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On the stabilization of the Korteweg—de Vries equation *

Vilmos Komornik

Dedicated to D. L. Russell on the occasion of his 70th birthday.

ABSTRACT: We consider the Korteweg—de Vries equation on a bounded interval
with periodic boundary conditions. We prove that a natural mass conserving global
feedback exponentially stabilizes the system in all Sobolev norms and we obtain
explicit decay rates. The proofs are based on the family of conservation laws for the
Korteweg—de Vries equation.
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1. Introduction

Let 2= (0,1), k > 0, Ry = [0,00) and consider the problem

w4 wwy + Wege = —k(w — [w]) in Q xRy,

w(0,t) = w(1,t) for t € Ry,

we(0,t) = w,(1,t) for t € Ry, (1.1)
Wee (0, 1) = Wee (1, 1) for t € Ry,

w(0) = w° on €,

where ’ stands for the time derivative, the subscript x for the spatial derivative,
[w] denotes the mean-value of w defined by

[w] == /Q w dz.

For k = 0 the equation (1.1) is a good model of shallow water: w(z,t) denotes the
depth of water at a point z at time ¢; see [6], [9]. The periodic boundary conditions
correspond to a circular movement. In this model [w] denotes the total volume of
water.
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34 V. KOMORNIK

For k > 0 the action of the “feedback” —k(w — [w]) consists in balancing the
level of water, conserving at the same time its total volume. Indeed, the latter
property follows, at least formally, from (1.1):

[w]'z/w’dac
Q
= —/ WWy + Wape + k(w — [w]) dz
Q
:_/ (1w2+wm> dx—i—k[w]—k/wdx
o \2 x Q
ff/ 1 24 d
=/ SW T Wex ) x

1 1

:07

0

whence
[w(t)] = [w°], forall tecR,. (1.2)

The following formal computation shows that w(t) converges exponentially to
the constant M := [w’] = [w] in L?(Q2) as t — oo:

(f =t do) = [ 26w~ do

/—2w2wm + 2Mww, — 2WWaee — 2k(w — M)? dx

2 1
[_§ 3 4 Muw? — 2uwy, +wi]0 —2k:/(w—M)2 dz

= —Qk/(w — M)? dz,
whence
lw(t) — [w0]||L2(Q) = ||w0 — [w0]||L2(Q)€_kt forall ¢ > 0. (1.3)
Let us introduce the Hilbert spaces
0._ 12
Hy, = L*(Q),
H' :={weH™(Q): v (0)=w/(1), j=0,....m—1}, m=1,2,...,

and the dual space

-1 ._ 1
Hy'i= (HLY
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Identifying L?(€2) with its dual (L?(Q))’ we obtain the algebraical and topological
inclusions
---CH)CH,CH)CH,"

We recall from [8] that the problem (1.1) is well-posed in the following sense:

Theorem 1.1 Let m > 2 and w° € Hp". Then the problem

W 4 wwy + Wege = —k(w — [w]) in Q xRy,
Zow(0,t) = Zrw(l,t) forteRy, j=0,....m—1, (L4
w(0) = w° on

has a unique solution
we C(Ry; H)NCHR; HP). (1.5)
Furthermore, the mapping w® — (w,w') is continuous from HJ" into H™ x H™3.

The purpose of this paper is to extend the estimate (1.3) on the asymptotic
behaviour of the solutions of (1.5):

Theorem 1.2 Let m > 2 and w® € HJ'. Then for every fized 0 < k' < k there
exists a constant C = C(w®, k") such that the solution of (1.4) satisfies the estimate

w(t) = [0°), @ ()| gy prys < Ce™, tER,. (L6)

In order to convince ourselves about the validity of these estimates let us con-
sider for a moment the linearized problem

W+ W = —k(w — [w]) in Q xRy,
2ow(0,t) = Zrw(l,t) forteRy, j=0,....,m—1,
w(0) = w° on .

Assuming that the solutions satisfy the regularity properties (1.6) (see [7]), the
desired estimates follow by applying the multiplier method. Indeed, [w] is constant

again because
[w] = / w' dx
Q
= *\/ Wygy + k(w - [w]) dx
Q

— 7[wmhl)+k[1U] fk/Qw dx

=0.
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Denoting this constant by M, the function v := w — M has the same regularity
properties as w and it solves the following problem:

V' Vg = —kv in Q xRy,
T0(0,t) = Zv(1,t) forteRy, j=0,....m—1, (1.7)
v(0) =w’ - M on €.

