋯ 0⋮ ⋱ ⋮0 ⋯  ୩൩                                                                               (12)ߣ
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where (λ1,…,λk) eigenvalues (u11,…,upk) and  
(ν11,…, νqk) eigenvectors were calculated from the 
decomposition of singular values. Where 
RBL=rij=RBL×RT

BL  and RH=rij
*=RH×RT

H  for the 
line profiles and RBL=rij=RBL

T×RBL and 
RH=rij

*=RH
T×RH  for the column profiles. 

Given that there are no theoretical restrictions 
regarding the incorporation of the residues in 
obtaining the coordinates, considering frequency 
tables with independence between the levels of the 
categorical variables, the cophenetic correlation 
coefficient was used, in order to compare the 
similarity between the coordinates obtained from 
the conventional way and with the incorporation of 
the residues. Further details of the description of 
this coefficient are described below. 

The proximity analysis of modified coordinates 
with the incorporation of the residues compared to 
conventional coordinates was performed by the 
cophenetic coefficient correlation. The phenetic 
matrix was determined by S , dissimilarity matrix, 
where each coordinate as given by the Euclidean 
distance between the data and the cophenetic array 
of cophenetic distances to a hierarchical grouping 
generated by the average connection method, this 
being used in order to avoid threads. Like this, the 
cophenetic correlation coefficient is given by 
Equation 13: 

௖௢௙ݎ  = ∑ ∑ ൫௖೔ೕି௖൯̅൫௦೔ೕି௦̅൯೙ೕస೔శభ೙೔సభට∑ ∑ ൫௖೔ೕି௖൯̅మ೙ೕస೔శభ೙షభ೔సభ ට∑ ∑ ൫௦೔ೕି௦̅൯మ೙ೕస೔శభ೙షభ೔సభ           (13) 

 
where: cij is the value of similarity between 
individuals i  and j, obtained from the cophenetic 
matrix and sij similarity values between individuals i 
and j  obtained from the similarity matrix in which 
Equation 14: 

 ܿ̅ = ଶ௡(௡ିଵ) ∑ ∑ ܿ௜௝௡௝ୀ௜ାଵ௡ିଵ௜ୀଵ  and 

ݏ̅  = ଶ௡(௡ିଵ)∑ ∑ ௜௝௡௝ୀ௜ାଵ௡ିଵ௜ୀଵݏ 	                                     (14) 

 
To obtain the results, we computed the average 

of cophenetic correlation coefficient, the total inertia 
and the scores given 2.000 Monte Carlo 
achievements. 

Results and discussion   

The results presented in Table 2 show that the 
incorporation of residues in the calculation of scores 
provided an improvement to the dimension tables in 
the sense that the coordinates had higher correlation 

to data grouped hierarchically considering the 
average linkage method. A most promising result 
was observed when the binomial samples were 
generated considering high degree of correlation 
(ρ=0.8) for tables larger than 10×10. 

Table 2. Best performances of the cophenetic correlation 
coefficient between Euclidian distance matrices and the 
cophenetic matrix by the average linkage method average. 

Dimension Binomial 
Proportion 

Degree of 
correlation (ρ) Conventional Barnett 

and Lewis Haberman

5×5 
0.2 0.2 0.2485 0.6607 0.6488 
0.5 0.8 0.1383 0.8215 0.8246 
0.9 0.5 0.5621 0.7916 0.7977 

10×10 
0.2 0.2 0.6199 0.1587 0.1554 
0.5 0.8 0.5144 0.4372 0.4388 
0.9 0.5 0.4703 0.3516 0.3513 

 

The correlation between the dissimilarity matrix 
obtained by Euclidean distance applied to the data 
and the matrix obtained by the average connection 
method was higher in the conventional approach 
when considering the generated binomial samples 
π=0.2  in all degrees of correlation. 

Regarding the perceptual maps, considering 
tables of 5×5 (Figure 1) and 10x10 (Figure 2) 
dimension, we have a case in which the cophenetic 
correlation coefficient (Table 2) presented a higher 
evaluation by using the residues. 

The results shown in Figure 1 indicate that the 
incorporation of the residues calculation provided a 
better discrimination of the objects described in the 
‘row’ and ‘column’ directions. Increasing the size of 
contingency tables (Figure 2). It was observed that 
the centroid was not altered, however, the 
association between the categorical levels of the 
objects described in the ‘rows’ and ‘columns’ were 
identified. This result suggests that the increase in 
the degree of correlation provides a better 
performance of the correspondence analysis in 
determining the associations when the incorporation 
of the residues is used. 

In both situations, the results corroborate the 
recommendations made by Beh (2012), which are 
based on the violation of the assumption of 
independence and the variability of points is 
affected, being reflected in the asymmetry of the 
quadrants. 

Regarding the percentage of the returned inertia 
on the axes, given the cases illustrated in Figure 1 
and 2, by the results in Table 3, it is noted that for 
the first two axes, the results were suitable as they 
show high ratios. It is possible to observe that when 
the size of the contingency table is increased, the 
explanation ratio is reduced. 
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Figure 1. Perceptual Maps generated from the coordinates of 
conventional correspondence analysis and the incorporation of 
residues in 5x5dimension tables.  

