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Rapid pointwise stabilization of vibrating strings and beams

Alia BARHOUMI

ABSTRACT: Applying a general construction and using former results on the ob-
servability we prove, under rather general assumptions, a rapid pointwise stabiliza-
tion of vibrating strings and beams.
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1. Introduction

This paper is devoted to the study of pointwise observability, controllability and
uniform stabilization of vibrating systems. It was pointed out earlier by Haraux
and Jaffard [6], [7], [8] that the observability and controllability properties depend
heavily on the location of the observation or control point. For the stabilization
another difficulty appears because the suitable function spaces, as we will show,
are not Sobolev spaces. In order to establish satisfactory stabilization theorems
we will introduce functions spaces depending on the arithmetical properties of the
stabilization point. Working in this framework, we will be able to adapt a method
developed by Komornik [11] to vibrating strings, beams and also to a coupled
string-beam system; as a result we will construct pointwise feedbacks leading to
arbitrarily large prescribed decay rates.

Many works were devoted to the construction of explicit feedback laws and to
the proof of exponential decay by different methods; see, e.g., [1],[2],[3],[4], [10],
[15], [14], [18]. It is known that this type of feedback does not yield arbitrarily
large decay rates.
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First we study a vibrating string with pointwise control, modeled by the fol-
lowing system:
Ytt — Yaz = V(t)0¢ in R x (0,7),
y(t,0) =y(t,7) =0 for t € R, (1.1)
y(0,2) = yo(x) and y(0,x) = y1(x) for z € (0,7)
where ¢ denotes the Dirac mass at some given point £ € (0, 7) and v(t) is a control

function in L? (R).

loc
In order to formulate our result, we assume that £/ is irrational, so that sin k¢,

doesn’t vanish for any £k = 1,2, ..., we denote by Z the linear hull of the functions
wg(z) = /2/msinkx, k = 1,2,..., and we denote by Dg and (Dg)’ for every
a € R the Hilbert spaces obtained by completing Z with respect to norms given
by the following formulae:

2
HZakwkHD? = ka sin?(k€)|ag|?,
2
HZakwkH = Zk‘_m sin ™2 (k&) |ag|?.
(Dg)’

If we identify L?(0,7) with its dual and take into account that

||Z akwk||2L2(o,7r) = Z|ak|27

then (Dg)" is the dual space of Dg'.
Now we may state our first result:

Theorem 1.1 Fiz & € (0,7) such that £/ is irrational and introduce the Hilbert
space He = (Dgl)’ X (Dg)’. Given an arbitrarily large positive number w, there
exist two linear operators

(P,Q): He = D¢t

and a positive constant M such that setting
v(t) := (Pye + Qy)(t,€)
the problem (1.1) is well posed in He and its solutions satisfy the inequality
1y, ye)llee < Me™*[[(yo, y1) I3 (1.2)
for all (yo,y1) € He and t > 0.

Next we consider a beam model:

Yt + Yzaaa = ’U(t)én in R x (07 7T),
y(t,0) = y(t, 1) = Yo (t,0) = Yoo (t, 1) =0 for t € R, (1.3)
y(0,2) = yo(x) and (0, x) = y1 () for z € (0, 7).

Using the same notation as above, we will prove the following stabilization theorem:
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Theorem 1.2 Fizn € (0,7) such that n/m is irrational and introduce the Hilbert

space H, = (D %) x (D). Given an arbitrarily large positive number w, there

exist two linear operators
(P,Q):H, — D,”

and a positive constant M such that setting
v(t) = (Py: + Qy)(t,n)
the problem (1.3) is well posed in M, and its solutions satisfy the inequality
1y ye) I3, < Me™[[(yo, y1) 12, (1.4)
for all (yo,y1) € Hy and t > 0.

Finally we consider the coupled string-beam system

Y1,tt — Y12z + Ayr + Cya = v1(t)0¢ in R x (0,7),

Ya,it + Y2,z2ze + BYy1 + Dya = v2(t)dy, in R x (0,7),

y1(¢,0) = y1(t,m) =0 for t € R,

ya(t,0) = yo(t,m) =0 for t € R, (1.5)
Y2,02(t,0) = Y242 (t,m) =0 for t € R,

y1(0,2) = y1o(x) and y1 4(0,z) = y11(z) for z € (0, 7),

y2(0,z) = yoo(z) and y2,+(0,2) = y21(x) for x € (0, )

where A, B, C, D are given real numbers, {,n € (0,7) are given points and
v1(t), v2(t) are the control functions. The following theorem holds:

