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ABSTRACT. In this article we have introduced some classes generalized difference (4,,) Gai sequences of
interval numbers with Orlicz functions M. We have studied some algebraic and topological properties of the
classes of sequences like, linearity, completeness, solid, symmetric and convergence free.
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Introduction

Most of the mathematical structures are constructed with real or complex numbers. Many important
mathematical evolutions were took place under those structures. After the introduction of fuzzy number there
was a sudden revolution and thereafter interval numbers. The idea of interval arithmetic was first suggested
by Dwyer in1951. Thereafter Moore in 1959 and Moore and Yang (1962, 1958), further developed it and used
as a computational device. (Chiao, 2002) introduced the sequence of interval numbers and defined usual
convergence of sequences with interval numbers. (Sengoniil & Eryilmaz, 2010) introduced and studied the
concept of bounded and convergent sequence spaces of interval numbers and showed that these spaces are
complete metric space. Furthermore, the concept has been applied by some researcher namely (Dutta &
Tripathy, 2016; Devnath, Dutta, & Saha, 2014; Esi, 2014a; Esi, 2011; Esi, 2014b; Esi, & Braha, 2013; Esi & Esi,
2013; Kizmaz, 1981; Mikail, Lee, & Tripathy, 2006; Tripathy & Mahanta, 2007; Tripathy & Borgogain, 2011;
Tripathy & Dutta, 2012; Tripathy & Dutta, 2014; Tripathy, Braha, & Dutta, 2014), to study different properties
of class of sequences. Recently (Baruah & Dutta, 2020) studied on Quasi-Cauchy sequence spaces of interval
numbers and established some important results. In recent time interval algorithms are used to solve different
problems in numerical analysis, global optimization, and several engineering field.

Material and Methods

An interval number is defined by a closed interval of real numbers x such that a<x <b.Thus an interval
number X is a closed subset of real numbers and therefore a real interval can also be considered as a set. We
denote the set of all real valued closed intervals by R(I). Any elements of R(l) is called closed interval and
denoted by x, we write it as x= {x € R:a < x < b}. By x;and x, we denote first and last points of interval
numberx. For xi1, x,eR(I), we define the arithmetic operations on R(I) a follows:

X1 =X X1, = Xy, and x;, = x,,

Tt X ={x ER:x; + 2, S x <% +x, }
w?={x ERiax;, <x< axlr},ifoczo;
ox={x €Rrax; <x<ax,}anda <0

. { X € R:min{xllle, X1,X2,, X1,X2, xlrxzr} <x }
X1X2=

< max{xllle, X1, X2, X1,X2) xlrxzr}

The set of all interval numbers R(]) is a complete metric space defined by
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d(x1, X2) =max {|x;, — x|, |x1, — x2,[}

In the special case, x:=[a, a] and X, = [b, b], we obtain usual metric of R.

Let us consider the transformation f : N —-R(I) by k—f (k) =%, where x = (xy). Then x= (X)) is called sequence
of interval numbers. The % is the k' term of sequence x= (xx). By w/, we denotes the set of all interval numbers
with real terms.

Definition1. An interval valued sequence space E is said to be solid if y = (y,)eE whenever |y, | < |%;|,0r
all keN and x = (%;)eE.

Definition2. An interval valued sequence space E is said to be monotone if Econtains the canonical pre-
image of all its step spaces.

Definition3. An interval valued sequence space E is said to be convergence free if ¥ = (¥,) €E whenever
= () €E and x = 0 implies = 0.

Definition4. A sequence x = (xx) of interval numbers is said to be convergent to the interval number x, if
for each £>0 there exists a positive integer k, such that d (¥, X,) < ¢ for all k >k,, we write it as lilgn Xx= X%,. Thus

lllznxk = X0o lllznxkf xo,and lllznxkf Xo, -

Esi (2010) define the following interval valued sequence space:
¢.(p) ={>‘<= (%) : Y [d (e, 0)]" <oo}
k=1
and if px =1 for all keN, then we have
0. ={>‘< (%) i[d(ik,())]@o}
k=1

An Orlicz function M is continuous, convex, non-decreasing function define for x > 0 such that M(0) = 0
and M(x) > 0forx > 0and M(x) - 0as x - .

