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Exponential decay of serially connected elastic wave *

Luci Harue Fatori and Carolina Lupifierio Antonio

ABSTRACT: In this work we study a flexible structures which is formed by three
serially connected elastic waves, more specifically on structure whose material consist
of three different types of components where one is purely elastic component and
two dissipative elastic. We show that for this types of materials the dissipation
produced by the dissipative elastic part is strong enough to produce exponential
decay of the solution, no matter how small is its size. We also show that the linear
model is well posed.
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1. Introduction

Many flexible structures consist of a large number of components coupled end
to end in the form of a chain. In this paper, we consider the simplest type of such
structures which is formed by three serially connected wave propagation, more
specifically we study the transversal vibrations for composite elastic strings of the
material consisting of three different types of components. One component is a
simple elastic part while the others are dissipative where dissipation of frictional
type. In this case, the dissipation are effective only in a part of the domain. Model
mathematical result is known as a transmission problem and is characterized by
a system of partial differential equations with discontinuous coefficients. Several
authors have studied problems transmission in materials made of two components
( see, for example, References [1,3,14] ). On the other hand, work with materials
consisting of three or more components are not common in the literature. Among
them we can cite the work of A. Marzocchi, J.E.M. Rivera and M.G. Naso [9],
where authors showed stability results for a material consists of two components
with thermoelastic properties, and one component at any temperature. In this
sense, what we propose in this work is to study the wave propagation on a material
consisting of three elastic components, which initially considered two of them with
frictional dissipation. Then replaced by a dissipation of a thermal dissipation. More
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specifically, we consider a one-dimensional string defined on the interval [0,1] C R,
with the following composition:
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where 11, I € (0,1), with {; < ls. The system we will consider here is

Ut — K1Uge +aug =0, x € (0,11), t > 0, (1)
Ve — KoVUgy = 0, T € (llv l2)7 t>0, (2)
Wit — k3Wgy +bwy =0, € (Ig,1), t >0, (3)

where ki, ko, k3, a and b are positive constants.
The functions u = u(z,t), v = v(z,t) and w = w(z,t) satisfying the following
boundary conditions

u(0,t) =w(l,t) =0, t>0, (4)

transmission condition
u(llat) = ,U(ll;t)v kluz(llvt) = kQUz(llat)v t> 07 (5)
U(ZQ, t) = UJ(ZQ, t), kgvx(lg, t) = kg’ww(lg, t), t> O7 (6)

and initial conditions

u(z,0) = u’(x), ug(x,0) = ul(a:), z € (0,1y), (7)
v(z,0) = vo(x), ve(x,0) = vl(gc), x € (I1,1s), (8)
w(z,0) = wo(x), wy(z,0) = wl(x), x € (lg,1). 9)

Let us mention some papers related to problems we address. The asymptotic
behavior as t — oo of solution to the wave equation with different types of dissi-
pative mechanism has been studied by many authors. For example, the frictional
damping awu; with dissipation works in the whole domain ( see Reference [2]), or
frictional boundary conditions as the work of [7,13] where the dissipation is working
in a part of the boundary where the dissipation is working in a part of the bound-
ary and also where the frictional damping is localized (see References [11,12,15]).
In this sense, we can say that our contribution was to establish the exponential
decay of the solution when time goes to infinity of a wave equation with disconti-
nuous coefficients and frictional damping is localized because the system (1)-(9) is
equivalent to the problem

ztt — k() 242 + c(x)2z =0 em (0,1) x (0,00)
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with boundary condition
z(0,t) = z(I,t) =0, t>0,
and initial condition

2(2,0) = 2%(x), 2z(x,0) =2 (z), z€(0,])

where
t , if x¢€ (0,11)
xt t7 if CUE(llJz)
t , if xe€ (lg,l)
ki, if =x E 1) a, if ze€ (0,l1)
k(x) =4 ke, if z€ (ll,lg) clx)y=4¢ 0, if ze(l,l2)
ks, if x e (I3,1) b, if ze(yI).

