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Polynomial and Analytic Boundary Feedback Stabilization of Square
Plate

Salsabil Nouira

ABSTRACT: We consider a boundary feedback stabilization problem of the plate
equation in a square, in the case where the geometric condition of Ammari-Tucsnak
[6] is not satisfied. We prove a polynomial decay for regular initial data. Moreover,
we prove an exponential stability result for some subspace of the energy space.
Finally, we give a precise estimate on the analyticity of reachable functions where
we have an exponential stability.
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1. Introduction

Let Q = (0,7) x (0,7) C R%. We denote by 09 the boundary of Q and we
assume that 02 = T'o UTy, where I'g = {(0,y)/y € (0,7)} and 'y = 92\ T.
We consider the plate equation as follows :

O2u+ A%u =0 Q x (0, +00),
Ay = —%[G(@tu)]l‘po 00 x (0, +00), (1)
u=0 08 x (0, +00)
uw(z,0) = u¥(z), Opu(z,0)=u'(z) Q,

where the operator G is defined as (—A)™! : H=1(Q) — H}(Q), v is the unit
normal vector of 9 pointing towards the exterior of 2 and A? : D(A?) —
H~(Q) be a self-adjoint, positive and boundedly invertible operator where

D(A?) = {uec H Y (Q)/A%uec H(Q)}.
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The controllability of the dynamical system modelling the vibrations of the plate
with boundary control acting on the moment has been investigated in several works
such as Ammari and Khenissi [4]-[10], Ammari and Vodev [9], Krabs, Leugering
and Seidman [15], Leugering [20], Lebeau [17], [14] and in [23]. In [16] the
exact controllability of the same system has been established under the assumption
that € is a square and under much weaker assumption on the controlled part of
the boundary (T'; is only supposed to contain non-empty vertical and horizontal
subsects). The geometric optics condition introduced by Bardos, Lebeau and Rauch
in [12] for the wave equation is thus not necessary in this case. In fact, recently,
Ammari and Tucsnak (see [6]) have proved that the system is exponentially stable
if and only if the controlled part of the boundary contains a vertical and horizontal
part of non-zero length.

In this work, we study the polynomial stability for regular initial data and we
study the exponential stability for some analytic initial data of a square Fuler-
Bernoulli plate with feedback. We use the methodology introduced in [5] (see
also [13] for the bounded case), where the exponential stability for this problem is
reduced to an observability inequality proved by [23] :

/T 9[G(9:9)]

ov
where ¢ is the solution of the following undamped system associated to (1) :

2
dt > C||H||§{3(Q)xH—1(Q)» v (u’,ut) € Hy(Q) x H1(9),

L2(To)
(2)

R+ A% =0 Qx(0,+00),
=0 90 x (0,+00) (3)
¢($70) = uo(m)7 at(b(xvo) = ul(x) Q

The paper is organized as follows. The statements of the main results are given in
the following section. Section 3 is devoted to the observability inequality of high
and low frequency. In Section 4, we give some background on a class of dynamical
systems. Finally, Section 5 contains the proof of main results.

2. Main results

The system (1) is well-posed for initial condition satisfying (u’,u') € E =
HY(Q) x H7Y(Q), i.e there exists a unique solution (see [6])

u € C((0,400), Hy(Q2)) N C*((0,400), H(Q)).
The energy E(t) of system (1) is given by the following expression :

1
B(t) = 5 (lu®)lzy@) + 1010 ) -

The solution of (1) satisfies the following energy estimate:

E(t)E(O)/Ot/FO

2
w dTods, V't > 0. (4)
12
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Let ng € N* fixed, we denote by E,, the following space :

Eﬂo Z Un kPn,k S E, (an,k) S l27 Qn,k = O, vk 7é no ¢ 3
(n,k)€(N*)?

El = Z An, kPn,k S E; (an,k) S 12’ an k = 07 VE >n 5
(n,k)e(N*)?

E? = > tnkpnk € B, (ang) € I ang =0, Yk <n p;
(n,k)e(N*)2

and by B! = E'NE,, i=1,2. Where

2
Onk = —+/ Ak (sinnysin kz, iA, ksinnysin k), Vn,k e N
™

be the eigenfunctions sequence of A? normalized in H}(Q) x H~1(Q2) and
)\n,k:n2—|—k2, Vn,k e N*

is the eigenvalues sequence of A2,
For all (u’,u') € E, there exists (a, ) € [* such that

(uovul) = Z An, kPn,k-

n,k>1

Which implies, E = @ E,. For all a € R, we define the following spaces (for
neN*
more details, see [18]):

X0, = Z ap e " sinkrsinny/ / An g Qn i € 25,

(n,k)EN* xN*

_ . . Qn k
X1 0= E Qg€ " sin kx sin ny/ —== € I
(n,k) EN* xN* nk

Xa = XO,a X Xl,ov

)

Let T > 27v/2,

9[G(9:9)]

ST—{(uO,ul)eE/EIC>O, 5

> c<u0,u1>||E}.