If convexity of Orlicz function is replaced by M(x + y) < M(x) + M(y), then the function is called the
modulus function.

Gai Sequences of Interval Numbers

An Orlicz function M is said to satisfy A, condition for all values u, if there exits K>0, such that M(2u) <
KM (u), u > 0.
Lindenstrauss and Tzafriri (1971) used the idea of Orlicz function to construct the sequence space

ly, :{xkew:iM[Mj«n: forsomep>0}

k=1 P

The space ¢,, becomes a Banach space, with the norm

||x||:{infp>o;§;m (MJQ}
k=1 P

which is called an Orlicz sequence space.
Let £, c and ¢, be the sequence space of bounded, convergent and null sequences respectively. In respect

,where X=(X) e/, < Cc C,.

of ¢, cand cothe norm is given by ||X|| = sup|xk
k

1
A sequence x = (x;,) is called analytic sequence if sup|x; [k < . The vector space of all analytic sequences
k

will be denoted by Z2.

1
A sequence X=(X ) is called gai sequence if (k!|Xk|)E — 0, as k — o .The vector space of all gai

sequences will be denoted by Z5,
Subramanian and Mishra (2010) introduced the concept of generalised double difference of Gai Sequence.

Acta Scientiarum. Technology, v. 46, €66196, 2024



Cadets’ learning network under military education Page 3 of 8

Now we introduce the following sequence of interval numbers.

_ _ VK
A sequence of interval number X = (X«) is called gai sequence if. (k!| Xk |j — 0 as k— .

o _ VK
A sequence X = (Xk) is said to be an analytic sequence of interval number if (sup | X« |j <00,
k

Kizmaz defined the difference sequence space for crisp set. This concept further generalized by Tripathy
and Esi (2006). Baruah and Dutta (2018) introduce the concept in terms of interval number as follows:
Let m > 0 be an integer then Z(A,,) = {(%x) € w': (A, %) € Z}, for Z=1,(An), () (Bp) and co(p) (Ay,) -
Where A,, X, = Xy - Xy4m, for all keN.
In this paper we introduce the following class of gai sequence of interval number with generalized
difference operator A in terms of Orlicz functions M.

_ . Y/
y(A)=9(xx)eW:M|d (k!‘Akaj 0||—>0,ask >

Results and Discussion

Theorem 1: The spaces ;_((Am) is complete metric space with the following metric

)

Proof : Let ()Z') be a Cauchy sequence in y(A ) such that

Am X_k ! Am glk

ot 9=, 5) 309 w o

Y=(x)=(0d, x5, &, ... Ye z(A,), foreach ieN.

]J < ¢ foralli,j = n,.

Then for a given € > 0, there exists N, € N

x|

5 -
Am Xk ! Am Xk

p(x, x1)=d(x, x))+sup| M| d [m[

Then

d(x, x/)<e forallij>n, ....(L1)

e
2t

N N
AL XA X

k
J] <g, foralli,j =n, ....(1.2)

1
k
<¢g, foralli,j = n,

~ .
Am Xk ! Am Xk
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|

A, X:( A, ij < g, foralli,j = n,

:>|Kd[

1

Ay X

= d [Am d

k
J < g, foralli,j = n,

Gai Sequences of Interval Numbers

1
k
= |d < g, foralli,j = n,

= d[ )<5, for alli,j = n,

= d[Am X_L'Am X_kj]<8, foralli,j = n,

/i (i
Am Xk ' Am Xk

A X[+ X!

Lin et al.

Now (il'j and (Am le for all kK € N are Cauchy sequence in R. Since R is complete therefore

(Xij and (Am XLJ are convergent inR for all keN.

and

limAx_lj =X, forall ke N

-0

From (1.3) and (1.4) we have

limx_f( =X, forall k e N

|—>00

Now we fix { = N and taking j — oo in (1.1) and (1.2)
We have

d[g,@]<g

and

[o

this imply

Am Xli< Am X_k

jf

p()zi, XJ < g foralli = n,

foralli = ny ... (1.5)
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ie.X' >X, asi—ow

Now, we shall show that, X € ¥(A, ).
From (1.5) for alli = n,

[l

However, foralli € N,

X {x&)e;}mm)

1
_\k
:>d[ ,OJ < 0,

Now for all { = no we have
1
—\k
= d 0| |<d

Thus X € ¥(A,)-

5 _
Am Xk Am Xk

A_X

m Yk

Am )Zk Am Xli< Am Xli<

Am )Zk

M

1
)k
,0 <0

This the proves of completeness of y(A_ ).

