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An Asymmetric Steklov Problem With Weights: the singular case

A. Anane, O. Chakrone, B. Karim and A. Zerouali

ABSTRACT: We prove the existence of a first nonprincipal eigenvalue for an asym-
metric Steklov problem with weights. We are interested in the singular case (in
where one of the weights has meanvalue zero), this case requires some special atten-
tion in connection with the Palais Smale (PS) conditions and with the mountain
pass geometry.
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1. Introduction

Let Q2 C RY (N > 2) be a bounded domain with a Lipschitz continuous bound-
ary. Letl<p<ooandlet%<q<ooifp<Nandq21ifp2N.
m,n € LI(0Q) with m™ # 0 and n™ # 0. The asymmetric Steklov problem is
defined by

{ DApu=0 in Q,

[VulP=22% = X[m(ut)P~! — n(u™)P~!] on 99, (1)

where A € RT is the eigenvalue, u € W1P(Q) is an associated eigenvalue and v is
the unit exterior normal. The solutions of (1) or of related equations are always
understood in the weak sense, i.e., u € WHP(2) with

/ |Vu|P~2VuVedr = )\/ [m(uT)P~ —n(u™ )P Hpdo Yo e WHP(Q),  (2)
Q o0

where do is the N — 1 dimensional Hausdorff measure. In a previous work (see [1]),
we proved the existence of a first nonprincipal eigenvalue for (1) are |, oo Mdo #
0 and faﬂ ndo # 0 by applying a version of the mountain pass theorem to the
functional f(u) = % Jo [VulPdz restricted to the manifold
1
My = {u € WHP(Q); = [ [m(u™)P~! +n(u™ )P )do = 1},
D Joa
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in this case (PS) condition is satisfied and the geometry of the mountain pass was
derived from observation that ¢, and ¢, where strict local minima (p,, denotes
the positive first eigenvalue of (1) with m = n). Our purpose in this work is to
prove the existence of a first nonprincipal eigenvalue for (1) where |, 90 Mdo =0 or
/. 9o Mdo = 0. In this case the Palais Smale condition is not satisfied any more at
level 0 and at least one of the two naturals candidates for local minimum fails to
belong to the manifold M,, ,,. To by pass this difficulty we apply a version of the
mountain pass theorem for a local C! functional restricted to a C'' manifold and
which satisfies the Palais-Smale condition of Cerami (PSC') at certain levels(see

2]).
2. Preliminaries

Our main purpose in this preliminaries section, is to collect some results relative
to the following eigenvalue problem

Apu=01in Q, |Vu|p72% = Am|ulP~u on 0. (3)

Clearly 0 is a principal eigenvalue of (3) with the constants as eigenfunctions. The
search for another principal eigenvalue involves the following quantity

1 1
N (m) = inf{f/ Vuliuc WPQ) and & [ mluPde =1}, (1)
PJa P Joq

we have A} (m) < oo since m* # 0 in Q.

Proposition 2.1 1. If fQ mdo < 0. Then Ai(m) > 0 is the first positive Steklov
eigenvalue. Moreover A\j(m) is simple and isolated and it is the only nonzero
Steklov eigenvalue associated to an eigenfunction of definite sign .

2. If fQ mdo > 0.Then A\j(m) = 0 and 0 is the unique nonnegative principal
etgenvalue.

3. If fQ mdo = 0. Then \i(m) =0 and 0 is the unique principal eigenvalue.

Proposition 2.1 is proved in [4] (see also [1]). In case 1 or 2 of Proposition 2.1, the
infimum is achieved at ¢, € M,,, the positive eigenfunction associated to Aj(m)
with %faﬂ meP = 1. In the case 3 the fact that A\j(m) = 0 is easily verified by
considering the sequence

_ (k)
[L [oqm(+w/k)]7

where ¢ is any fixed smooth function with ¢ > 0 and [, 9a MY > 0. Note that in
case 3 of Proposition 2.1, the infimum in (4) is not achieved (since no constant
satisfies the constraint in that case). To get a first nonprincipal eigenvalue for an
asymmetric Steklov problem with weights, we will use a version of the mountain
pass theorem on C'' manifold, which we now recall. Let E be a real Banach space
and let M := {u € E;g(u) = 1}, where g € C*(E,R) and 1 is a regular value of g.
Let f € C1(E,R) and consider the restriction f of f to M.