Theorem 1.3 Fiz &,n € (0,7) such that /7 and n/m are irrational and introduce
the Hilbert space
Hey = (D x DY) x (Dy) x D, %)

For almost all choices of (A, B,C, D) € R* and for every positive number w there
exist two linear operators

(P1,Q1, P2, Q) : Hey = Dt x D2,
and a positive constant M such that setting
(v1,02)(t) := (Pry1e + Q1y1)(4,€), (Payae + Q2y2) (£, 1)),
the problem (1.5) is well posed in He ,, and its solutions satisfy the inequality
[ (y1, Y15 y2, yar) e, < Me™ [ (y10, Y11, Y20, Y21) 11, (1.6)

for all (y10, Y11, Y20, Y21) € He,y and t > 0.
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Remark 1.4 It follows from some results of Komornik and Loreti that the system
(1.5) can not be exactly controllable for some exceptional choices of the parame-
ters A, B, C, D: see [12] and [15] for explicit counter examples concerning an
equivalent observability problem.

Since the Hilbert spaces in the above three theorems were defined in an abstract
way, let us mention the following inclusions between these spaces and usual Sobolev
spaces:

Proposition 1.5
(a) If £/ 7 is irrational, then
(Dg)' € L*(0,7),
(Dgl)' C H(0,7),
(Dg*) € H*(0,7) N Hg (0, 7).
(b) Furthermore, for almost every irrational £/7, we have for every e > 0 the
following inclusions:
Hy™(0,m)  (DE)',
H**4(0,7) N Hy (0,7) C (D1,
{z € H¥(0,7) N H}(0,7) : 24 € Hy(0,7)} C (Dgz)’.

(c) Moreover, if £/ is a quadratic irrational number, then

H(0,7) C (Dg)’,

H?(0,7) N Hg(0,7) C (DY,

{z € H3(0,7) NH(0,7) : 2 € H}(0,7)} C (Dgz)'.

The plan of the paper is the following. In the next section we recall some results
concerning a method analogous to HUM developed in [11] which useful for the proof
of our results. The following three sections contain the proofs of Theorems 1.1, 1.2
and 1.3, respectively. In Section 6 we also state and prove two new observability
and controllability theorems. Proposition 1.5 is proved in the last section 7.

2. Review of some abstract results

We consider the abstract observability problem
U' =AU, U)=Uy, +=BU (2.1)

in a complex Hilbert space H, where A is a (bounded or unbounded) linear operator
defined on some linear subspace D(A) of H, with values in H and B is a linear
operator, defined on some linear subspace D(B) of H with values in another Hilbert
space G. We make the following four assumptions:
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(H1) The operator A generates a strongly continuous group of automorphisms e

in H.

(H2) D(A) C D(B), and there exists a constant ¢ such that ||BUyllg < ¢|.AUs|lx
for all Uy € D(A).

(H3) There exist a non degenerate bounded interval I and a constant ¢; such that
the solutions of (2.1) satisfy the inequality

I1BU||L2(1.9) < crllUoll#
for all Uy € D(A).

(H4) There exists a bounded interval I’ and a positive number ¢’ such that the
solutions of (2.1) satisfy the inequality

10l < IIBU|z2(156)
for all Uy € D(A).
Fix two numbers T > |I'|, w > 0, set T,, = T + (2w) ™!, define
e~ 2ws fo<s<T,
ew(s) = .
2we 2T (T, —s) ifT <s<T,,
and set

Ty N
<AwU0;ﬁO>H/,H ::/ EW(S)(BBSAUo,BesAUo)g ds.
0

Then A, is a self-adjoint, positive definite isomorphism A, € L(H,H)’). Let us
denote by J : G — G’ the canonical Riesz anti-isomorphism.
The following result is a special case of a theorem obtained in [11].

Theorem 2.1 Assume (H1)-(H{) and fix w > 0 arbitrarily. Then the problem
v = (—A* — B*JBA, v, v(0) = vy, (2.2)

is well-posed in H'. Furthermore, there exists a constant M such that the solutions
of (2.2) satisfy the estimates

o)l < Mllvollzee™" (2.3)
for all vg € H' and for all t > 0.
In other words, this theorem asserts that the feedback law
W = —JBA v
uniformly stabilizes the control problem
v =A%+ B*W, v(0) =1

with a decay rate at least equal to w.
The well-posedness means here that (2.2) has a unique solution v € C(R;H’)
for every vy € H'.
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3. Proof of Theorem 1.1

We consider the following system:

U — Uge = 0 in R x (0,7),

u(t,0) =u(t,m7) =0 for t € R, (3.1)
u(0,2) = up(z) and ut(0,2) = uy(z) for x € (0, ),

P(t) = u(t, §) for t € R.