Theorem 2: The sequence space ;_((Am) is closed under the operations, addition and scalar
multiplication.

Proof: Let X=(X,) € (A, )and ceR , Then we have

1
Kk —
j,o

1 1
M|d (chmxkjk,(_J <max(Lck)M |d (B A, X,

1

=max(Lck).0
=0

Thus (cX,) € (A,).
Again we suppose
X_k ' y_k € ;_((Am)

Then we have

Am X_k ® Am );k

)jk,ﬁ

Md[m
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Gai Sequences of Interval Numbers
1 1
Nk = kK —
Ay %l ,0|+M|d ,0
=0

Thus x, @ yx € x(4)
Hence the proof.
Theorem 3: The sequence space y(4,,) is solid and hence monotone.

k Am Yk

<K|M d(m

Proof: We consider the sequence x = (x;,) € y(4,,) and let y = (y,) be any sequence such that |y,| < |xx]

for all keN. Then by the property of the space

o

Since |yx| < |xx| therefore we have

Md(k

1
jh6 <M d(

Therefore y = (v;) € x(4,,)

This proves that the class of sequence is a solid space and hence monotone.
Theorem 4: The sequence space y(4,,,) is not symmetric.

Proof: The proof follows from the following example.

Example 1 Let M =2 and consider the sequence defined by

K|A, X,

K _
jﬁ —0, ask 5>

K|A, X,

Ap Y

Kk _
]ﬁ —0, ask >

X -133%56...)
Clearly, x;, € x(4,,).

Now consider the rearrangement )7k of )(_k defined by
y.=@ 7,3 2,5 4,6,....)
Then it is clear that y, & x(4,,).
Hence we can conclude that the sequence spaces defined, is not symmetric.
This completes the proof.
Theorem 5: The sequence space y(4,,) is not convergence free.

Proof: The proof follows from the following example.
Example 2 For each k € N andm=1 let us consider the sequence defined by

- 11

X =|—==

K k k
Therefore

- 1 1

X =|-—\—
ket k+1k+1
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and

Then it is clear that Iikm A )(_k =0
o

Thus x; € y(4,,)

Now we consider
Jo=| Rk and =] @D, (D)
and therefore we have

Y, =| (KT, @2k

Thus y, & x(4,)

Hence the sequence space y(4,,,) is not convergence frees.
This completes the proof.

Conclusion

In this article we have introduced Gai sequence of interval number using the difference operator and
studied the class of sequence over certain domain. The properties discussed in this context, shows different
algebraic and topological behaviour of the class of sequences which will be helpful to extend the results into
double sequence and also in terms of fuzzy real numbers. Besides, by replacing Orlicz function with some
other functions, one may obtain some interesting results. Thus there is an ample scope of further study in
different directions using the results derived in this article.

References

Baruah, A. & Dutta, A. J. (2018). A new type of difference class of interval numbers. Proyecciones Journal of
Mathematics, 37(3), 581-589. DOI: http://dx.doi.org/10.4067/S0716-09172018000300583

Baruah, A. & Dutta, A. ]. (2020). Some Algebraic and Topological Properties of Quasi Cauchy Sequences of
Interval Numbers. Journal of the Tripura Mathematical Society, 22, 89-94.

Chiao, K. P. (2002). Fundamental properties of interval vector max-norm. Tamsui Oxford Journal of
Mathematical Science, 18(2), 219-233.

Dutta, A. ]. & Tripathy, B. C. (2016). On the class of p-absolutely summable sequence li(p) of interval
numbers. Songklanakarin Journal of Science and Technology, 38(2), 143-146.
DOI: http://dx.doi.org/10.14456/sjst-psu.2016.19

Devnath, S., A. ]. Dutta, A. ]J. & Saha, S. (2014). Regular metrix of interval numbers based on Fibonacci
numbers. Afrika Matematika, 26(7). DOI: http://dx.doi.org/10.1007/s13370-014-0289-0

Esi, A. (2014a). A-Sequence Spaces of Interval Numbers. Applied Mathematics & Information Sciences, 1099-1102.