By approximating the initial value by smoother functions it is sufficient to prove
the estimates for periodic solutions belonging to Hg’”. Multiplying the differential

equation in (1.7) by % for j =0,...,m, integrating by parts in {2 and using the
periodic boundary conditions we obtain that

0%y
_ /
0= A('U + Vg + k’U) w2 dx

“g (L) ) o (L () )
+(1)j/§2k<gi§>2 dx.
Lo (ot 1 [are)?]
o f e (5 ) dw:QKW) L:O

by the boundary conditions, we conclude that
i\ 2 i\ 2
92 go— ok / CILR R
ot Q oxJ Q oxd
o\ o (P
/Q <8$]v(t)> de=ce /Q (WU(O)> dx

forallt >0 and j =0,...,m. Therefore

Since

and hence

[v(®) |z = e o), ¢ >0,
and then, using the equation
vV = —Upge — kv

we obtain that

' Ol -2 < (4 K)e ()], ¢ >0.
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Taking the definition of v into account we obtain finally that
1@ () = [0°], 0 () s rrps < Ce™™, tER. (1.8)

The presence of the nonlinear term creates serious difficulties with respect to
the linearized problems but as we will see, the final estimates are only slightly
weaker than (1.8): we have a decay rate k — e with arbitrarily small € > 0 instead
of k.

Theorem 1.2 has been planned to be a part of a joint work with D. L. Russell
and B.-Y. Zhang (see [2], [3]) but, due to some mismanagement, it has never been
published before. The author is indebted to D. L. Russell and B.-Y. Zhang for
many helpful conversations on this subject.

2. Proof of Theorem 1.2 for m =2

We shall often use the equality (1.2) and therefore we shall write [w] instead of
[w°]. For brevity we shall write [ instead of [,.

Applying a usual density argument it is sufficient to prove the estimates (1.6)
for w® € HI‘:’. According to Theorem 1.1 thus we may assume that

we C(Ry; H)NC (R, HY). (2.1)

This regularity property is sufficient to justify all computations which follow.
It is convenient to introduce the notations

M::[wo}, vi=w—M, v :=w’— M, (2.2)

then we deduce from (1.1), (1.2) and (2.1) that

veECRy; HY), (2.3)
ve C (Ry; HY), (2.4)
[v(t)] =0 forall teRy, (2.5)
V' A+ 00y + Mg + Vg + kv =0 in QxR,, (2.6)
v(0)=2" on Q, (2.7

and the estimates (1.6) take the following form:
10 (Dl s < O, 1 € R (2.8)

Lemma 2.1 The function

s /v(t)2 dr, teRy (2.9)

is continuously differentiable, and

(/u2 dx)/ - —2k/v2 dz. (2.10)
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Proof: Since H? is a Banach algebra, it follows from (2.4) that the function v* is

continuously differentiable. Hence the function (2.9), being the composition of two
function of class C?, is also continuously differentiable.
Using (2.6) and the periodicity of v (see (2.3)) we easily obtain the identity

(2.10):
!
(/v2 dx) :/21)1)' dx
= /—2v(vvm + Mv, + Vppe + kv) dx

—20%v, — 2Mvvy — 200,00 — 2kv? dx

Lemma 2.2 The function

1
t s /vw(t)Q - §u?’(t)2 dr, teRy (2.11)

is continuously differentiable and

(/ val()? é&(t)? ar) = —2/.:/%(75)2 _ %UB(t)Q da. (2.12)

It follows easily from (2.4) that the function (2.11) is continuously differentiable.
Using (2.6) and the periodicity of v hence the identity (2.12) follows:

1 /
2 3
L)
(/vw 3V dz
Z/QUIU; —v?' dx
= [2v$v’](1)+/—v’(2vw—|—v2) dz
= /(vvx + MUy + Vppe + kv) (2045 +0?) dz
2 2 o L4 M, 2 2 3
= [(v )IUII+(MUI+Uzz+ZU +§v) + Vg — 2kvi + kv° dx
2 o 2 L4 M)t 2 3
= [v Vpe + Mv; +v5, + v +—v} + [ —2kv; + kv° dx
0

4 3
1
= —2/{/—5@3 dr.
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Lemma 2.3 The function

t— /vm(t)2 - gviv(t)Q + %v(t)4 dr, teRy (2.13)

is continuously differentiable and

/
(/ w2, — gvzv + %v ar) = —2k/ w2, — gvmv + 1%” da. (2.14)