We denote by € the set (0,11) U (I1,12) U (I2,1) and £2(2), H1 (), H3(Q2) and V
the spaces

L2(Q) = L2(0 1) x L2(1y,19) x L*(la,1),
HYQ) = HY(0,11) x HY(I1,12) x H'(Iy,1
H2(Q) = H?(0,11) x H?(l1,15) x H(l3,1),
V= {(u,v,w) € H'(Q) : u(0) = w(l) = 0, u(ly) = v(ly), v(l2) = w(lz)}.

Observe that V is a Hilbert space with the norm

U l2 l
[|(u, 0, w)|[55 1:/ |uz|2d$+/ (|v|2+|vz|2)dx+/ |w,|? de.

l1
The weak solutions of (1) — (9) are defined as follows
Definition 1.1 The triple (u,v,w) is a weak solution of the system (1) — (9) when
(u,v,w) € L=(0,T;V),
(ug, v, ws) € L*°(0,T; £L3(Q)),
and satisfies
ll 12

d h b d
— utgi)dachkl/ Uz Py dw+a/ wpde + — vtwd:n

Iy d [ l !
+ko / VW dx + — wyp dx + ks / Wy, dx + b/ wypdr =0,
ll dt lz l2 l2

in D'(0,T) for all (¢p,v,p) €V
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For the existence result is

Theorem 1.1 Suppose that the initial data (u®,v°,w%) €V, (ul,v!,w') € L2(Q)
and satisfy (5) — (6) Then problem (1) — ( 9) has a unique weak solutwn (u, v, w).
Moreover, if (u®,v°,w®) € H2(Q) NV e (ul,v',wl) € V, then the solution satisfies

(u,v,w) € L>(0,T; H*(Q) NV), (ug,vg,wy) € L=(0,T; V),
(st vig, w) € L0, T; L2(Q)).
In this case, we say that (u,v,w) is a strong solution to the problem (1) — (9).
In the following we define the energy of the system (1) — (9)
E(t;u,v,w) = Ey(t;u) + Ea(t;v) + E3(t; w) (10)

where Fy, Fs and F3 we denote the first order energy associated to each equation,
1 2 2
Ey(t;u) = 3 [ue|® + ki |ug|“da,
0

1 [
Ey(t;v) = 5 | + ke|ve|2da,
2 I

1 l
E3(t;w) = 2, lwe|? + ks|w,|*da.
2

Using the same procedure as in [4] we have our main result.

Theorem 1.2 Let (u,v,w) be a strong solution of (1) — (9) given by Theorem 1.1.
Then there exist positive constants Cy and 7y such that

E(t;u,v,w) < Co€(0)e >,
where E(0) will be defined later.
2. Existence and Regularity

In this section we give the proof Theorem 1.1. We only show the main arguments
of the proof which was based on the Faedo-Galerkin method.

Proof of Theorem 1.1: Let us denote by {(¢%, 4%, ¢?), i € N} an orthonormal
basis of V, V;,, = span{(¢*, %!, o), ..., (¢™, ™, ©™)} and

(u™(t), 0™ (t) Zhj, )¢9, )

where the functions (u™(t),v™(t), w™(t)) are given by the solution of the approxi-
mate system

ll ll . ll . l2 l2 .
/0 uyy @’ dx+k1/0 u?¢;dz+a/0 u;”gbjder/ vttdﬂdm+k2/ vyl dx

ll ll

l l l
Jr/ w{?gojdqukg/ wZ’cpgderb/ w™p! dr = 0,

l2 l2 l2

(11)
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7 =1,...,m, with initial data

(u™(0),v™(0),w™(0)) = (u®,, 0%, wl) = (u, 0%, w’) in V, (12)
(u(0), 0" (0), W™ (0)) = (g, Oy, wy,) — (w0 wh) in L£2(Q). (13)

Then from standard arguments on ODEs the system (11)—(13) has a local solution
in t. To extend this solution to the whole interval [0, c0) it is enough to show that
approximate solutions are bounded independently of m e t.
Let us define
E™(t) := E(t,u™, 0™, w™).