Esi, A. (2011). A new class of interval numbers. Journal of Quafqaz University, 31, 98-102.

Esi, A. (2010). Strongly almost I-convergence and statistically almost A-convergence of interval numbers.
Scientia Magna, 7(2), 117-122.

Esi, A. (2014b). Statistical and lacunary statistical convergence of interval numbers in topological groups.
Acta Scientiarum Technology, 36(3), 491-495. DOI: https://doi.org/10.4025/actascitechnol.v36i3.16545

Esi, A. & Braha, N. (2013). On asymptotically A-statistical equivalent sequences of interval numbers. Acta
Scientiarum Technology, 35(3), 515-520. DOI: http://dx.doi.org/10.4025/actascitechnol.v35i3.16195
Acta Scientiarum. Technology, v. 46, €66196, 2024




Page 8 of 8 Lin et al.

Esi, A. & Esi, A. (2013). Asymptotically lacunary statistically equivalent sequences of interval numbers.
International Journal of Mathematics And its Applications, 1(1), 43-48.

Kizmaz, H. (1981). On certain sequence spaces. Canadian Mathematical Bulletin, 24(2), 168—176.
DOI: https://doi.org/10.4153/CMB-1981-027-5

Mikail, E. t., Lee, P. Y., & Tripathy, B. C. (2006). Strongly almost $(V,\lambda)(\Delta*{r})$-summable
sequences defined by Orlicz functions. Hokkaido Mathematical Journal, 35, 197-213.

Lindenstrauss, J. & Tzafriri, L. (1971). On Orlicz sequence spaces. Israel Journal of Mathematics, 10, 379-390.
DOI: https://doi.org/10.1007/BF02771656

Moore, R. E., & Yang, C. T. (1962). Interval Analysis I, LMSD-285875, Lockheed Missiles and Space Company.

Moore, R. E. & Yang, C. T. (1958). Theory of an interval algebra and its application to numeric analysis. RAAG
Memories II, Gaukutsu Bunken Fukeyu-kai, Tokyo.

Sengoniil, M., & Eryllmaz, A. (2010). On the sequence spaces of interval numbers. Thai Journal of
Mathematics, 8(3), 503-510.

Subramanian, N., & Mishra, U. (2010). The Generalised Double Difference of Gai Sequence Spaces. Fasciculi
Mathematici, 43, 155-164.

Tripathy, B. C., & Esi, A. (2006). A new type of difference sequence spaces. International Journal of Science &
Technology, 1(1), 11-14.

Tripathy, B. C., & Mahanta, S. (2007). On a class of difference sequences related to the £p space defined by Orlicz
functions. Mathematica Slovaca, 57(2), 171-178. DOI: http://dx.doi.org/10.2478/s12175-007-0007-6

Tripathy, B. C., & Borgogain, S. (2011). Some classes of difference sequence spaces of fuzzy real numbers
defined by Orlicz function. Advances in Fuzzy Systems, 2011(6). DOI: https://doi.org/10.1155/2011/216414

Tripathy, B. C., & Dutta, H. (2012). On some lacunary difference sequence spaces defined by a sequence of
Orlicz functions and g-lacunary A"m -statistical convergence. Seria Matematica, 20(1), 417-430.
DOI: http://dx.doi.org/10.2478/v10309-012-0028-1

Tripathy, B. C., & Dutta, A. J. (2014). Statistically pre-Cauchy fuzzy real-valued sequences defined by Orlicz
function, Proyecciones Journal of Mathematics, 33(3), 235-243. DOI: https://doi.org/10.4067/S0716-
09172014000300001

Tripathy, B. C., Braha, N. L., & Dutta, A. J. (2014). A new class of fuzzy sequences related to the ¢ o Space
defined by Orlicz function. Journal of Intelligent & Fuzzy Systems, 26, 1273-1278.

Acta Scientiarum. Technology, v. 46, €66196, 2024