If the initial data are given by the formulae

uo(x) = Zak sinkz and wi(x)= Z by, sin kx
k=1 k=1

with only finitely many nonvanishing coefficients a; and by, then a simple compu-
tation shows that the solution is given by the formula

N b
u(t,x) = Z(ak cos kt + f sin kt) sin kx.
k=1

In the sequel we write A < B if there exist two positive constants ¢q, co satisfy-
ing c;A < B < ¢ A. The constants are assumed to be independent of the particular
choice of the initial data or of the parameter k.

If T > 27, then using Parseval’s equality it follows that

T oo
e P = 3 (a4 k-2 f?)sin? ke
0 k=1
It can be rewritten in the form
T
| o < ol + s . (32

We rewrite (3.1) as a first-order system
U' =AU, U(0)=U,, 1 =BU
in the usual way, by setting
U:= (u,u'), Uy:= (ug,u1), Au,v):=(v,Au) and B(u,v):=u(§).

We are going to verify the hypotheses (H1)-(H4) of Theorem 2.1 for the Hilbert
spaces H := Dg X Dg 17 G := R if we define the domain of definition of the linear
operators A and B by

D(A) = D(B) := D¢ x DY.
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Proof.In order to obtain hypothesis (H1), we show that if (ug,u;1) € H then
(u(s),ut(s)) € H for all s € R. This follows from Parseval’s equality:

s+T b
) DB = [t OF = 3 al + %) s b
s kez~

and from the observation that the last expression does not depend on s € R.
It follow by a straightforward computation that for all (u,v) € D x D we
have the estimate

(@) < e (llollpg + sl -1 )

then the hypothesis (H2) is satisfied.
In deed, using the norms of D and D, ! and writing

oo
x) = E ay sin kx
k=1

we have

Uge (T) = Z —k2ay sin kx

and therefore, using the Cauchy-Schwarz inequality at the first step,
- 1 - kQ 2 .2 k
*2 Z |lak|” sin” (k)
k=

7'('2 > 2
EZ ?|ag|? sin® (k€)

[u(€)[?

m 2
g”uwaDgl

It follow from the equality (3.2) that we have (H3)-(H4).

We may now apply Theorem 2.1 and we have (1.2). In order to write down
explicitly the stabilization result, we multiply the equation (1.1) by u and we
integrate by parts as follows (we use all conditions in (1.1) and (3.1)):

0= / / Yt — Yoz — V(t)0¢)u dz dt
= [/0 YU — YUy da:} / / (Uge — Ugy) do dt
- [ ot a

T

- [/Oﬂytu—yut dx}o —/OTv(t)u(t7f) dt
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This shows that if we write (3.1) in the form (2.1), then its dual (2.2) corresponds
o (1.1). Furthermore, writing the operator

AST (DY) x (DY) — Dt x DY

. [(-P Q
v 9)

v(t) = —(Py: + Qy)(t, €). (3.3)
4. Proof of Theorem 1.2

in the matrix form

we have

We consider the following system:

Utt + Uggzy = 0 in R x (0,7),

u(t,0) = u(t,7) = Au(t,0) = Au(t,7) =0 for t € R, (4.1)
u(0,2) = up(x) and ut(0, ) = uy () for z € (0, ),

P(t) = u(t,n) fort e R

where Au = u,,. If the initial data are given by the formulae

uo(x) = Zak sinkz and wuy(z) = Z by sin kx
k=1 k=1

with only finitely many nonvanishing coefficients a; and by, then a simple compu-
tation shows that the solution is given by the formula

o
b
u(t,x) = ;(ak cos k%t + k% sin k%t) sin kx.

If T > 0, then using a result of Haraux in [7] it follows that

T )
/ fult, m[dt = 3 (lawl? + K~4be %) sin k.
0 k=1
It can be rewritten in the form
T
|ttt < ol + s (12)

We rewrite (4.1) as a first-order system
U =AU, U(0)=Uy, 1 =BU
in the usual way, by setting

U:= (u,2), Uy:=(up,u1), Alu,v):=(v,—A%) and B(u,v):=u(n)
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where A%u = Ugpps.
Furthermore, we introduce the Hilbert spaces H := D9 x D, 2, G :=R and we
define the domain of definition of the linear operators A and B by

D(A) = D(B) := D; x Dy.