L2(T9x]0,T[)

We notice that if o’ > «, then X, C X, and Xy = F.
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Let T > 272 and u := (u°,u') € E.
For n € N*, if we restrict to E,,, there exists C(n) > 0 such that for ¢ solution
of (3), it holds :

9G(0:9)]

e < 0oy [ 242

L2(To x]0,T) .
We take for the C(n) the smallest constant for which the previous inequality is
checked and we denote by
1
ags(T) :=lim sup (@),
n— 400 n

According to H.U.M method, see [21], and to [3, chapter 1] we have :

Oél > Oés(T) - Xa/ C ST,

o <ag(T)= X, ¢ Sr.
Thus for all T > 27v/2, ag(T) =inf {a € Ry / X, C St}.
We give, now the main results of this paper :

Theorem 2.1 1. For all 6 > 0, there exists a constant Cs > 0 such that

Cs
as(T) < 75

2. For a > ag(T), there exists a constant Cy, Yo > 0 such that

E(t) < Che *'E(0), Yu € X,, Vt > 0.

Remark 2.1
1. We remark that all the elements of X, can be continued as an holomor-
phic function over the complex strip |Sm(y)| < a-

2. The first assertion of the previous theorem implies that any analytic
initial condition belongs to some Sy for T' large enough, i.e., any initial
condition whose Fourier coefficients in y decrase like e " belongs to St

if T is larger than T'(«) = “i/%.

Theorem 2.2 The system described by (1) is polynomial stable i.e., for allTo # 0,
there exists a constant C' > 0 such as for all (u’,u') € D(A) we have :

c¢ 0, 1y(12
B(t) < 7 s u)lay, ¥ 2 0, (6)

where

D(A) = {(u,v) € H)(Q) x H ' (Q); Au € H}(Q), Au=0,[G(v)] 1 r, }.
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3. Inequality of observability

In this section we give the observability inequality at low and high frequency
of the solution of (3) has been used for the proof of the main results. We specify
the dependence of the constant which occurs in this estimation in function of the
frequency of cut n.

Pr0p0s1t10n 3.1 (low frequencies estimate) For all € > 0, § > 0, there exist
Ti(e,0) < H(,, Ces, n1 € N* such that for all n > ny and for all u € E,, the
solution of problem (3) satisfies

T1€5)
Julfy < Cose [* ]
Ty (€,0)

Proof. Since we do not have a uniform gap, we adapt the method proposed by
Allibert and Micu in [4], which is a method inspired from the WKB technique.
First we need the next technical lemma, for this proof we refer to [4], paragraph
4.3, pages 580-591.

2

/
) dt dy.

(0,9,1)

Lemma 3.1 For all positive and odd integer q and for all € > 0, there exists a

positive real number C, and a real number T1(q, €) smaller than C’Qqe%; such that
for all (n, ko) € N* x N* there exists a function hko " that satisfies :

1. supp(hff)q’") C [-Ti(q,¢€),T1(q, €)].

2. For (ko,n) such that ko <n,
[RE2" |12 < Ce g "
3. Ifk # ko, then /h’fﬂ () eAnrtdt = (.

4. If (n, ko) € {(n, k) € N* x N*/k <nmand n > ny(q,€)}, then

hk‘g T’L l)\n’kotdt > C .
= an

The two above positive constants C, ¢ depend only on q and €. Moreover it is always
possible to choose h’:j’q’ even or odd, that we denote by hko * and hk"*

The analogue of Proposition 3.1 is proved in [4, Lemme 6|. The proof is quite
similar, but for the sake of completeness, let us give the main steps.
Proof of Proposition 3.1. Let n € N* be such that n > nj(g,¢), and let

(uo,ul) = Z O Pk € En.
ke N*
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Then we have

aG(¢/)(0 y,t) = Z Zikank ekt gin ny.

)
Oz rere TV Ank

Hence for (kg,n) such that kg < n and L € N*

/hfi’q Z An, kPn,k dt =

k<L

2ik ,
Z ! (Gn.k +an’,k)sinny/hfg;;(t)e“\"v’“tdt,

1<k<L TV )‘" k

where K is the operator defined by

K : E, — L*(0,7)
(u0,ut) — AGLDN (¢ 1y 1),

If L > kg, then by the point 3 of Lemma 3.1 we will have
/h’éf,’q > nkenk | (Y t)dt =
k<L
2k

m \V/ >\7L,k0

For point 4 of Lemma 3.1 we deduce that there exists a constant ¢ > 0 such that

(@n ko + Qn,—ky ) SID ny/h’ggy’;‘(t)ei)‘",kotdt.

ko, c .
‘/h@?q ];an,kcpnyk (y,t)dt| > W'an”“ + an,—k, || sin nyl.