, ()
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Proposition 2.2 (/3/) Assume f bounded from below and let
c=inf{f(u);u € M}.
Then f satisfies (PSC). if and only if f satisfies (PS)e..

Remark 2.1 Going back to case 3 of Proposition (2.1), one can see that the
functional f(u) = 1% Jo IVulPdz restricted to the manifold M, , does not
satisfy the (PS)o. Indeed the sequence vy from (5) provides an unbounded
(PS) sequence. That the (PSC)q condition does not hold neither will follow

from Proposition 2.2.

Proposition 2.3 ([3]) Let K be a compact metric space, Ky C K and hy €

C (Ko, M). Consider the family of extensions of ho: H:={h € C(K,M): h/Ky =

ho}. Assume H nonempty as well as the following condition {Igl?(xf(ho(t)) <
0

max f(R(t)) for any h € H. Define

c:= inf max f(h(t)). (6)

Assume that [ satisfies (PSC), for ¢ given in (6). Then c is a critical value of f.

Typically, as in the application K = [0,1], Ko = {0,1}, f(u) = %fQ |VulPdz,
E=WYr(Q) and g(u) = %ftfm[m(u"’)p_1 +n(u~)PYdo.

3. A first nontrivial eigenvalue

The assumptions on m, n in this section are m, n € L1(9)) with faﬂ m =20
or [,on =0and m* #0, nT # 0. We look for nonnegative eigenvalues A of (1).
Clearly the only nonnegative principal eigenvalues of (1) are 0, \*(m) and \*(n).
Moreover multiplying by ut or ™ one easily sees that if (1) with A > 0 has a
solution which changes sign then A > max(A*(m), A*(n)). Proving the existence of
such a solution which changes sign and which in addition corresponds to a minimum
value of X is our purpose in this section. We will use a variational approach and
consider the functional f(u) = %fﬂ |VulPdz on E = WHP(Q), the manifold M,, ,
defined in introduction and the restriction f of f to M., . To state our main result
let us introduce the following family of paths in M,, ,
I'={y e C([0,1], M, ) : 7(0) < 0 and (1) > 0}, which is nonempty (see [1]),
and the finite minimax value

= inf f(u).
c(m,n) ;grug?gfuf(w (7)

Theorem 3.1 Assume [y, m =0 or [,,n =0. Then c(m,n) is an eigenvalue of
(1) which satisfies max{Aj(m), Aj(n)} < c¢(m,n). Moreover there is no eigenvalue
of (1) between max{\i(m),\;i(n)} and c(m,n).

The rest of this section is devoted to the proof of Theorem 3.1.
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Proposition 3.1 f satisfies (PSC). for all ¢ > 0.

Proof. Let up € My, », be a (PSC), sequence for f, with ¢ > 0. So fQ |Vug|Pde —
c and

|/Wva*vawﬂ\ €]l Ve € Ty M. (8)
Q

1+|| dl

where €, — 0. We will show that u; remains bounded and concludes that u; admits
a convergent subsequence. Let us assume by contradiction that for a subsequence,
|lug]] — oco. Write vy = Tukp- For a further subsequence, vy — vo weakly in
We(Q). Since [, |Vug[Pdz remains bounded, one has [, [Vug|Pde — 0 and it
follows easily that vy = cst 7é 0 and that vk % vo strongly in WHP(Q). On the
other hand, taking £ = ax(w fBQ (u )P~ —n(uy, )P~ Hwluy in (8), where
wewh p(Q) and dividing by ||uka , one gets

'/Q IVoul"™* VeV - [/asz(m(vlj)pil = ()" )] /Q |u [P

HUkH w / +yp—1 \p—1
< ek = [ (m(vg)P™" = n(v,)"" " )wlvy
U ffug|l [[Tluwl? Son " F

By passing to the limit, we implies that vy is a solution of

—Apvg =01in £, |VU0|p_2% =c[m(vd )Pt —n(vy )P~ ondQ,  (9)

where ¢ is the level appearing in the (PSC). sequence. Since vg = cst, the right-
hand side of (9) is = 0, and since ¢ > 0, one gets m(vy )P~ — n(vy )P~ = 0. This
relation with a nonzero constant vy implies m = 0 or n = 0, which contradicts
mT # 0 and nT # 0. Thus u; remains bounded, for a subsequence, u; — ug
weakly in W1P(Q). Taking £ = ax(w) in (8), one deduces