Let us show that hypotheses (H1)-(H4) of Theorem 2.1 are satisfied.
Proof.We show that if (ug,u1) € H then (u(s),us(s)) € H for all s € R. This
follows by applying a result of Haraux in [7] as follows:

s+T bk )
[[(u(s), ue(s))F, = u(t,m)* =< D (lawl® + 7517 sin® kn
s kez* k

and by observing that the last expression does not depend on s € R. Then hypoth-
esis (H1) is verified.
In order to obtain (H2) it suffices to establish for all (u,v) € Dj x D;? the

estimate
fu(m| < ¢ (|lv

This follows by a straightforward computation, using the norms of Dj) and D;*:
writing

D% + ||uxm||D;2) .

u(zx) = Z ay, sin kx
k=1

we have

oo
Ugze (T) = E k*ay, sin kx
k=1

and therefore, using the Cauchy-Schwarz inequality at the first step,
u(©)? < (Z k) > Kan  sin (k)
k=1 k=1

4 O0
T :
=950 E k*ax|? sin? (kn)
k=1

s

It follow from the equality (4.2) that hypotheses (H3)-(H4) are verified .

We may now apply Theorem 2.1 and we obtain (1.4). In order to write down
explicitly the stabilization result, we multiply the equation (1.3) by u and we
integrate by parts as follows (we use all conditions in (1.3) and (4.1)). This shows
that if we write (4.1) in the form (2.1), then its dual (2.2) corresponds to (1.3).
Furthermore, writing the operator

At (DY) x (D,?) = D, ? x D)
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in the matrix form
A—l _ _P Q
w R -5)°

v(t) = —(Py: + Qy)(t. ).

5. Proof of Theorem 1.3

we have

We consider the following system:

Uieg — Ulge + Aup + Cug =0 in R x (0,7),

Uott + Uspzzs + Bup + Dus =0 in R x (0,7),

up(t,0) = uy(t,m) =0 for t € R,

ug(t,0) = ug(t,m) =0 for t € R, (5.1)
U2z (t,0) = Ugga (t,m) =0 for t € R,

u1(0,2) = uio(z) and u1(0,2) = uyi(x) for z € (0,7),

u2(0, ) = ugo(x) and ug:(0,x) = ugi(z) for z € (0,7),

Y(t) = uq(t, &) + ua(t,§) for t € R.

If the initial data are given by the formula

uio(z) = Z ay sin kzx, uip(z) = Z by sin kx,
k=1 k=1
and
o0 (o)
ugo(x) = Z oy sin kx, ug1(x) = Z By sin kx
k=1 k=1

with only finitely many non vanishing coefficients aj b, ar Bk, then a simple
computation shows that

up(t,z) = Z(ckeikt + c_re” ) sin kx
k=1
and
us(t,x) = Z(dkeik% + d_keﬂ'k%) sin kx
k=1
with
1 b 1 b
Ckzi(ak—if% C—k:§(ak+if),
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and

If T > 27, then using Parseval’s equality and a result of Haraux [7] it follows
that

/O (Jur (t, €)|? + |ua(t,n)?)dt <

Z (Ja® + k7 2(bk|?) sin® k€ + (Jan|* + k=4 Bk|?) sin® kn.
k=1

It can be rewritten in the form

[ a0 + st
= ||U10Hf)g + [luzollBo + luanllpy + ||U21||2,§;2- (5.2)
We rewrite (5.1) as a first-order system
U' =AU, U(0)=U,, «=BU
by setting

U := (u1, ug, U1, Ust),
Up = (w10, u20, U11, U21),
Alug, ug, v1,v9) := (v1,v2, Au; — Aug — Cuag, —A2uy — Buy — Dus)

and

B(ula U2, V1, '02) = (Ul(g), U2(77))

We introduce the Hilbert spaces H := Dg x Dj) x Dgl x D%, G := R* and we
define the domain of definition of the linear operators A and B by

D(A) = D(B) = D¢ x D} x D¢ x D).