Consequently, if L tends to infinity, we obtain

c .
/h]ec?,’q ( Z an,kPn, k) ,t)dt| > Wmn,ko + anﬁkoH sinnyl.

ke N*

In the same we obtain

C .
/hko n < Z An,kPn k) t)d > W A ko — an,_kUH Slnny\.

ke N*

These two estimates yield

| sin ny||an, k| < —_— (‘/hfoq (Z an,ksﬁn,k:> (y, t)dt| +

ke N*
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L ‘/h’goq (Z an’kgpn’k> (y,t)dt> .

ke N*
Then
NG
sin g o, ) 3 [tz 2L 0,y,0)] dr+
’;L q Tl(q76) 61‘
Ti(g,€) alG QZS/ 2
> [ Ik PN 0.y.0)|
k<n T1(g:€) v

Integrating this estimate in y € (0,7) and using point 2 of Lemma 3.1, we obtain
a constant ¢; > 0 such that

T1 qe)
)l < caete [0 [719C
T1(g:€)

AsTi(g,e) < Cye = — 816% and § — 01 for ¢ — +o00, this shows Proposition 3.1.
O

2

O Ly, t)| dydt.

Lemma 3.2 (High frequencies) For all Ty > 21\/2, there exists a constant Cg, > 0
such that for all integer n > 0 and initial data u in E? the solution of problem (3)

satisfies
Ty 8¢> 2
¢
]| % <CT2/ / S0,y )| dtdy.
2ap,
Proof. For u € Eg we have 0;¢(x,y,t) E Gn.k MSln kx sinny eHtAnk

k>n
Then if we use the Ingham inequality [11], we obtain

T, 2 ka ’
/ / A0 4 )| atay = Z — ke ntd
nEN* nk
A 2
Qn k
> Cn ) |-
k>n An,k
Ty 2
Which 1mphes/ / (0 y,t)| dtdy > Cr,||ul|%-. =
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4. Some background on a class of dynamical systems

Let H a Hilbert space with the norm ||.||z, and let Ay : D(A;) — H be a self-
adjoint, positive and boundedly invertible operator. For o > 0, we introduce the
scale of Hilbert spaces H, = D(AY), with the norm ||z||, = [|[A%2||x. The space
H_, is defined by duality with respect to the pivot space H as follows: H_, = H}
for aw > 0. The operator A; can be extended (or restricted) to each H,, such that
it becomes a bounded operator

Al ZHa—>Ha,1, Va € R. (7)

The second ingredient needed for our construction is a bounded linear operator
B,:U— H_ 1 where U is another Hilbert space which will be identified with its
dual.

The system we consider are described by

W(t) + Arw(t) + Bry(t) = 0, w(0) = wp, w(0) = wy, t € [0,00), (8)
y(t) = Biu(t), t € [0,00). 9)
The system (8)-(9) is well-posed :
For (wo,w1) € Hy x H, the problem (8)-(9) allows a unique solution :

w € C([0,00); Hy) N C*([0,00); H)

such that Bjw(-) € H*(0,T;U). Moreover, w satisfies the energy estimate, for all
t>0:
2

ds.  (10)
U

d .
£B1w(5)

[ A [ORO) A / |

For (10) we remark that the mapping ¢ — [|(w(t),w(¢))||%, « 5 is non-increasing.

[N

Consider the initial value problem:
@(t) + Arp(t) = 0, (11)

¢(0) = wo, $(0) = wi. (12)
It is well known that (11)-(12) is well posed in Hy x Hy and in Hy x H.
Now, we consider the unbounded linear operator

0 1
Ad:D(Ad)%HéxH,Ad=<_A1 —BlBT>7 (13)

where
D(Ay) :{(u, v) € Hy x H, Ayu+ BiBjv e H, v € H%}.

The result below, proved in [5], shows that, under a certain regularity assumption,
the exponential stability of (8)-(9) is equivalent to a strong observability inequal-
ity for (11)-(12) and the polynomial stability of (8)-(9) is a consequence of weak
observability inequality. More precisely, we have :
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Theorem 4.1 (Ammari-Tucsnak [5]) Assume that for any v > 0 we have

. * ()2 -1
Rzl/\lg7 H/\B1(/\ I+ 4y) BIHE(U) < 00. (14)

Then

1. there exists C,6 > 0 such that for all t > 0 and for all (w°,w') € H% x H,
we have

1w (@), w@)llry xar < Ce [1w® w)lry s,

if and only if there exists T,C > 0 such that : ¥V (wg,w1) € Hy X Hy, we have
||Bf<ﬁ/(t)”L2(o,T;U) >C H(U’val)HHlea (15)
2

where (t) is the solution of system (11)-(12).

