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ABSTRACT. In this study, we will define the concept of f-lacunary statistical convergence in topological
groups with the help of an unbounded modulus function. In addition, we will examine some inclusion
theorems for different unbounded modulus functions in topological groups.
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Introduction and preliminaries

The idea of statistical convergence goes back to the first edition of monograph of Zygmund (1977).
This notion has firstly been defined for real and complex sequences by Fast (1951). Schoenberg (1959)
proved that the statistical limit is a linear functional on some sequence spaces. Saldt (1980) showed that
the set of bounded statistically convergent sequences is a closed subspace of the space of bounded
sequences. Statistical convergence is closely related to both probability and measure theory.
Subsequently, this idea was linked to summability, by various authors (Maddox, 1978; Kolk, 1991). Let us
briefly explain the concept.

Let N be the set of all natural numbers and let A € N. Suppose that y, is the characteristic function on A
defined as

(1, ifx€eA
XA(X)_{O, ifxeA

The density of A is defined, whenever the following limit exists, as
n
1 .
§(A) = lim — E xa()
n—oo MN 4 4
j=

A sequence z = (z(k)) is said to be statistically convergent to number [ if, for every positive number ¢,
8(lk € N:|z(k) —l| = €|) has natural density zero. The number [ is called the statistical limit of (z(k)) and
written as S —lim z(k) = [. We denote the space of all statistically convergent sequences by S, see Fridy
(1985).

By a lacunary sequence we mean increasing integer sequence 6 = (k,.) such that z, = (k, — k,_;) >
as r —» o, Throughout this paper the intervals determined by 8 will be denoted by I, = (k,_;, k] and the
ratio kk’

will be abbreviated by g, (see Freedman et al. 1978). Later, using the concept of statistical

r—1

convergence, the concept of lacunary statistical convergence was defined by Fridy and Orhan (1993 a).
The relationships between lacunary statistical convergence and summability were also examined by Fridy
and Orhan (1993 b).

The concept of summability in topological groups was studied for the first time by Prullage
(1967,1968,1969a,1969b). Later, this concept was studied by Cakalli and Thorpe (1990,1996). Then, the
concept of statistical convergence in topological groups was given by Cakalli (1996). In addition, the concept
of lacunary statistical convergence in topological groups was given by Cakalli (1995). Cakalli also examined
the relationship between statistical convergence and lacunary statistical convergence in topological groups.
Later, (Bulut, 2000; Bulut & Cakalli, 2003) introduced the concepts of both statistical and lacunary statistical
h-regularity of series methods in topological groups.

We first quote the definition of a modulus function.
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The idea of a modulus function was structured by Nakano (1953). Later, Ruckle (1973), Maddox (1986) and
Molder (2004) have used this concept to construct some sequence spaces.

Let f be a real-valued function defined on [0, «o) which satisfies:

i) f(x) = 0ifand only if x = 0,

i) f(x+y) < f(x) + f(y) for every x,y € R,

iii) f is increasing,

iv) f is continuous from the right at 0.

It is clear that every such function is continuous. A modulus may be unbounded or bounded. Some

X

examples of modulus functions are f(x) = — f(x) =log(x + 1) and f(x) =xPwith0 <p < 1.

After that Connor (1988) explained the relationship between statistically convergent and strong summable
with the help of modulus function.

Aizpuru (2014) defined and studied the concepts of f-density and f-statistical convergence. f-statistical
convergence for lacunary sequences was studied by Bhardwaj and Dhawan (2016), Sengiil and Et (2018).
Moreover, statistical convergence theorems for two different unbounded modulus functions were given by
Colak (2020). Garcia-Pacheco (2020) studied some properties of the concept of topological modules. Later,
Garcia-Pacheco and Kama (2022) continued this work and defined f-statistical convergence on topological
modules. According to f-modulus for lacunary convergence, some inclusion theorems were also studied by
Romero de la Rosa (2023).

Recently, the relationship between statistical convergence and topology has been studied by
mathematicians (Caserta et al., 2011; Di Maio & Kocinac, 2008; Savas, 2015; Ulucay & Unver, 2019).