Multiplying equation (11) by A’ (), summing up on j and integrating from 0 to

t, we get
t I t l
Em(t):Em(O)—a// |u;”|2dxdt7b//|w;”|2dmdt.
0 JO 0 Jlia

Therefore, there exists M7 > 0 such that
E™"(t)<M;, VmeN,Vtel0,T]. (14)

Our next step is to estimate the second order energy. Differentiating relation (11)
with respect to ¢ and multiplying h;’w(t), summing up on j we get

1d ll l2 l
2dt{/0 |um2+k1\u;';|2dx+/ |v;¢|2+k2\vg;\2dx+/ |wiz|? + kslwi}|? de

l1 12

L l
= —a/ |um2d;v—b/ lwi|? da.
0 l2

Let us denote by £™(t) := E(t,u”, v{"*, wi"), we obtain

d A 1
—EM(t) = —a/ |ul|? da — b/ |wi|? dx
dt 0 Iy
and integrating from 0 to ¢ following that
EM(t) < &E™(0). (15)

Now we must show that £™(0) is bounded. In order to, multiplying (11) by A7 ., (t),
summing up on j and letting ¢ — 07 we get

Iy la l l2
/0 a2 (0)[2 da + / o (0) 2 da + / W (0)[2 d = — / ey (0)07%,(0) dx
1 2

I

I l
*/0 (k1U?(0)UQ’it(0)+GUT(0)U?Z(0))CI$*/ (kswi (0)wyt, (0) + bw™ (0)wy (0)) da.

l2
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After integrating, using the transmission condition and Youngts Inequality we get
there exist a positive constant C' > 0 such that

1 la l
[ P st [P s [ o
0 Iy l2
ll l2 l
[ F +lar @F do+ [P o+ [P + ) de).
0 l1 l2
This implies that the initial data satisfies
(uf(0), vi(0),wi# (0)) is bounded in  £2(£),
and so is £™(0). Whence that there exist My > 0 such that
E™(t) < My, VmeN, Vtelo,T) (16)

From (14) and (16) we see that there exists a subsequence of (u™,v™, w™), still
denoted by (u™,v™,w™) such that

(W™, 0" w™) B (u,v,w) € L®(0,T;V),
(uf', o' wi) S (ug, v, we) € L2(0,T; V).

(UZL,’U;’?,’[UZ;) N (uttyvthwtt) S LOO(O,T, EQ(Q))

From this, letting m — oo in (11) we conclude that

T 11 T 11 T 15
/ / Ut dxdt + kq / / UV 5 drdt + a/ / upt drdt
o Jo o Jo o Jo
T Iy T Iy
—|—/ / ViU dadt + ko / / Vg2, 5 dxdt
0 11 0 11

T T T
—|—/ / wy Vs drdt + ks / / wyV3 5 drdt + b/ / w3 dxdt = 0,

0 Iy 0 lo 0 Iy

for all (¥1,92,93) € D(0,T;D(2)). Therefore we have that

(u,v,w) € L0, T; H*(Q) V),
(ug, v, wy) € L=(0,T; V),
(wee, vig, wye) € L°(0, T EQ(Q))~

Verification of the initial and transmission conditions are a matter of routine.
The uniqueness to weak solution we follows by Visik-Ladyzhenskaya methods and to
strong solution follows by standard methods for hyperbolic equations. This ends the
proof of Theorem 1.1. O
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3. Exponential decay
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In this section we prove by using multipliers techniques the solution (1) — (9)
decays exponentially to zero as time goes to infinity. To do this, let us denote by
Uz, t) = u(z,t)et, V(z,t) = v(z,t)e?* and W(z,t) = w(z,t)e’. Then (U, V,W)

satisfies
Uy — k1Upe +aUy = Q, x€(0,l1),t>0,
Vit — koViw = R, x € (l1,l2),t >0,
Wit — ksWoy + 0Wy =S,z € (I3,1), t > 0,
where

Q:=2U¢ + (a =)0,
R:= 2V, 72V,
S = 29Wy 4 (b — y)yW.
The functions U, V and W satisfying the following boundary condition
U,t)=w(,t)=0, t>0
transmission condition
U(ly,t) =V (lh,t), kUg(l1,t) = kVp(li,t), t>0,
V(o t) = W(la,t), koVi(la,t) = ksWy(l2,t), t>0,
and initial condition

