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ABSTRACT. In this paper, by using the triangle Hilbert matrix H and the notion of ideal
convergence for the sequences in intuitionistic fuzzy normed spaces, we introduce some new
intuitionistic fuzzy normed sequence spaces as a domain of Hilbert matrix H, that is, cé,o NG

and cl ) (H). Here, cé,o - (H) denotes the Hilbert ideal null convergent sequence space with
respect to the intuitionistic fuzzy norm and cf ) (H) denotes the Hilbert ideal convergent

sequence space with respect to the intuitionistic fuzzy norm. We also define an open ball with
respect to defined sequence space and prove that these open balls are the open sets of these
spaces. Further, we study some of its topological and algebraic properties. We prove that these
sequence spaces are linear spaces of . In addition, we define a topology with respect to these
sequence spaces and obtain that the defined topology is first countable and these topological
sequence spaces are Hausdorff spaces. We also obtain if and only if results that give an idea about
when a sequence belonging to these spaces is classical convergent with respect to the
intuitionistic fuzzy norm and when a sequence belonging to these spaces is ideal convergent with
respect to the intuitionistic fuzzy norm.
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Introduction

Let R and N denote the sets of real and natural numbers respectively. By w we denote linear space of
sequence of real or complex numbers. Any vector subspace of w is called a sequence space. We use the
notations [, ¢ and ¢, to denote the sequence space of bounded, convergent and null sequences, respectively.
A family of sets I ¢ P(X) (where P(X) is the power set of X) of subsets of X is said to be ideal in X if and only
if (i) @ € I, (ii) for each A,B € I we have AU B € I, (iii) for each A €  and B ¢ Awe have B € [ and I is called
an admissible in X if and only if I # X and it contains all singletons. A filter on X is a non-empty family of sets
F c P(X) satisfying (i) @ ¢ F, (ii) for each A,B € F we have AN B € F, (iii) for each A € F and B > A we have
B € F. For each ideal I there is a filter F(I) corresponding to I, that is, F(I) = {K € X: K¢ € I}, where K¢ = X.
Depending on the structure of ideals of subsets of N, (Kostyrko, Macaj, & Salat, 1999) defined the notion of I-
convergence as a generalization of statistical convergence introduced by (Fast, 1951) and (Steinhaus, 1951).
Where the notion of ideal convergence is defined as: A sequence (x;) € w is said to be I-convergent to a
number ¢ € R if for every e > 0, {k € N:Vx, —&Vv=>¢€} €1, and write I — liénxk = ¢. Later, the notion of I-

convergence was further investigated from the sequence space point of view and linked with the summability
theory by (Salat, Tripathy, & Ziman, 2004; 2005; Khan, Khan, & Khan, 2016; Khan, Rababah, Alshlool,
Abdullah, & Ahmad, 2018c; Filipéw & Tryba, 2018) and many other authors. On the other hand, (Kumar &
Kumar, 2009) defined ideal analogue of convergence sequences on intuitionistic fuzzy normed space (IFNS)
as: Let X be an IFNS, a sequence x = (x;) € X is said to be I -convergent to ¢ € R with respect to the
intuitionistic norm (u,v), if for everye >0and t > 0, {k € N:u(x;, — &,t) <1—€eVv(x, —&t) =€} € and

write I,y — liEr|nx =¢.
For further details on ideal convergence and, we refer to (Tripathy & Hazarika, 2008; Esi & Hazarika, 2013;
Subramanian, Esi, & Ozdemir, 2017; Khan, Yasmeen, Esi, & Fatima, 2017; Khan, Alshlool, & Abdullah, 2018;
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Khan, Makharesh, Alshlool, Abdullah, & Fatima, 2018b; Khan, Abdullah, Esi, & Alshlool, 2019; Kemal Ozdemir,
Esi, & Subramanian, 2019).

Material and methods

In the classical summability theory the idea of the generalization of the convergence of sequences of real
or complex numbers is to assign a limit of some sort to divergent sequences by considering a matrix transform
of a sequence rather than the original sequence. Let A be a sequence spaces and A = (a,;,) be an infinite matrix
of real or complex numbers a,;, where n, k € N. Then, the matrix domain of an infinite matrix 4 in a sequence
space 1 is a sequence space defined by

Agi={x = (x) € w: Ax € 1}.