2.4) the function (2.13) is continuously differentiable. To show the identity
st we deduce from (2.6), using the periodicity of v, the following identity:

(
fir
(/ w—fv v—|—%v dx)/

5 5
= /2vmvm — ’UT’U v — g%“ + 91} v dx

By
(2.14)

! / 10 / 1
= 2044V, — 20304V — VULV o

3
5 10 )
+ / (2vmzzx + 3’01/, + 3 — VUgy + §U3> d.’E
10 )
:/ (2vmm—|— 3% + 3 — Vg + 91} ) dx

5 10 5
- _ /(vvw + My + Vpms + kv) (QUMM + 3111 + 3 — YUy + 9113) dx

5 10 5
= —k/Zvvmm + gvvi + §UQUMD + §v4 dx

10 5
— M/Qvamm + 11 + 3 — VUV + §U3% dx

5 o 10 )
- /2vvmvmmx1 + 7””; + 71}21}1”,%1 + 71}4”1 + 2vmmrvrrz$

3 3 9
+ §v2v + 1—1}1} Vg + §v3v dx
= —k[l - MIQ - Ig.

It suffices to show that
5
I = /2@536 — 5ov2 + §v4 dr and Iy =13=0.
We have

— 0V,

3

5 20 5
+ /2v§,m + gvvi — ?va/, + §U4 dz

5
= /21}31 — 5uv2 + §v4 dx

10 1
I = |:2'Uvzxa: — 2UgUsgq + 2 :|
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and
5 5 1 5 5
[2vmvmm — Vi, + 3vv + %vﬂ —|—/§vi — gvi dzx
=0.
Finally, we have
I / 2 + 2000 4 4+ 10, L1
= VVzVzzzx UU Uzva:a::zz U Vg Uy — VVzzVUzaa
8 3 3 3 3
5 5
+ 7,041}:6 + 7037}1@93 + 2vzzxvxmmz dm
9 9
I 5n 2 5 3
= [QUUQJUMI + §U lo+ | —2050000 — 20032V002 + g“%
n 5 4 n 10 n 10 n 5 4 d
5V Vzzx U VzUga — VV0zzVzxx UV VUggae AT
37 3 3 9
5 5
= /—2119261195” — 20V Vpga + gvvi + gvivxm + gv%wvm
10 5 5
+ ?U'Uxacvacwa: + §'U3Uzww + §U3Ua::v dl‘
2 2 5 5,5 94
- [—21} Uz — VUL, + 300z + gm’m]o
/ a:m + Uz ¥ iz
5 .
fvv‘3 — Lvmvgr
3 3 o
10 5 5
+ =000 — f’umvfm — 0200, dx
3 3 3
5 5
= / gvvi’ + §v2vwvm dr =0.

In order to simplify the notation we shall write |-||, for the norm of L?((2),

1 < p < oco. Since § is the unit interval, the Holder inequality is particularly
simple:

ol < Jlvlly forall ve L), 1<p<qg<c. (2.15)

We shall also use the Poincaré—Wirtinger inequality:
v]loo < [Jvzlli forall ve HYQ) satisfying [v] = 0. (2.16)

The proof is simple: since v is continuous, there exists a € § such that v(a) = 0.

Then for any y € Q2 we have
Yy
— o)~ v(@| = | [ s da| < [ foul do = sl
a Q

[v(y)



STABILIZATION OF THE KDV EQUATION 41

Noe that Lemma 2.1 implies that
o)z = [[v°]|2e™*" for all teR,. (2.17)

Now let us show that for each fixed k' € (0, k) there exists a positive constant C’
such that ,
lva(t)]|2 = C'e ¥t forall t>0. (2.18)

Using (2.15)—(2.17) we have

@)l < fo@®IZlo@)]h
< e @) lv ()]l

< Jloa (O3 [10° 267

consequently, for any fixed € > 0 (to be chosen later) there exists 77 > 0 such that
/v?’(t) dx < E/vg dz forall t>T'. (2.19)
If ¢ < 2, then we deduce from (2.19) the inequalities
1 1
/(1}3 — §v3) (t) dz > 3 /’Ui(t) der >0 foral ¢>T. (2.20)
If ¢ is sufficiently small, then we also deduce from (2.19) that
2 1 3 / 2 1 3 !
—2k (Ugc —5v )(t) dr < =2k (vz —3v )(t) dx forall t>T'. (2.21)