We are going to check the validity of hypotheses (H1)-(H4) of Theorem 2.1.
Proof.We have to show that if

(u10, w20, u11,u21) € H,

then
(u1(s),uz(s),u14(s), us(s)) € H
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for all s € R. This follows by applying Parseval’s inequality and Haraux’s result as

in the preceding cases:

s+T
(s gy ure, uze) (3)[1F, = / [ur (8, €)% + [ua(t, m)[*dt

= Z |k |? sin? k€ + |dg|? sin® k7

keZx*

and by observing that the last expression does not depend on s € R. Then we have

(H1).
In order to verify hypothesis (H2) it suffices to establish the estimate

ur (€)1 + |ua(n)[* < cl| Aur, ug, v1,v2)|[%
for all (uy,ug,v1,v2) € H. Writing

up(x) = Z Apsinkx and  wuq(z) = Z By, sin kx
k=1 k=1

we have

2 2

w1 (&) + Juz(n)|* = + [ Bisin(kn)
k=1

ZAk sin k&
k=1
oo 1 oo )
< <Z k2> > kAl sin® k¢
k k=1
o0 1 o0 )
+ (Z k4> Z k*| By |? sin? kn
k k=1

= > k| Ag|? sin® k€ + k*| By, | sin® kn,
k

|Auy — Auy — C’u2||%€_1 = |(k* + A) Ay, + CBg|*k 2 sin” k¢
k=1

and

o0
H—A2u2 — Buy — Du2H2D;2 = Z |(k4 + D)By + BAk|2k_4 sin? kn.
k=1

so that the desired estimate is equivalent to the inequalities
E%| Ag|? sin? k€ + k*| By|? sin? kn
< c(|(k2 + A) Ay + OBy 2k~ % sin® k¢

+|(k* + D)By + BA 2k~ sin? kn>
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uniformly in k.
Fix a real number 1 < p < 3 and choose two numbers &, 1 € (0,7) such that
&/m, n/m are irrational, and

sin 2 k¢ =0 (k7?P), sin"?kn=0 (k™)

for k — oo. It is well-known from the theory of Diophantine approximation (see,
e.g., [5]) that almost all numbers &, € (0, 7) have this property. It follows from
this choice that

.2 2
k k
% =o0(k%) and Sm# = o(k%). (5.4)
sin® kn sin” k&
We are going to prove that there exists a positive integer k¢ such that
k2| Ag|? sin® k& + k*| By|? sin® kn
< 4<|(k:2 + A)Ay + OBk~ 2 sin® k¢

+|(k* + D)By, + BA |2k~ sin? k:n) (5.5)

for all & > kg.
Using the elementary inequality |z +y -+ z|? < 3(|z|? + |y|* + |2|*) and (5.4) we
have

|(k? + A)Ay, + CBy|* k™% sin® k¢
= |kAg + k' AAL + k7 CBy)? sin? k¢

1
> (§|1@4,€|2 — [ AA — [k CByJ?) sin® ke
(Lo 22 227+  (1.-6 251112]‘754 2.2
= (3 |k~ Al )k‘ |Ag | sin® k€ (k |C] 7sin2kn)k | B | sin” kn
- (é - 0(1))k2|Ak|2sin2 ke — (1)K | By|? sin® kny
and

|(k* + D)By, + BAy|*k~*sin? kn
= |k®By, + k™ 2DBy + k2B Ag|? sin” kn

1
> <§|k2Bk|2 — |k"2D B — \k*QBAkF) sin k7

(1 i 2) 4 227 (1.-6 251n2k772 2 . 2
- (3 k1D )k | By,|? sin? kny (k: B sin2k§)k | A |? sin? ke
1
= (§ - 0(1))k4\Bk|QSin2 kn — o(1)k*| Ag|? sin? k¢,
so that

|(k* 4+ A) Ay + CBy|*k~ 2 sin? k¢ + |(k* + D) By, + BAg|*k~* sin? kn

1 1
> (=2 — 2 2 in2 - 4 2 1.2
> (3 0(1))k |Ag|” sin® k€ + (3 0(1))k | B | sin” kn
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Choosing a sufficiently large ko hence (5.5) follows.
It remains to ensure the validity of (5.3) for each k = 1,...,ko. It suffices to
choose the parameters (4, B,C, D) so that none of the determinants

-k2-4 -C

5 g p| =K+ A& -D)-BC

vanishes. Indeed, then we have for each & the implication
(—k* — A)Ay, — OBy = DAy, — (k* = B)By, <= Ay =Bp =0, k=1,... ko;

since all norms are equivalent on finite-dimensional vector spaces, this implies that
both

k
20: k?|Ay|? sin® k€ + k*| Bg|? sin? kn
k=1
and
ko
D (K + A) Ay, + CBy|*k 2 sin® k¢ + | (k* + D) By + BA [’k sin® kn
k=1

are equivalent to
ko

D (AP + |Bif?)

k=1

and therefore

k2| Ag|? sin® k€ + k*| By|? sin® kn
< c(|(k2 + A) Ay + OBy 2k~ % sin® k¢

+|(k* + D)By + BA, |2k~ sin? kn) (5.6)

for every k =1,..., ko with a suitable constant c.