The study of such matrices attracted the attention of many researchers to dig deeper in this area, for
instance (Mursaleen, 1983; Djolovi¢ & Malkowsky, 2008; Mursaleen & Noman, 2012; Nergiz & Basar, 2013;
Candan, 2014), and the references therein. Recall in (Hilbert, 1894) that, the Hilbert matrix is an infinite matrix
H = (a,;) which is defined as a,,;, = for n,k € N. The Hilbert matrix was used as a bounded linear operator on
the spaces of all p -summable sequences [, with the norm vHvQ, = ﬁ for 1 < p < oo (see, Hardy,

Littlewood, & Pélya, 1934). Recently, (Polat, 2016) introduced the sequence spaces h,, h. and h, as the sets of
all sequences whose H-transforms are in the spaces [, ¢ and c,, respectively, i.e.,
m
Xk
Ay = {x = (xy) € w: (; m) € l}forxl € {co,C Lo}

Quite recently, by using the triangle Hilbert matrix H = (a,,,) defined by

ank={ﬁ' if 1sk=n

0, if k>n,

and the notion of I-convergence, (Khan, Alshlool, & Alam, 2020) introduced some new Hilbert (Hardy et al.,
1934) [-convergent sequence spaces cé,o(H), c'(H), 1, (H) and I, (H) as the set of all sequences whose H-
transform are in the spaces CIDO’ c', 15, and L, respectively. Further, they defined the sequence Hy (x) which
is frequently used as H-transform of the sequence x = (x;) € w, defined by:

He(x) = X0, *k_ forn,k € N. (1)

n+k-1

In this paper, by using the triangle Hilbert matrix H and the notion of ideal convergence of sequences in
intuitionistic fuzzy normed space, we introduce some new spaces of Hilbert ideal convergent sequences with
respect to intuitionistic fuzzy norm (u,v), that is, ¢/ (D) and ch, (ury (HD- Further, we study some inclusion

relations and some of its topological and algebraic properties.

We recall the definition of intuitionistic fuzzy normed space defined by (Saadati & Park, 2006), and remarks
for the sequel of this paper.

The five-tuple (X, i, v,*,0) is said to be an intuitionistic fuzzy normed space (for short, IFNS) if X is a vector
space, is a continuous t-norm, ¢ is a continuous t-conorm and yu, v are fuzzy sets on X x (0, ) satisfying the
following conditions for every x,y € X, c € R and for all s,t > 0:

ulx, t) +vix,t) <1,
u(x,t) >0,
u(x,t) = 1ifand onlyif x = 0,

t

pulex, t) = u(x,:2),

u(x, t) * u(y,s) <ulx+y,t+s),
u(x,): (0,00) — [0,1] is continuous,

liErlnElt_,oou(x, t) =1and lig'nEIt_)ou(x, t) =0.

v(x, t) <1,
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v(x,t) = 0 and if and only if x = 0,
v(cx, t) = v(x, ﬁ),

v(x,t) ov(y,s) =v(x+y,t+s),
v(x,): (0,0) — [0,1] is continuous,

liénDt_,oov(x, t) =0and liénEIt_)ov(x, t)y=1.

In this case (u,v) is called intuitionistic fuzzy norm on X.

Remark.1 (Park, 2004)
For any ry, r, € (0,1) with r; > r, there exist r3,1, € (0,1) suchthatry xr; >, andr, =1, 01,
For any r5 € (0,1) there exist rs, 17 € (0,1) such thatrg *rg =15 and r; o1y < 15.

Results and discussion

In this fragment, we define different type of sequence spaces first one is c/, ) (H), contains those sequen-

ces whose H-transform is convergent to some L € R with respect to intuitionistic fuzzy norm (u,v), and
second one cﬁ,o ) (H), contains those sequences whose H-transform /-convergent to 0 with respect to intui-

tionistic fuzzy norm (u,v), i.e.,

cé(w)(H) ={x = (x) Ele:{k € Nip(Hr(x),t) <1 —€eVV(Hr(x),t) =2 €} €1} 2)

C(’W)(H) ={x=(x) El:{k EN:u(H(x) = ,t) <1 —€eVV(H(x) =L t) =€} €I} 3)
Further, we define an open ball with center x and radius r with respect to t as follows:

B (r,t)(H) = {y = (Vi) € loo: {k € N:pu(Hi(x) — He(¥), ) > 1 —r Av(Hp(x) — H, (), ) <7}}. (4
Theorem. 1. The spaces cé(w) (H) and c(’#_v) (H) are vector spaces over R.
Proof. Let us show the result for c{W) (H) and the proof for other space will follow on the similar lines. Let

x = (x) and y = (Vi) € ¢{,,)(H).Let 0 < € < 1 sowe may choosea s in (0,1) such that (1 —s) * (1 —s) >1—
eand s ¢ s < €. Then by definition there exists &; and &, and for t > 0, we have