(It suffices to choose € < (6k — 6k")/(3k — 2K').)
Thus, choosing a sufficiently small e we deduce from (2.11), (2.20) and (2.21)

that
% / v3(t) do < / (02 - %vg)(ﬂ de

</ (vﬁ B %”3) (0) dac) o=k (t=T")

— C'eFt forall t>T

IN

which implies (2.18) for all ¢ > T”. The left-hand side of (2.18) being continuous,
the estimate (2.18) remains valid for all ¢ > 0 with some bigger constant C”.
Next we show similarly that for any fixed k&’ < k there exists a positive constant
C" such that
[vgallz = C"e ™ forall ¢>0. (2.22)

Using (2.15)—(2.18)) we have
@)l < @13l @)13
< [l I3]0 ()13

< Jlvas (8) 31107 36~



42 V. KOMORNIK

and

| [ @200) da] < @I eto)
SO
< [Jaa(D]3C"e .

It follows that for any fixed € > 0 (to be chosen later) there exists 7" > 0 such
that

/|(viv)(t)| +o(t)t de < s/vm(t)2 dr, forall t>T". (2.23)
Choosing € > 0 sufficiently small we conclude from (2.23) that

5 5 1
2 Y2 4 > - 2 > '
/(vm V2V 50 )(t) dr > 3 /vm(t) dr >0 (2.24)

and

— 2k/<v§x - gviv + %v4) (t) dzx
< —2]{:”/(1}%1, - gvgv + %v‘l) (t) dz  (2.25)

for all ¢ > T". We deduce from (2.13), (2.24) and (2.25) that

1
g/vm(t)2 do < /(vix - gviv + %1/1) (t) dx
< /(v2 - §1)21) + E1)4) (0) da | e=2¥' (=T
- 3t 36
—. (C/)Qe—Qk’t
proving (2.22) for all ¢ > T'. The left-hand side of (2.22) being continuous, the
estimate (2.22) remains valid for every ¢ > 0 if we choose some larger constant C”'.
Now we may easily complete the proof of the theorem. By (2.17), (2.18) and
(2.22) for every fixed k' < k there exists a positive constant C; > 0 such that
o)z < Cre™* forall t>0. (2.26)
Using the equation (2.6) hence we conclude easily that

[/ ()| 1 < Coe™ " forall +>0 (2.27)

with some constant Cy > 0. The estimate (2.8) follows from (2.26) and (2.27).
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3. Proof of Theorem 1.2 for m > 3

The proof is constructive. It is based on an infinite sequence of polynomial
conservation laws for the KdV equation obtained in [6]. We begin by recalling four
important properties concerning these laws, established in [4] and [6].

(i) There exists a sequence of polynomials P,, = P, (vg, ..., v,) of n+1 variables,
n =20,1,..., such that setting also

P,l = P,l(’l)()) = o
we have

oP,

—_— 1 P’I’L— 5 = 07 1, e e
a’l}o (n + ) ! "
(ii) The highest order term of P, with respect to v, is v2.

(iii) Defining the rank of a product vg° - - - vi* by

k .

a a ]

k (v@0 ... % _E (142
rank (v vpk) ‘ aj( + 2)7

each term of P, hasrank n+2, n=0,1,....
(iv) Given a function w € C* ((0,1) x (0,00)) let us compute each partial deriva-
tive
oP, w 8710 o"w
ot POz Qam

by the Leibniz rule and then replace each factor of the form

907 \ Yoz " o

oI+l b &Iw w agiw -
otows Y ow , j=0,...,n.

Then the result may be written in the form

op, ( Oow 9w\ _0Y, ([ ow  "Fw
ot \ oz o ) T ot oz gant2

where Y, is a suitable polynomial of n+ 3 variables, independent of the choice
of the function w, n = —1,0,1,.... (We remark that our notation differs from
that of [4] and [6]: with their notation we have P, = T,,_2 and Y,, = X, _o;
we follow [5].)

In order to simplify the notation in the sequel we shall denote the partial deriva-
Y
Ba:l-;) 1
all integrals will be taken on the interval (0,1), i.e., [ dz = [ - dz. Finally, we
write ||-||, for the norm in the space LP(0,1), 1 < p < oo.