2. If there exists T,C > 0 and o > —% such that : ¥ (wp,w1) € Hy X H%, we
have

1B1¢ Ol 20,707 = C l(wo, w)llg_ s, (16)
2

where (t) is the solution of (11)-(12).

Then there exists a constant Cy > 0 such that for all t > 0 and for all
(w®,w') € D(Aq), we have

@Oy o < o Nl 07

5. Proof of the main results

5.1. PROOF OF THE FIRST ASSERTION OF THE THEOREM 2.1. For this proof, we
need a result of the following lemma inspired by [19] (see also [7]).

Lemma 5.1 Let v € E then v € St if and only if there exists a constant C,, > 0
such that for any initial data u € E, the solution u of problem (3) satisfies

0[G(0yu)]

|<Ma U>E| Z Cv 87/

(1)

L2(T(x(0,T)) .

Then, let 0, ¢ > 0 and v € X.. We can put v(z,y) = Z e~ ™" () sin ny, with
neN*

(lv™|g), € 2(N*). Take T(e,8) = sup (Ti(€,6),2mv2). As Ti(e,8) < 5, for

small €, then T'(e, §) < 61% For any u € F and v = (0,v), we have

D (e u v sinny) g

neN*

[(u, v)E| =
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We deduce
[, 0)pl < ) e lu"||sllo" sinny| - (18)
neN*
AsVneN* and V u"™ € E,, we have
lull = lulE + llul .
According to Proposition 3.1 and Lemma 3.2
T (e€,6) )] 2
ullf < Ce 5 € / / (0,y,t)| dtdy+
T1 € 5)
m  pT(e,0) 8G(u’)] 2
C ———=(0,y,t)| dtdy.
[ 0,0 dedy
Then
T (e,8) ] 2
lul < CLye? / /. (0.9.1)| dydt+
(€,6)
T(e,s) T (e,0) AG (™M) 2
C’T/ / (0 y,t) dtdy—|— CT/ / (0,y,t)| dtdy.
Which implies
T (e,0) ] 2
luly < ctge [ f (0.9.0)| dedy+
T(e,9)
w T (€,0) / 2
o[ ] %(um dtdy -+ Ol
0 Jo €T
This inequality according to Proposition 3.1 implies
T (e,5) ] 2
I <ty [ (0.9.1)| dtdy.
(€,08)
If we replace this estimate in (18), we obtain
2T (e,5) oun /o 2
o)l < CLs 3 I smnynEW | ) deay
neN*
2T (€,6) a 9 2
S| HEOL TN (0, 1)| atay, | 3 Jon () simmyl3,
neN* nEN*
m
< CH(;C a[G(U )] .
v L2(To % (0,2T(,5))
This implies that v € Sp, i.e X, C Sr, as well as ag(T) < #j&).



POLYNOMIAL AND ANALYTIC BOUNDARY FEEDBACK STABILIZATION OF SQUARE PLATE 33

5.2. PROOF OF THE SECOND ASSERTION OF THEOREM 2.1. For a > ag(T) we
have X, C St. Then, there exists a constant C' > 0 such that the solution ¢ of
problem (3) satisfies

AR

This inequality according to [5, Theorem 2.2] (see also Theorem 4.1) implies the
existence of Cy, 6, > 0 such that

dydt > C(T)E(0), V(u',u') € X,.

8¢/ o)l ‘

E(t) < Coe 'E(0), V(u,u') € X,, YVt > 0.

5.3. PROOF OF THEOREM 2.2. Let u € E, we have

u= § Qn,kPn,k,

n,k>1

where (a,, ;) € (2. Then

2 .
oo(x,y,t) = Z a;’k vV An,k sin kx sin ny e tAnik

n,keZ*

Due to the orthogonality of the family (sinny) in L?(0,7), we get for T > 27v/2

[ [ s ol n- 2 2 [

nEZ*
According to [22, Theorem 2.1], we obtain the existence of constant Cy > 0 satisfies

2
atd) kan k U‘"’”dt

———(0, y,t

kezx* ,k‘

2
6 gb 2 Gn, k
/ / t (O’ y,t) dydt > Cy Z \/% ~ Cy ||MH§J*1(Q)><[H[}(Q)]”
n,keZ* m

where [Hj ()]’ is the dual space of HJ(£2). The duality is respected to the pivot
space H~1(Q).
Which shows Theorem 2.2 thanks to Theorem 4.1 for a = 0.
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