Uz,0) = u’(2), Ui(z,0) =u'(z) +yu’(z), x € (0,11),
_.0

V(z,0) =0%(x), Vi(z,0) =v'(x) +1°(z) z € (I1,12),
)

W(z,0) = w’(z), Wi(z,0)=w"(z)+yw’(2), x € (Ig,1).
Let us consider

E(t) == E(LU,V,W) = Ev(t;U) + Ex(t; V) + Es(t; W)

(17)
(18)
(19)

where E(t;U,V,W) is given by (10). In order to show the exponential decay of
(u, v, w) is enough to show that £(¢) is limited. To this end, prove a series of results.
Now we consider (u,v,w) strong solution of (1) - (9). In our arguments (Lemma
3.11) we make use of a convergence result due to Kim [5] and result related to the

wave equation (vide[10]), which is recalled below.

Lemma 3.1 Let us denote by {w*} a sequence of functions satisfying
wh 2w in L%(0,T; H?(Q)),
wh —w, i L*0,T; H(Q)),
as k — oo, where 8 < 3. Then we have that
w” — w in C([0,T]; H"(Q)),

for any r < B.
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Lemma 3.2 Suppose that the initial data 2° € H}(0,1), z' € L2(0,1) and
z:(0,1) x (0,T) — R is the solution of the problem

24t — kZge = 0,
z(0,t) = z(l,t) = 0,
22(0,t) = z,(1,t) = 0,

2(x,0) = 2%(x), 2(z,0) = 21(z).

Then, z=0 a. e. in (0,1) x (0,T).

(29)

Lemma 3.3 Let (U, V,W) be a solution of (17)-(28) then there is exist positive
constant C' such that

1 l
%E(t) < —a/ \U:|?da — b/ \Wi|2dz + CyE(t).
0 l2

Proof: Multiplying equation (17), (18) and (19) by U;, V; and W;, respectively,
and integrating by parts from 0 to [ , from [ to ls and Is to [, we conclude using
the boundary and transmission conditions that

l1 1
Tew = —a/ |Ut|2dx—b/ W, 2 de
dt 0 I

l2

!
RVidz+ [ SW;dz. (30)
l1 l2

5
0

From (20), (21), (22) and using Holder’s, Young’s and Poincare’s inequalities, we
find

ll l2 l
QUtd:ch/ Rthaer/SWtdx < CHE(t), (31)

0 Iy lo

where C' is a positive constant. Therefore combining (30) and (31) is follows that

Iy l
%5@) < —a/ U, 2de —b [ Wi 2de + CHE®).
0 lo
O

Lemma 3.4 Let (U, V,W) be a solution of (17)-(28) and consider the functionals

I l
Fi(t) = / UU,; dx Fs(t) = WW,dx.
0 l2
Then there exists a positive constant Cy and Cs such that
d b Thy [,
%Fl(t) < C’lfyé'(t)—i—Cl |Ut| dr — ? IUw| dl‘-ﬁ-k‘lUx(ll,t)U(ll,t),
0
d . ks [t
%Fg(t) < CQ’}/S(t) + Oy |Wt| dr — ? |WL| dr — ksz(lg,t)W(ZQ,t).
l2 l2
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Proof: From (17) we get

d l1 l1 l1 l1
dt 0 0 0 0

After integrating by parts, using boundary condition and Young’s inequality we
get

l1 ll
Tpw < (142 / |Ut\2dx—s—klUm(ll,t)U(ll,t)—kl/ U, 2 da
dt 261 0

0
aeic h h
+—p/ \U.|?dz+ | QU dax. (32)
2 Jo 0
where €; is a positive constant satisfying e¢; < and ¢, is Poincarets constant.
acy
On the other side, from (20) is easy to see that
5
/ QUdr < CHE\(tD), (33)
0

where C'is a positive constant. Combining (32) and (33) our first conclusion follows.
Similarly, from (19) we get

d l l l l

—F5(t) = |Wt\2d;v+k3/ WeeWde —b | WiWdx+ | SWdzx.