Main results

In this section, we will define the concept of f-lacunary statistical convergence in topological groups using
an unbounded modulus function. We also examined the relationships between f-statistical convergence and
f -lacunary statistical convergence in topological groups. In addition, we will examine some inclusion
theorems for different unbounded modulus functions.

We will use Z in this study to denote an abelian topological Hausdorff group written additively. It satisfies
the first axiom of countability.

Garcia-Pacheco and Kama (2022) defined the notion f-statistical convergence in uniform spaces using
any modulus function. We gave the definition of the concept of f-statistical convergence in topological
groups by taking an unbounded modulus function in (Sarikaya & Altin, 2024). Now let's give this
definition.

Definition 1. [Sarikaya & Altin, 2024] A sequence z = (z(k)) in Z is said to be f-statitically convergent or
S¢(Z)-convergent to [ of Z if for each neighbourhood U of 0

1
lim —

n ()

where f is unbounded modulus function. In this case we write stat(Z, f) — Il{im z(k) = 1. The set of f-

f({k <n:z(k) —1 ¢ U}) = 0,

statistically convergent in Z will be denoted by S;(Z). In case of [ = 0, we shall write S; ((Z).

Definition 2. Let z = (z(k)) be a sequence in Z and 6 = (k,) be a lacunary sequence. A sequence z =
(z(k)) is said to be f -lacunary statistically convergent or S,? (Z) -convergent to | of Z if for each
neighbourhood U of 0

1
lim ——

roe f(hy)

where f is unbounded modulus function. In this case we write staty(Z, f) — }cim z(k) = 1. The set of f-

fU{k € L:z(k) =1 ¢ U}]) = O,

lacunary statistically convergent in Z will be denoted by Sfe (Z).In case of I = 0, we shall write Sﬁo (2).
Theorem 1. Let 8 = (k,) be a lacunary sequence and f be an unbounded modulus function. If a
sequence z = (z(k)) is f-lacunary statistically convergent in Z, then staty(Z, f) — lkl_r}}c z(k) is unique.
Proof. Let z = (z(k)) be f-lacunary statistically convergent in Z. Suppose that (z(k)) has two different f-
lacunary statistical limits, [,, I, say. Since Z is Hausdorff space there exists a neighbourhood U of 0 such that
l, — I, ¢ U. Then we may choose a neighbourhood V of 0 such that V + V c U, (Arnautov et al., 1996). Write
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y(k) =1, — I, for all k € N. Therefore for all r € N,
{kel:y(kyeU}ycf{kel:l, —z(k)gVIutkel..z(k)—1, ¢V}

Now it follows from this inclusion that, for all » € N and since f is increasing,

fUkel:y() e U) = ———f({k€l:l —z(k) €V}

f(hr) f(hr)

Since statg(Z, f) — lim z(k) =1, and statg(Z, f) — lim z(k) = 1, we get
ggﬂhyﬂweuﬂmeum < lim fw)ﬂmelh 2(6) € V})
+llm n )f(l{k EL:z(k) -1, ¢ VID.

Hence1l < 0+ 0 = 0. This contradiction shows that [, = [,.
Theorem 2. Let 8 = (k,) be a lacunary sequence and f be an unbounded modulus function. If

f@)

lim inf q, > 1and llm (R 0,

=00

then S;(Z) c Sf(Z) such that f(xy) = cf (x)f (), forx = 0,y > 0.

Proof. Suppose that lim inf, g, > 1, then there exist a § > 0 such that g, = 1 + § for sufficently r, which
implies that
& — kr B kr—l
k, k,

If stat(Z, f) — Il(im z(k) = 1, the for each neighbourhood U of 0 and for sufficiently large r, we have

- 1_ -1 _ -1 _
=1-(@) 2 1-+8)" = .

/¢ > s Uk € izl ~ L€ U))
) S Ptk € L 2) ~ L€ D))
= ey ey (1 €1
_Fh) kb, fGk € 12200 ~ LE UYD)
BNICE 7
) ke 6 Ok € b2~ L YD
*Th f)T+5 7 |

Taking limit as r — oo and using, we get

stat(Z,f) — ’gim z(k) = statg(Z,f) — I%im z(k).