The exceptional parameters (A, B,C, D) for which one of these determinants
vanishes form a finite number of three-dimensional manifolds in R*, hence a set of
Lebesgue measure zero. We conclude that for almost all choices of &,n € (0,7),
hypothesis (H2) holds for almost all choices of (A4, B,C, D) € R*.

It follows from (5.2) that hypotheses (H3)-(H4) are satisfied. Theorem 1.3 now
follows by applying Theorem 2.1. In order to write down explicitly the stabilization
result, we multiply the equation (1.5) by w and we integrate by parts as follows (we
use all conditions in (1.5) and (5.1)). This shows that if we write (5.1) in the form
(2.1), then its dual (2.2) corresponds to (1.5). Furthermore, writing the operator

AT (DY) < (DY) x (D) x (D) — D¢t x D x D% x DY)
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in the matrix form
-P Q1 Az Ay
AT — Apr Aoy —Po Qo
@ A1 Aza Azz Az |’
Ayt Mg Az Ay

we have
(v1(t),v2(t)) = —((Pryre + Quy1)(t,§), (Payar + Q2y2)(t,1))- (5.7)
6. Observability and controllability results of the coupled string-beam
system

In this section we state and prove two new observability and controlability
theorems concerning the coupled string-beam system.

Theorem 6.1 Fiz &, n € (0,7) such that /7 and n/7 are irrational and introduce
the space
(Hen) = D¢ x Dt x Dj) x D2,

Let (u19,u11,us0,u21) € (He,)', for almost all choices of (A,B,C,D) € R, if
T > 27 there exist a positive constante C1 > 0 such that the following inequality is
verified

T
Cil (w0, uar, uz0, uzn) [P,y S/0 (lur (8, )7 + |ua(t,m)|?)dt (6.1)

fOT any (’qu,Un,UQQ,’U,Ql) S (HEJI)/'

Proof.It follow from hypothesis (H4) of the abstract result and (5.2).

Definition 6.2 Fiz &, n € (0,7) such that £/m and n/7 are irrational. the system
(1.5) is exactly controllable if for any given initial and final data

(Y10, Y11, Y20, Y21) € Hep

and
(210, 211, 220, 221) € Hep

there exist control functions
vi, 02 € L2(0,T5 He )

such that the corresponding solution of (1.5) satisfies the final condition

(Y1, y1¢, Y2, Y2: ) (T) = (210, 211, 220, 221)-

Remark 6.3 Inequality (6.1) is called observability inequality, which plays a fun-
damental role in control theory, it is not only sufficient but also necessary condition
of exact controllability.



58 Aria BARHOUMI

Theorem 6.4 Assume (H1) — (H4). If T > 2m, then the system (1.5) is exactly
controllable for almost all choices of (A, B,C, D) € R%.

Proof.Theorem 6.4 is an abstract form of the Hilbert Uniqueness Method of Lions
[16], [17], see also [18] for a general duality principle between observability and
controllability.

7. Proof of Proposition 1.5

By the definition of the norms the three inclusions in part (a) are equivalent to
the inequalities

D lak> < sin 2 (kE)|ax |,
Zk‘2|ak|2 < ZkQ sin™2(k&)|ag|?,
Zk‘4|ak|2 < Zk45m (k€)|ag|*.

Turning to (b), as we have already mentioned in the preceding section, by a
theorem on Diophantine approximation almost every £ € (0, 7) satisfies for all e > 0
the estimates

[sin(ké)| 2 T2

with suitable positive constants c., independent of £ = 1,2,..... It follows that

Zsm (k&)|ag)? < e 2Zk2+25|a %,
Zkz sin ™2 (k&) |ax)? < c; 2E:I<:4+25|a 1%,
Zk4 sin ™2 (k&) |ax)? < c; 2E:I<:6+25|a 1%,

and they are equivalent to the stated inclusions.
Finally, the inclusions of part (c) are obtained by establish the same proof of
(b) which € = 0.
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