dt lz l2 lz l2

After integrating by parts, using boundary condition and Young’s inequality we

get

d b l l
—F(t) < <1+> Wi |2 do — ksWo(lo, )W (Io,t) — ks [ |W,|* dz

dt 263 I I
b€3Cp ! 2 !
— | |Wy|*dx +/ SW dx, (34)
2 l2 l2
. . e k3 .
where €3 is a positive constant satisfying ez < The.” On the other side, from (22)
Cp
we have l
SWdx < CyEs(t; W).
l2
Replacing this inequality in (34) our second conclusion follows. O

Lemma 3.5 Let (U, V,W) be a solution of (17)-(28) and let functional Ji(t) given
by

I
Ji(t) = —/ x U, Uy du.
0
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Then there exist a positive constant Cs3 > 0 such that

5k
La) < C375(t)+C3/ U do + 22 / UL da
0 0
l kql
— 51U, ) = = U, 1) 2.

Proof: Multiplying the equation (17) by o1(z)Us,, o1 € C*(0,11), and integrating
from 0 to [1, we have

d| b 1 ) ky d

7 /0 o1(z)U, U dx 25/0 01() |Ut| dr + — 3 ), Jl(x)%|Uz| dx
l1 ll

—a/ al(x)UmUtdm—&—/ o1(x)U,Q dx
0 0

L L

- [ di@ivi ds

0

k It l1 l
-2 ; U’l(x)\Um|2dx—a/0 Ul(x)UzUtdl‘—l-/o o1(2)U,Q dx.

l

1

=3 [amx)wﬂ + Lo @)U

0

0

2
Taking o1(x) = —z and using Young’s inequality we obtain
d 1 al ) ki alin /ll ) I )
—Jit) < | =+ — d — | de — =|Ug(l1, ¢
dtJl()_<2+277>/ |U| I+<2+ 5 ; |Uz | dx 2|Ut(1 )
k1ly

5
f—|U (11, )\2+11/ U, Q| de, (35)
0

k1
where 7 is a positive constant satisfying n < 1, On the other side, from (20) we

have that there exist a positive constant C' such that

51
| 1@uids < crmii0).
0
Therefore, using the last estimate in (35) our conclusion follows. O

Lemma 3.6 Let (U, V,W) be a solution of (17)-(28) and consider the functional

Jo(t) l
2 (ZQ + ll)z — 2[1[2
Jo(t) = / V.V dx.
2(t) I (o — 1) '
Then there exist a positive constant Cy > 0 such that
d (la+ 1)

l l
— D) < - Ey(tV) + CoyE(t) + 2 |Valla, t)[* + Vil 1)
dt lo — 1 2 2

kol kol
= Vel ) + =5 Va1,



EXPONENTIAL DECAY OF SERIALLY CONNECTED ELASTIC WAVE 19

Proof: Multiplying the equation (18) by oa(x)Vy, oo € Ct(I1,12), and integrating
from Iy to Iy, we have

d| [ 1
dt{/ll Ug(x)VIthx} = 2[02(I)W|2

l2 l2

lo L
- [" @il as| + 2o

Lo b

Iy

k lg l2
—?2 0'/2(33)|V3;|2d$+/ oo(z)VyRdx.
l1 ll
—2
Taking o9(x) = (2 + ) = 2Ll we get
(la =)
d 1 (I + 1) /l2 koly
—Lt) < =|L|Ville,t)]? + L |Vi(l1,t)|]> — 2d 2V (lo, 1) 2
2 < 5| LVell2, )17 + L[Ve(lh, t)] =1/, Vel"dz| + == [Va(l2, 1)
kol ko (o + 1) [ 2
+A|Vx(ll,t)|2——2(2+ 1)/ |Vz|2dx+l2/ V. R| dax. (36)
2 2 (l—h) ), 1

On the other side, we see that there exist positive constant C' such that

la
/ [VaR|dx < C~E(R).
5

Therefore, using the above inequality in (36) our conclusion follows. O

Lemma 3.7 Consider the functional J3(t)

where (U, V,W) be a solution of (17)-(28). Then there exist a positive constant
Cs5 > 0 such that

4
dt = 8(1— 1)
ksly

2

! Sksly [
Js(t) < 05/ |Wt\2dat+7/ W, da
lQ l2
l
=5 Will2, 0)* = =2 Wa(lo, ) + C57E(0).