For dimension tables where they obtained better 
results with the incorporation of residues, the 
proportion of explanation is higher than in the 10x10 
dimension tables where conventional analysis provided 
better results. 

 

 

 
Figure 2. Perceptual maps generated from the coordinates of 
conventional correspondence analysis, and the incorporation of 
the residues into size 10x10 table.  

Table 3. Decomposition of inertia. 

Axis 

Best performance parameters 
(π=0.9; ρ=0.5) (5×5) (π=0.9; ρ=0.8)(10×10) 

InertiaProportion Cumulative 
Proportion Inertia Proportion Cumulative 

proportion 
Axis 1 0.0006 0.5081 0.5081 0.2489 0.3483 0.3483 
Axis 2 0.0004 0.3594 0.8675 0.1495 0.2092 0.5575 
Axis 3 0.0001 0.1143 0.9818 0.1215 0.1700 0.7274 
Inertia0.0012 − − 0.7148 − − 
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Application example 

The classification of coffee for defective and 
types is made by counting faulty grains or impurities 
contained in a 300 g sample of processed grains. 
This classification obeys the Brazilian Official Rate 
table (BOC) (Abrahão, Pereira, Borém, Rezende, & 
Barbosa, 2009), according to which each type 
corresponds to a greater or lesser number of defects 
found in a sample of coffee. Imperfect grains and 
impurities (intrinsic and extrinsic defects) are 
considered defects in coffee classification.  

The commercialization of coffee is made 
according to several classifications in force. The 
most important are the ratings for sieve, by type, 
by drink among others. For this example, the 
database contains information on the intrinsic 
defects which are those contained in the coffee 
bean, caused by improper use of agricultural and 
industrial processes and modifications of 
physiological or genetic origin, such as black 
beans, flamed grain, brocade grain, green grain, 
among others (Bandeira, Toci, Trugo, & Farah, 
2009). 

It is noticed that many coffee farmers do not 
care about the defect percentage at the time of 
preparation of coffee for commercialization, 
which may impact on the prices charged by the 
market, and the price is one of the decisive factors 
in the coffee industry (Wachholz & Poyer, 2014; 
Brighenti & Cirillo, 2018). 

A study on the proportion of defective grains screens 
is important since the coffee beans are sorted on these 
sieves. Because they are grown-ups and more valuable 
grains, coffee exporters have greater interest in them, and 
the lower the proportion of smaller defective coffee 
beans lower will be the influence on the purchase price 
from the producer (Pelupessy, 2007). Table 4 contains 
information on the proportion of defective coffee beans 
in a 300 g sample, classified by some type of defect found 
after grooming in sieves (17/18).   

Table 4. Count of grain retained in relation to defects in sieves 
(17/18). 

Proportion of defects in the 
sample(%) 

Grain defect type 
Green Flamed Broken Brocade Other

20 18 21 26 21 18 
30 11 11 8 8 2 
40 25 24 23 18 7 
50 7 10 2 11 11 
60 3 12 7 22 18 
 

Preliminarily, we applied the chi-square test, 
in which the hypothesis of independence was 
rejected (p-value < 0.05). Therefore, we justify an 

example that violates the basic assumption of 
correspondence analysis being a situation which 
suggests that the incorporation of residues can 
provide some improvement in the identification 
of associations. 

The graphical interpretation of the perceptual 
maps (Figure 3) is restricted to the first two axes, 
since they have high inertia values. Regarding the 
perceptual maps, it is clear that the maps are 
symmetrical to the centroid and that when residues 
were used, it has better discrimination between the 
proportion of grains and their defects, what is 
perceived to brocades grains, which is strongly 
related to 60% of the grains and that broken grains 
which have no association with the ratios studied, in 
other words are independent proportions. 

The broken grain is a defect that occurs by 
excessive drying coffee bean or also for quick drying 
and mechanical dryers, which makes it different 
from other defects that arise usually from genetic or 
physiological origin and pests. The broken grain is 
minor compared to other defects, not affecting the 
quality of coffee. (Schmidt, Miglioranza, & 
Prudêncio, 2008). 
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Figure 3. Perceptual Maps generated from the coordinates of 
conventional correspondence analysis, and the incorporation of 
residues on the proportion of defective coffee beans in sieves 17/18.  

Conclusion 

For the simulated scenarios, the results indicated 
that it is feasible to incorporate the residues in 
obtaining coordinates, including the situations 
where that the hypothesis of independence between 
categories of lines and/or columns were violated. 
The effect of these residues showed a better 
discrimination of objects for smaller size table. 

The use of the two residues showed similar 
results, which can be observed by cophenetic 
correlation coefficients and perceptual maps 
generated. 

The application of simple correspondence 
analysis modified by the incorporation of residues to 
real data is feasible because it is perceived, in the 
studied sample, a better discrimination between the 
proportion of grains and their defects when 
compared with conventional simple correspondence 
analysis. 
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