Theorem 3. Let § = (k,.) be a lacunary sequence and f be an unbounded modulus function. If

lim sup q, < o and lim 2 > 0,
r—o0 Voo U
then S (Z) c S;(Z) such that f(xy) = cf (x)f (), forx = 0,y > 0.
Proof. Suppose that lim sup, g, < o, then there exist a § > 0 such that g, < g for sufficently r. Let

staty(Z, f) — 11m z(k) =1, the for each neighbourhood U of 0 and lim —= Itr) _ Therefore, for given ¢ > 0,

r—ooo Ny

there exists ro € N such that for allr > r,

f(hy) ’ _
i <l'+ f(h)f(l{kel z(k)—le U} <e
Let M, = |{k € I: z(k) — | ¢ U}|. Using this notation, we have
f(My)

o < eforall r > r,.

Now let N = max{f (M,), f (M), ..., f(M;,)} and choose n such that k,_; < n < k,. Then we have
Acta Scientiarum. Technology, v. 47, e73792, 2026
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——f{k sn:z(k) - L € U})

f(l{k < kpz(k)—1¢g U}
—— f(My + My + -+ My + My g + -+ M)

<
f() f(k

f(kr 1)
—(f(Ml) + M)+ f(My) + f(Myy0) + -+ (M)

K
f(k N [f(Mro+1)+ +f(M,)]

N 1 [fhrg+1) f(Mrg+1) f(hy) £ (M7 ]
= 7 h + - 4 h
Flr—1) O " fkp—1) [ hrovr f(hrg+1) Tot1 hy flhy) T

N 1 ! X !
< O 1o + O [((l +e)ehy g+ o+ U+ e)ehr)]
+— s+ O)[hryer + -+ e

e(l’ + e)[k ]

= o
Flier-1)"° (kr
N

f(kr ooty
o + s(l’ +¢) [

< Flon f(k D Fr)

k k
— 1yt e(l' + &)L ——
0 ( )f(kr1)kr1

—— 1o+ e(l' + s)qrfkr 1)

’ Kyr—1
1o + &(l +s)ﬁf(kr 5

f(kr 1)

f(kr 1)

< fkr-1)
and the result follows immediately, in view of the fact that 11m > 0.

Now as a result of Theorem 2 and Theorem 3 we can give the (followmg result.
Corollary 1. Let 8 = (k,) be a lacunary sequence and f be an unbounded modulus function. If

-1

1 < lim inf g, < lim sup q, < wand lim£2 > 0,

r—oo r—o V=00

then stat(Z, f) — ,li_)rgloz(k) -l =staty(Z, f) — ’li_)noloz(k) — l'such that f(xy) = cf(x)f (y), forx = 0,y >0.
Theorem 4. Let 8 = (k,) be a lacunary sequence and f be an unbounded modulus function. If

z(k) € S;(Z) N SE(2),

then stat(Z, ) — ,li_)rgz(k) = staty(Z,f) — Ilij?oz(k) such that |[f(x) — f(¥)| = f(Jx —y]),forx = 0,y = 0.
Proof. Take any z(k) € S;(Z) n Sﬁ (Z) and stat(Z,f) — ]li_{goz(k) =1, staty(Z,f) — ]lijgoz(k) =1,, say.

Suppose that [; # [,. Since Z is Hausdorff space, there exist a symmetric neighbourhood U of 0 such that [, —
l, € U. Then we may choose a symmetric neighbourhood V of 0 such that V +V < U. Then we obtain the
following inequality

~fUtksny(k) e Ul) < —f(l{k sn:iz(k) -1l € V3D

f( ) ~f()
f( )f(l{k <n:ly —z(k) €V}

where y(k) =1, — [, for all k € N. It follows from this inequality that
< Fln )f(l{k sniz(k) -l €V} +f( )f(l{k ly —z(k) € V3.

The second term on the right side of this inequality tends to 0 as n — oo, we get

0+llmf( )f(l{k<n L-—zk)eVih<1

and so

lim e )f(l{k <n:l,—z(k)gV})= 1.