Proof: Multiplying the equation (19) by o3(z)W,, o3 € C'(l2,1), and integrating
from I5 to I, we have

l
d ! 1 !
dt{/ Jg(x)Wthdx}—2[03(x)Wt|2 —/ o (2)|Wi|? da
la

Io b2

l
k
+ 5 03(2) [ Wl

l2
l

l
Ué(x)|WT|2d9:—b/ Ug(l’)WthdI+/ o3(x)W, S du.

l2 l2 l2

ks (!
2
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lo(l —
Taking o3(x) = % and using Young’s inequality we get that there exist a
— 2
positive constant Cj such that

d Fols

l l
GRO < “ZWilla 0 +Cs [ WP do — 2,0
i 2 . 2
l 1 1
4 rals |Ww|2dx+blﬂ/ |Wl.|2da:+l2/ IW,.S]| da,(37)
2(0=12) Ju, 2 s

where 7 is a positive constant satisfying n < 1 . On the other side, we get

ks
b(l —12)

there exist a positive constant C' such that

!
/|Wz5|dx < CyEs(t; W),
l2

Therefore, using the last estimate in (37) our conclusion follows. O

Lemma 3.8 Consider the functional Hy(t) given by
Hy(t) = Fi(t) + J1(¢)

where Fy and Jy are defined in Lemma 3.4 and 3.5. Then there exist a positive
constant Cg such that

d b ke [0
%Hl(t) < CevE(t) + Cﬁ/ |U|? dw — Zl/ \U.|? dz + C|U (1, 1),
0 0
Proof: Combining the first estimate of the lemma 3.4 and from lemma 3.5. a

Lemma 3.9 Let Hy(t) the functional
Hjy(t) = Jo(t) + CoJ1(t) + KoJs(t)

where Jy, Jo and J3 are functionals defined in Lemmas 3.5, 3.6 and 3.7 and the

k k
constants satisfies Cy = max {1, k—l} and Ky = max {17 k—B} Then, there exist
2 2

positive constant C7 > 0 such that

d b
ng(t) < C775(t)+07/ |Ut|2+ ‘Uw|2d$
0

l

I+ 1

+ 07/ W2 + (Wl de — 250 g vy,
I la—1
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Proof: From lemmas 3.5, 3.6, 3.7 and using the transmission conditions we have
that there exist a positive constant C' such that

d h k h
SHy(t) < cysawcocg/ |Ut|2dx+5 1C°/ U, |? da
l l
ksly K Iy +1
+ KOCE,/ |Wt|2dx+M (W, |? do — Chs 1)E2(t;V)
2 8(l —12) Ji, lo—1

l l
+ 22 (1 - Ko) [Vi(la,t)|* + 51 (1 - C’o) Vi(la, t)?

kol Kok kol Cok
+ 22— 22 Wl )+ 21— 2222 v (i, )%
2 ks 2 k1

Therefore, the choice of the constants Cy and K our conclusion follows. O

Lemma 3.10 Let the functional H3(t)

la

Hs(t) = I— 1,

F3(t) + Js(t).

Then there exist a positive constant Cg such that

1
ng(t)gcg |W,|? dz — Fsls

l
dt I 4(Z — 12) L |Ww| dx + CS|W(Z2,t)| + ngg(t)

Proof: Using the lemmas 3.4 and 3.7 we have that there exist a positive constant
C such that

d Iy ! ) loks t )
Hy(t) < Cy+C W2 de — —223— | |[W,|2d
artt = <1—z2 2t 5) IWl" 4(l—lz>/lz| e

l2
ksly
2

W (o, OW (Ia, 1) — =22 [Wo(la, 1) 2
l
— S Well2 D + CrE(H).