/WVWW*vaw—%;mmgw*fnmpwwmlgww

lox@I . el +1
Ul S P [+ 1

]

for some constant D; taking now w = ux — ug in the above, one obtains

Jo [Vur|P~2Vug V (ug, — ug) — 0. Since [, [ug [P~ ?ug (ur, — ug) — 0, it then follows
from the (ST) property that uy — ug strongly in W1P(Q), which yields the con-
clusion. O

We now turn to the geometry of f . The situation here is again simpler in the
non singular case (see Preliminaries). We start by giving an important proposition,
which is proved in [1].

Proposition 3.2 If f(m mdo # 0, then @ € My, is a strict local minimum of
f, with in addition for some €y > 0 and all 0 < € < €,

Flom) = Aj(m) < inf{f(u);u € Mynn N OB(pm, )}, (10)
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where B(om,€) denotes the ball in WYP(Q) of center ¢,, and radius €. Similar
conclusion for —p, if fag ndo # 0.

In the singular case, one at least of the two local minima provided by Propo-
sition 3.2 is missing. The search for suitable endpoints of path which allow the
application of a mountain pass argument will be based on the following lemmas
(see in particular Lemma 3.4).

Lemma 3.1 Assume [, mdo =0 or [,,ndo = 0. Then max{\*(m),\*(n)} <
c(m,n).

Proof. The inequality < easily follows from the definition of A*(m) and A*(n).
Indeed for any v € I, y(1) € My, », is nonnegative and so satisfies the constraint
in the definition of A*(m). Consequently c¢(m,n) > A*(m), and a similar argument
applies to A\*(n). To prove the strict inequality assume by contradiction that for
instance A*(m) = ¢(m, n). So there exists a sequence 75 € T' such that

max_f(yk(t)) = A*(m). (11)
telo,1]

Put uy := vy,(1). Since ug > 0, one has

3(m) < [ [Ful? < s Fou() = A (m), (12)

and consequently [, [Vug[? — X*(m). Let us now distinguish two cases: First
case, |lug|| remains bounded, for a subsequence, uy — ug weakly in WP(Q). Since
up € My, and ugp > 0, one has [, m|ugl” = 1, and so X*(m) < [, [Vugl? <
liminf [, [Vugl? = X*(m), which implies that [, [Vug[? = A*(m). Consequently
uy, — ug strongly in WhP(Q).

If [, mdo =0, then \*(m) = 0 and so ug = cst, which leads to a contradiction
with [, mluel? = 1. So [,,mdo # 0 and we conclude that ug = ¢@,,. Let us
now choose € > 0 such that f(¢,,) = \*(m) < inf{f(u) : u € My, ,, 0 B(pm,€)},
and B(pm,,€) does not contain any function v with v < 0, which clearly possible.
For k sufficiently large up := k(1) € B(pm,¢€), while 74(0) & B(pm,¢€) since
v(0) < 0. Tt follows that the path ~, intersects 0B(¢m,€) and consequently

m[gui] fye() = inf{f(u) : u € My, N OB(om,€)} > A*(m), this contradicts
te[o,

(10). Second case, ||ux|| — oo, we put vg = Tk~ For a subsequence, v, — vo
weakly in WP(Q). Since [, |[Vug|P remains bounded, we obtain [, [Vug|[? — 0
and so vy = cst # 0. Moreover [, mlvg|Pdo = 0 since [, m|ug[Pdo = 1. We
have reached a contradiction if | 9 Mdo # 0. So let us assume from now on that
Joqmdo = 0. We first observe that for any v € I' there exists to = to(7y) € [0,1]

such that

1 S U AN |
= mta e == [ nta(e) s = 5. (13)
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Consider now wy, := v, (to(vx)). We have now instead of (12)

1 _
0< f/ Vwel? < max F(y(t)) — M (m) = 0. (14)
? Ja telo,1]