We consider the subsequence

ey 0 i = 20 € V1)
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ofsequence
Then
= F(llk < kLo = 2(K) € V) —f(k (It € UL 11yl = 2(K) € V)
= s FEIAlk € Lily = 2(K) € V) "
< ﬁ Lo (It € iy = 2(k) € V)
= B () s £k € L = 2(k) € V)
and

re1f(hy) = f(h) + f(hy) + -+ f(hn)
= flky = ko) + flky —ky) + -+ fkm — k1)
= f(ks = ko) + flkz = ka) + -+ f Ik — k1)
= |fCky = ko)l + |f (ke = k)| + -+ | f (ke = K1)
= flk1) = fko) + fky) = f(ky) + -+ fkm) = f (k1)
= flem)

Using (2) in (1), we take

2)

1f( r) 1 . _
0 = bl = 2000 € V) < St ik € 1ty =200 € VI
SO
f(k )f(l{k<k 2—z(k) eV} -0

but this is contradiction to

lim mf(l{k snl—z(k) eVi) = 1L

Therefore [, = ,.

Now as a result of Theorem 4 we have the following Corollary 2.

Corollary 2. Let 6 = (k,) and 8' = (t,) be two lacunary sequences and f be an unbounded modulus
function. If

2(k) € $,(2) 0 (SP(2) n SF' @),

then staty(Z, f) — ;lmz(k) = staty' (Z,f) — ’li_)rgz(k).
Theorem 5. Let 6§ = (k,) and 6’ = (t,.) be two lacunary sequences such that I, c J, for all r € N and f be
an unbounded modulus function. If
()
)
where I, = (k,_y, k,], hy =k, — ky_y and J, = (t,_1,t,], Iy = t, — t,_y, then S¢' (2) < S¢(2).
Proof. Let z(k) € Sﬁ'(Z). We can write

> 0,

0 )f(l{k €Jz(k)—1eU})) = f(l )f(l{k €Jr —L:z(k) — 1 ¢ U} +f(l )f(l{k €l:z(k) -1 ¢ U}))
_f(lr)f(l{k €l:z(k)—1¢ U}
h
Ltk € 1)~ L U)).
since lim infZ" > 0, we can say that if z(k) € S’ (Z), then z(k) € S¢(Z). So S’ (Z) < Sf(2).

roowo  f(lr)

Acta Scientiarum. Technology, v. 47, e73792, 2026
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Theorem 6. Let 6 = (k,) and 6’ = (¢t,.) be two lacunary sequences such that I, c J, for all r € N and f be
an unbounded modulus function. If
l
lim f() _1
e f(h)
where I, = (k;_y, k], hy = ky —ky_y and J, = (t,_q, t,], [ = t, — t,_4, then S (2) c 5;?’(2) such that |f(x) —

fOI=f(x—yl),forx>= 0,y = 0.
Proof. Let z(k) € Sf(Z). We can write

=~ fUlk € L:z(k) -1 € U}])

Utk €Jz(k) =1 UY) =—==f({k €)r —L:z(k) =L € U}) + ==

® I (l’) i
£, -
_fUL =R D) )
NG f(lr)f (I € L:z(k) = L & U}
_ V) - ftol )
=Ty rapy/ Utk ez =t U
_ f(lr) - f(h ) B
=Ty Trap (ke izt =le UiD
S R f(h £tk € bz~ L€ U)D)
- <f(lr) - 1) ——f({keL:z(k)—1eU}|).
f(hy) f(h,)
Since lim s (( r) = 1, we can say that if z(k) € Sf(2), then z(k) € S'(2). So 5S¢ (2) < ¢ (2).

Definition 3. Let 8 = (k,.) be a lacunary sequence and z = (z(k)) be a sequence of real numbers. The
sequence z = (z(k)) is said to be Sﬁ (Z)-Cauchy sequence if there is a subsequence {z(k'(r))} of z such that
k'(r) € I. for each r, lim z(k'(r)) =1and for each neighbourhood U of 0

ﬁi’ﬁf(h )f(|{k € L:z(k) —z(k'(r)) ¢ U}|) = 0,

where f is unbounded modulus function.