Therefore, applying the Young’s inequality in the last term we get to € > 0

d ls t ) ksls ! )
H < W. _ %%
dt a(f) < <11202+05>/l Wil de 41 —1p) /12| o de

k
o W Iz D) + CAE (1)

and hence our conclusion follows. O
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Lemma 3.11 For any § > 0 there exist Cy, independently of the initial data, such

that
T T
/ U0, )Pdt+/ W (I, )|2dt<6/ £(t) dt +
0

5
+05{/ / |Ut|2d:cdt+/ /|Wt|2dxdt}
la

for any solution (U,V,W) of system (17) — (28), provided that T is large enough.

Proof: We argue by contradiction. Let us suppose that there exists a sequence
of initial data (U%*, VO¥ W) € H2(Q) NV and (UM, VLY W) € V, and a
positive constant o such that the corresponding solutions (U”, V¥, W) of system

Ul — kU2, + aUy =2yUy + (a — y)yU”, z € (0,l1), t>0, (38)
VY — kVE =29V — 42V, z € (Iy, 1), t>0, (39)
Wit — kaWy, + bW = 29Wy + (b — y)yW", v € (Iz,1), t>0,(40)

U (0,) = U”(1,t) = 0,
Uu(lht)zvy(h,t); klU;/(ll,t):kQV;(ll,t), t>0,
Vy(lg7t) = Wy(lg,t); kng”(lg,t) = kgW;(lg,t), t >0,

U”(x,0) = UO”(:c), Ul (z,0) = U (x), z € (0,1y),
VY (x,0) = Vo (2), VY(z,0)=V""(z), x € (Iy,12),
W (z,0) = WO’”(x), W (2,0) = W (z), € (Ia,1),

satisfying
T T
/ \U”(ll,t)|2dt+/ W (s, 6)[2 dt = 1 (41)
0 0

and verifying the inequality

T T 11 T 1
1>50/ 5”(t)dt+u{/ / |U;|2dxdt+/ / |W:|2dxdt}
0 0 0 0 lo

for any v, where £¥(t) = E(t; UY, V¥, W"). This implies that
T
/ EY(t)dt is bounded for any v,
0

and also that

T I T l
/ / \UY|? dedt — 0 and / WY [?dzdt — 0 when v — oo, (42)
0 0 0

l2
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Then

(U”, V¥, W¥) is bounded in L>(0,T;H'(Q)),
(UY, V¥, WY) is bounded in L°°(0,T;L*(Q)).

Hence there exists a subsequence of (U”, V", W"), which we denote in the same
way, such that

(U*, v, W¥) S (U, V,W) in L>(0,T;H' (),

UV W) =(Us, Vi, We) - in L2(0,T; £2(Q)).
Then applying the Lemma 3.1 of Kim, with a =0 and b = 1, we get

v, v, w¥)y = (U,V,W) in C(0,T;H"(2)),

for r < 1. Using (41) we have

T T
/‘WMﬁFﬁ+/\W@@Pﬁ:L (43)
0 0
On the other hand, from the converge (42) we conclude that
Us: = 0 qs.in (0,01) x(0,7), (44)
Wy = 0 qgs.in (I2,]) x (0,7). (45)
Hence (U, V, W) satisfy
—k1Uzz = (a —)VU, (46)
Vit = kaVoa = 29V, =7V, (47)
—ksWyw = (b— y)yW. (48)

Multiplying (46) by U and integrating by parts from 0 to [; we obtain

l1 ll
U, U (I, £) +k;1/ U, |2 da < (a—’y)’ycp/ U, [2da. (49)
0 0

Multiplying (48) by W and integrating by parts from I3 to [ we get

l l
ksWo (Lo, )W (loy t) + kg | [WelPde < (b—y)ve, | [Wal?da. (50)
l2 l2
On the other hand, differentiating equation (47) with respect to ¢ and taking ¢ = V;
we get

Pit — koo = 27901 — V2o,
Lp(ll?t) = @(1271;) = 0)
‘Pw(llat) = ‘Pw(l%t) =0,
o(z,0) = ¢,

@i(2,0) = @',
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with ¢® € V and ¢! € L2(I1,15). Let us denote v = e 7. Then ¥ satisfy

Vgt — k2vrz - 0

:J(ll» ) (Z27 )

Ez(lla ) ’U (l23 ) 0
(z,0) =1,

U¢(x,0) = 0,

with2® € Ved! € L?(ly,1). Then using Lemma 3.2 we get ¥ = 0 and consequently
= 0. Hence V; = 0 and from (47) we conclude that

—koViw = =2V in (I1,15) x (0,T).