{kENu(Hk(x) &, ) 1-5 VvV V<Hk(x) fl'ZI |) }EI

B = {k € N:u(H(y) — &2, S =SHEL

where:
a and B are scalars.
Define E = AU B so that E € I. Thus E€ € F(I) and therefore is non-empty. We will show

E¢ c {k € N:p(aH,(x) + BH(Y) — (81 + BS2), 1) > 1 — e Av(aH(x) + BH(¥) — (aéy + BE2), t) < €}
Let k € E€. Then,

2|06|

sap S 1=s VvV v(HOY) — &

2Iﬁl 2Iﬁl

HHG) = 150 > =5 A V(LG = fl,zfal)<s
HHO) = Eoz) > =5 A VHO) ~farg) <5
Consider,

Ry () + BH GO = (@ 6 + £ ), 0) >u(aHk(x)—afl, =) (BH0) - B 62.5)

= (M) = 1 5705) # 1 (H) = 07

>(A1-5)*(1-5s)>1—¢
and
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V(@) + BHG) — (@ + £ 6)) < v (aH0) — g 5)ov (BHO) - B £arz)
= v () = fu577) v (M) ~ o 577)

<s¢os<eE.
Thus

E€ c {k € N:u(aH,(x) + BH(y) — (aéy + BE2), 6) > 1 — e Av(aHy(x) + BH(y) — (ad; + BS2),t) <€}
E°€ € F(I), therefore by definition of filter, the set on the right side of the above equation belongs to F(I) so
that its complement belongs to I. This implies (ax + By) € Cfu,v) (H).Hence C(IM,V) (H) is a vector space over R.
Theorem 2. Every open ball B, (r, t)(H) is an open set in cfw,) (H).
Proof. We have defined open ball as follows:

By(r,t)(H) = {y = (Vi) € loo: {k € N: pu(H (x) — He(¥), t) > 1 =1 Av(Hi(x) — He(y), 1) <7}}

Let y = (yx) € B,(r,t)(H) so that u(H,(x) — Hy(y),t) > 1 —r and v(H,(x) — Hy(¥),t) <r. Then there
exists t, € (0,t) with u(Hi(x) — Hy(¥),ty) > 1 —rand v(H,(x) — H,(y),to) < 7. Put py = u(Hy(x) — H,(¥), to)
so we have p, > 1 — r, there exists s € (0,1) such that p, > 1 —s > 1 —r. Using Remark 1, given p, > 1 — s we
can find p;,p, € (0,1) with py*p, > 1 —s and (1 —py) ¢ (1 —p,) <s. Put p; = max{p;,p,}. We will prove
By (1 —ps3,t —to)(H) € By(r,t)(H).Let z = (2x) € B, (1 — p3, t — to) (H).

Hence

p(H (x) = Hi(2),8) = p(H (x) — H (), to) * u(He (¥) — Hi(2),t —tg) > po*p3 2 po*xpr >1—s>1-r,

and

V(Hi(X) = Hi(2), ) < v(Hi(x) = Hi(y), o) o v(H(y) — Hi(2),t — to) < (1 = po) o (1 —p3)
SA-=po)o(l—py)<r.

Hence z € B, (r,t)(H) and therefore B, (1 — ps3,t — to)(H) < B, (r,t)(H).

Remark. 2. Let c{,,(H) be IFNS. Define 7{,,,,(H) = {A € c{(,,,,,(H): for given x € A, we can find ¢t > 0 and
0 < r < 1such that B,(r,t)(H) c A}. Then t{,,,,(H) is a topology on c{, ,,,(H).

Remark. 3. Since {B, (%,%) (H):k € N} is alocal base at x. The topology réﬂ_v) (H) is first countable.

Theorem 3. The spaces ¢/, ,,,(H) and c;,,,(H) are Hausdorff.