We see that a sequence is ng (Z)-convergent if and only if it is an Sf9 (Z)-Cauchy sequence without the
completeness assumption.

Theorem 7. Let 8 = (k,) be a lacunary sequence and f be an unbounded modulus function. The sequence
(z(k)) is S (Z)-Cauchy sequence, then (z(k)) is Sf (Z)-convergent.

Proof. Suppose that (z(k)) is an ng (Z)-Cauchy sequence. Let U be any neighbourhood of 0. Then we may
choose a neighbourhood V of 0 such that V + V < U. Thus

ich )f(l{k €Liz(k)-1eU}) < qu{k € L:z(k) —z(k'(r)) ¢ V}])

+mf(|{k € L:z(k' () ~1eV}]).

Since lim mfﬂ{k €l:z(k)—z(k'(r)) € U}|) = 0 and 11mz(k (r)) =1, by the assumption, it follows

from the last inequality that state(Z, f) — hm z(k) =1.

Theorem 8. Let 8 = (k,) be alacunary sequence and f and g be two unbounded modulus functions. Then

) if ltljgo ! 8 > 0, then a sequence (z(k)) is f-lacunary statistically convergent in Z if it is g-lacunary
statistically convergent in Z, that is S¢ (Z) c Sf ),

(i) if ltl_r>r01o 2 Et; < oo, then a sequence (z(k)) is f-lacunary statistically convergent in Z if and only if it is g-

lacunary statistically convergent in Z, that is Sg @)= Sf 2).

Proof. Let f and g be two unbounded modulus functions.

@ f(ry)

(i) Suppose 11m Ny = > 0,then hm Sl = B > 0and (z(k)) is g-lacunary statistically convergent to [,

Acta Scientiarum. Technology, v. 48, 73792, 2026



Lacunary statistical convergence Page 7 of 9
that is state(Z, g) — Ilim z(k) = 1. Then given any € > 0 there exist a real number r, such that (8 — )g(h,) <
f(h,) < (B +e)g(h,) if r > ry. Therefore we have the inequality f(h,) < 28g(h,) if r > r,. Now we may write

the inequality the for each neighbourhood U of 0

1 f{k € L,:z(k) — L € U}]) f(hy)
g(h) f(h) g(h)

if {k € I,:z(k) — l ¢ U}| > ry. Since lim ! Ezri = B > 0 from the above inequality we obtain

r

gtk € L:z(k) -1 ¢ U}|) = o

}ggf(h )f(l{k EL:z(k)-1lgU})=0

if

Therefore S¢(Z) c SP(2).

(ii) We may write the following equality the for each neighbourhood U of 0

gk € L:z(k) -1 € U} f(I{k € I,:z(k) — L € U}]) f (h;)
fllkel:z(k) -1 ¢ U}I) f(hy) g(h)

< o and so that lim 2 =
r—-oo f(hy)

50 )g(l{k €L:z(k)—1¢U}) =

Suppose 0 < l1m f () =B

n ==, Using this fact from the above equality we obtain
T

1 1 . —_—
lim oS F(l{k € 1200 ~ L UY) = 0

if and only if

lim
i )g(l

Therefore S¢(2) = SP(2).
Theorem 9. Let 8 = (k,) be a lacunary sequence and f and g be two unbounded modulus functions. Then

(@) if hm u Et; > 0, then a sequence (z(k)) is g-lacunary statistically Cauchy sequence in Z if it is f-

lacunary statlstlcally Cauchy sequence in Z,

{(kel:z(k)—1¢ U} = 0.

(i) if lim u 8 < oo, then a sequence (z(k)) is f-lacunary statistically Cauchy sequence in Z if and only if it

t—oo

is g-lacunary statistically Cauchy sequence in Z.
Proof. The proof can be similarly to the proof of Theorem 8.

Conclusion

Statistical convergence is a natural generalization of classical convergence and allows for the analysis of
the convergence behavior of sequences using a density-based approach. In this context, we examined the
concept of lacunary statistical convergence using an unbounded modulus function in topological groups. In
the future, researchers can use this work to investigate different types of convergence in topological groups.
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