From this and integrating by parts we get

l2 12
—72/ VI2de = —ky [ ViVdx
5

Iy
l2
— / V|2 dx
15t

la
= —k2V$(l2,t)V(12,t)+k2vm(l1,t)V(ll,t)+k2/ Vel da.
I

l2

= —k|V,V

5

Using the transmission conditions we get

l2 l2
— kW (la, )W (o, t) + k1 Uy (I, )U (I, ) + k‘g/ |V |? do = —72/ |V|?dz. (51)
ll ll

Summing (49), (50) and (51) we obtain

l1 lfz l l2
01/ |U$|2dx+k2/ \Vw|2dﬂc+03/ |W,|? doe < —72/ |V|?dx <0,
0 l1 12 ll

where ¢, and c3 are positive constants. Therefore

1 1
/ |UI|2dx+/ |W,|? dx < 0. (52)
0 l2

On the other side, using Gagliardo-Nirenberg’s inequality and Young’s we get

1 1
U0 < (IO Le0,0) < NU@N 220,101V O Er0.0,)
1 1
< §|\U(t)||L2(o,zl) + §||U(t)”H1(O,ll)
< CONUz(D)lz20,0)>
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C' is a positive constant. Using the last estimate in (52) we get
5
U1y, )* < C/ U, |? da,
0
and same way
1
Wi <C [ WP ds,
l2

Hence, we arrive at

T T T 15 T l
/ |U(ll,t)\2dt+/ (W (I, t))? dt < c/ / |Um|2dxdt+0/ |W,|? dzdt <0,
0 0 0 0 0 lo

but this contradicts (43) and therefore our conclusion follows. O

Now we use the above auxiliary lemmas to conclude the proof of Theorem 1.2.

Proof of Theorem 1.2 Let us introduce the following
L(t) = NE(t) + Mo(H1(t) + Hs(t)) + Ha(t).
Then we see that for N7 and Ny large we have
N1E(t) < L(E) < N2&(1). (53)

Now, combining the conclusions of Lemmas 3.3, 3.8, 3.9 and 3.10 we have that
there exist a positive constant C' > 0 such that

d b
%L(t) < <aN06MOC7>/ \U,|? da: + MoCe|U (14, 1)]?
0

l
bN OgM() C7> |Wt|2 dI+Mocg|W(lg,t)|2

l2

4
kslo

k ll I +1

( - Mo — C7> U, | dx — lﬁll Eo(t; V) + CyE(t)
0 2

(4 l—l2

l
07) ‘Wm|2 dx.
o

Integrating the above identities from 0 to ¢, ¢ > T > 0 and using the Lemma 3.11
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we obtain

L(t) -

5
(aN 06M0—07>/ / |Ut| dxds
Ky h
ZMO Cy U, |* dxds
<bN CgMo—C7>/ |Wt‘ dxds
0 Jiy
t ol
kala ~C / (W, |? dods
l—lg
5
—|—k:(5/ E(s ds+k05// |U:|? da:ds+k05/ / |W|? dads
l2

la+h
lo—1

Eg(s; V)ds + C"y/ E(s)ds
0

where k = max{Mocg,Mng}. Fixing 6 and v small, we can take N and M,
sufficiently large, with N >> M, so there is a positive constant Ny such that
L(t) < L£(0).
Therefore, from (53) we arrive at
E(t) < Ko&(0), (54)
where Ky = Ny/N;. Now we see that there exist a positive constant K; > 0

satisfying
E(t;u,v,w)e?"t < K1£(t).

Using the above inequality and (54) we conclude that
E(t;u,v,w)e?’ < Cy&(0),
where Cy = K1 K. Therefore
E(t;u,v,w) < CoE(0)e™ 27",

This ends the proof of Theorem 1.2. O

Remark. We can extend the previous theorem to the weak solutions by using
simple density argument and the laws of semi-continuity for the energy functional.
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