Proof. Let x,y € ¢(,,,,(H) with x and y to be different. Then 0 < u(Hy(x) — H(y),t) < 1and 0 < v(H(x) —
H,(y),t) < 1. Put u(H(x) — H(y),t) = p; and v(H,(x) — H,(y),t) = p, and r = max{p,;,1 — p,}. Using Re-
mark 1 for p, € (r,1) we can find p5,p, € (0,1) suchthat p; * p; = pyand (1 —p,) o (1 —p,) <1 —p,y.Putps =
maic{p3,p4}. Clearly B,(1 — p5,§)(H) NB,(1- ps.é)(H) =@. Let on contrary z € B,(1 — ps,é)(H) NB,(1-
Ps,3) (H). Then we have

p1 = u(Hy(x) = H (y),t) =u (Hk(x) - Hk(Z);%) * U (Hk(Z) - Hk(}’)é)

2 Ps *Ps = P3 *P3 > Po > Do
and

P2 = VHW) ~ B0 <v(He) = He(@,z) o v (Hi(2) — B0, 2)

SA-ps)o(A—ps)=(A—p)o(1—py) <1—py <ps.
which is a contradiction. Therefore c(’#_v) (H) is a Hausdorff space. The proof for CtI)(u.v) (H) follows similarly.

Theorem. 4. Let ¢{, ., (H) be IFNS and t{,, ., (H) is a topology on c,,, Q' (H). A sequence (x) € c{,,,,(H) con-
vergent to & iff u(H,(x) — Hi(€),t) » 1 and v(Hy(x) — Hi(¢),t) > 0 as k — oo,

Proof. Suppose x;, — &, then given 0 < r < 1 there exists n, € N such that (x;) € B,(r,t)(H) for all k = n,.
Given t > 0. Hence, we have 1 — u(H,(x) — H,(¢),t) <r and v(H, (x) — H,(§),t) < r. Therefore u(H,(x) —
H, (&€),t) » 1 and v(H,(x) — Hi(§),t) > 0 asn — co.

Conversely, if u(H, (x) — H,(§),t) = Iand v(H, (x) — Hi(&),t) - Oask — « holds for eacht > 0. For0 < r <
1, there exists ny € N such that I — pu(Hi(x) — H(¢),t) < r and v(H,(x) — Hi(§),t) < r for all n > ny which im-
plies u(H,(x) — H,(§),t) > 1 —r and v(H, (x) — H(¢),t) <r. Thus x; € B,(r,t)(H) for all k = ny, and hence
x, = €.

Theorem. 5. A sequence x = (x;) € ¢l - (H) is ideal convergent if and only if for everye > 0andt > 0
there exists number N = N(x, ¢, t) such that
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{k € N:u(Hy(x) — f,%) >1—-eAv(H(x)— f,%) <€e}eF()

Proof. Suppose that I(u,v)—liLrlnx =¢&and e > 0and ¢t > 0. For a given € > 0, choose s > 0 such that € x e >
1—sande e <s.Then for each x € cﬁ,(w)(H),

t t
A={k €N:u(H,(x) - S,E) <1-—eVv(H(x)— S,E) >e€e} €l
which implies that
t t
A, ={k € N:u(H,(x) — f,z) >1—eAv(H(x) — f,E) < e} eF().
Conversely, let us choose N € 4, then
t t
H(H() = §.5) > 1= e AV(H () —§5) <€
Now we want to show that there exists a number N = N(x, €, t) such that
{k € N:u(Hpe(x) —Hy(x),t) <1 —5sVv(H,(x) — Hy(x),t) =2 s} € I.
For this define for each x = (x;) € ¢/ (D
B={k €N:u(Hy,(x) —Hy(x),t) <1—-sVv(H(x) — Hy(x),t) = s} €L
Now we have to show that B c A. Suppose B € A then there exists k € B and n ¢ A. Therefore, we have
t
H(H () = Hy (), 1) < 1 =sVu(H() —§5) >1-¢

In Particular u(H, (x) —§, %) > 1 — €. Therefore, we have,

t t

1=s2u(He(x) = Hy(0), 1) 2 p(He () =)+ u(Hy () = §,5) 2 1 —€)»(1-€) > 1 -5
which is not possible. On the other hand

t
V(H(x) = Hy(0),0) 2 sVV(H(x) = §,5) <€

In particular v(H, (x) — ¢, %) < €. Therefore, we have

t t

s S V(Hi(x) = Hy(0), ) = v(He(x) = §,5) ov(Hy(x) —§,5) S€0e<s

which is not possible. Hence, B c A. A € I implies B € I.

Conclusion

In this paper, we have formally defined the notions of Hilbert ideal convergence for the sequences in in-
tuitionistic fuzzy normed spaces. Further, we defined the open ball B, (r, t)(H) with respect to the topology
that induced by intuitionistic fuzzy normed space using Hilbert matrix H and show that this open ball is an
open set in the space of all Hilbert ideal convergent sequences C{W) (H) with respect to an intuitionistic fuzzy
norm (y,v). In addition, we proved some theorems that would support the results. These new results will
further help the researchers expand their work in the area of sequence spaces in view of fuzzy theory.
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