We again distinguish two case: First case, wj, — wo weakly in W1P(€). It follows
from (14) that wo = est and that W —> wp strongly in W“’(Q). A contradiction
then follows from 1 f(,m VPdo = fOQ )Pdo = 3. Second case, ||w| —

00, we put zj : For a subsequence 2 — 29 weakly in W1P(Q). It follows

Hw I
from (14) that zg = cst and that 2z — 2o strongly in W1P(Q), consequently | zg|| =
1. If zp > 0 (a similar argument applies if zy < 0), then |wg < 0] = |z < 0] — 0;
Jog " lwg P 3

Jo IVw [P 7 Jq IVwrl?
a contradiction with the following lemma.

moreover wy, changes sign and by (13) — +o00. This yields

Lemma 3.2 (see/1]) Let vy € WHP(Q) with v, > 0, vy # 0 and |vg > 0] — 0. Let
. oo nrvido

ny be bounded in L1(0). Then % — 0.

Lemma 3.3 For any d > 0, the set O := {u € My, ,;u > 0 and A(u) < d} is

arcwise connected. Similar conclusion if u > 0 is replaced by u < 0.

Proof. Since O is empty if d < Aj(m), we can assume from now on d > A\j(m).
The case where |, 90 Mmdo # 0 is proved in [1]. Consider now the case where
fag mdo = 0. Let ui, us € O. One starts by decreasing a little bit the weight
m into a weight 7 € L9(0Q) such that m < m, [,,mdo <0, [,,mufde > 0,

Jo IVu1|? <d Ja IVua|?

f 90 mubdo > 0 and T < d, which is clearly possible since

5o Muldo ) [oq Mmubdo
A*(m) <d. Put v; := ———— and vy := ———*2——. By the first case,
(% Jpq Mmuido)P (% Joa muzda)!’

there exists a path v € My, 5 which goes from v;, v2, is made of nonnegative

functions and is such that f(y(t)) < d for all . Consider now the path v (t) :=
y(t)

(3 o mir()IPdo) 7

. By the choice of m,

1 1

L[ mhorde> 2 [ i =1 (15)
P Joo P Joo

and consequently 7, is a well defined path in M,,,, which clearly goes from
u1 to ug and is made of nonnegative functions. Moreover, by (15), f(11(¢)) =

% < f(y(t)) < d for all ¢. This concludes the proof of Lemma 3.3 for
p JOQ

O with » > 0. Similar argument in the case u < 0. O

Lemma 3.4 Assume faﬂ mdo = 0 or faﬂ ndo = 0. Then there exist uy > 0 and

uy < 0 in My, ,, such that f(uy) < ¢(m,n) and f(ug) < c¢(m,n). Moreover, for any
such choice of uy, us, one has

c(m,n) = inf max f(u 16

(mom) = inf. ma  Fu) (16)
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where T := {y € C([0,1], Myn);7(0) = ua and y(1) = u1} and c(m,n) is defined
by (7).

Proof. If [,, mdo # 0, one takes u; = @, and the inequality f(u1) < e(m,n)
follows from Lemma 3.1. Similarly with us = —¢,, in case fOQ ndo # 0. If now
faﬂ mdo = 0, one takes u; = vy, for k sufficiently large, where vy, is defined in (5).
Indeed f(v) — 0 and by Lemma 3.1, 0 < ¢(m,n), so that f(vs) < ¢(m,n) for k
sufficiently large. Similar argument for the choice of us in case |, a9qndo = 0. To
prove the equality (16), one uses the Lemma 3.3 and the same argument given by
Lemma 3.9 in [1]. O

We are now in position to give the proof of Theorem 3.1.

Proof of Theorem 3.1. By Lemma 3.1, one has ¢(m, n) > max{Aj(m), A](n)}.
To prove that ¢(m,n) is an eigenvalue, we pick u1, ug as in Lemma 3.4 and we will
show that &, the right-hand side of (16), is a critical value of f. Since Joqmdo =0
or [,ondo = 0, we know (see Proposition 3.1) that f satisfies (PSC), for all
¢ > 0 and the mountain pass theorem (see Proposition 2.3) yields the conclusion.
To show that there is no eigenvalue between max{A*(m),A*(n)} and ¢(m,n), we
follow the same proof from the nonsingular case (see [1]).0
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