We need the following important lemma.

tive of the solution function w by w ;; in particular, w, = w. Furthermore,
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Lemma 3.1 Consider the solution w of (1.4) for some wo € H)'. Then the
following properties hold true:

(a) We have in (0,00) the identity

d

T (w — [w])? do = —2K/(w — [w])? da. (3.1)

(b) For eachm =1,...,m there exist two polynomials

anl = anl(v(h o 7’Un71) and Rnfl = Rnfl(v(% cee u/Unfl)
of n variables such that the following identity is satisfied in (0,00):

d
7 w?n + Qno1(w—[wl,wi,...,wuy_1) dz

= —2K/w,2n + Ry—1(w—[w,w1,...,wn_1) de. (3.2)

(¢) Each term of Qn—_1(vo,...,Un-1) and of Ry,_1(vg,...,vn_1) is the product of
at least three, not necessarily different, factors, the exponent of v,_1 being
always less than four.

(a) As we have seen in the introduction, [w(t)] does not depend on t:
[w(t)] = [wo], >0 (3-3)

and the identity (3.1) is satisfied: the formal proofs given before are justified by
the regularity (1.5) of the solution.

(b) Using properties (ii) and (iii) we see that P,, has the form
Po(vg,...,0) =02 + bv, +c

where b is a polynomial in vg,..., v,_2 (constant if n = 1) and ¢ is a polynomial
in vg,. .., vy—1. Using the periodic boundary conditions it follows that

/Pn(w—[w],w,l,...,wyn) dx:/w?n—}—Qn,l(w—[w],wﬁl,...,wyn,l) dzx (3.4)
where

Qn—l(w - [w],wJ, R

) c(w — [w]) forn=1,
W 1y =
Pt —bgw 1 +c forn>2

Now we compute

d

7 / Po(w—[w,wi,...,w,) dz. (3.5)
We observe that, as a consequence of (i) and (3.3), P, (wg — [w],w1,...,w,) is a
linear combination of P;(wy — [w], wy,...,w;) for j =0,...,n (we apply Taylor’s

formula with respect to w). Therefore, using (1.4) and (iv), we may compute (3.5)
in the following way:
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e we compute (3.5) formally, using the Leibniz rule;

e we replace the factors £ (w — [w]) by —K (w — [w]) and the factors 2w ; by
—Kw,,j=1,...,n;

e we integrate over (0, 1).

This computation transforms w?, into —2Kw?, and Q1 (w—[w],w 1, ..., w 1)
into —2KR,,_1(w—[w],w1,...,w _1) where R, _; is a polynomial in n variables.
Therefore we have

d

7 P (w—[w,wi,...,wy) dx

= —2K/w?n + Rp—1(w—[w,w1,...,wn_1) dz, (3.6)

and (3.2) follows from (3.4) and (3.6).

(c) One can readily verify that each term of

Qn—l(UOa s 7vn—1)

and of
Rn_l(vo, ey Un—l)

has the same rank as P, (vo, ..., v,). Hence, if cug® - - - v;* is a term of one of these
two polynomials (with some nonzero constant ¢), then

k )
S a (1+;) —n+2. (3.7)
j=0
Since k < n — 1, we deduce from (3.7) the inequality
k n k
‘ a; (1—1—5) >n+ 2 ie., Zaj > 2;
7=0 7=0

this proves the first statement. On the other hand, (3.7) implies that

k
n—1
Zaj (1+ 5 ) <n+2,
j=0
whence, since n > 1,
2
1 <24+ ——<3.
p—1 < 2+ n+1-=

This proves the second statement.

Now we turn to the proof of Theorem 1.2. First we observe that (3.1) immedi-

ately implies
[w(-,t) — [w]ll2 = e **|lwo — [wolll2, ¢ >0 (3.8)
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We will prove by induction on j that
Jw(,8)llo < 5%, £20 (3.9)
forj=1,...,m.
Let n < m be a positive integer and assume that (3.9) is satisfied for j =

1,...,n — 1. We will prove that it is satisfied for j = n, too. Using the trivial
inequalities

lv = [lleo < oall, ve HY(0,1)
and
[olly < lvllp, v e LP(0,1), pe(l,00]
and applying part (¢) of Lemma 3.1 we obtain the estimates
1Qn—1(w — [w], w1, ..., wp—)h < Cllwn—1 ]l |wal3
and
[Rr—1(w — [w],wa,...,wn-1)[l < C”w,nfl‘lév”w’n”g
where C and N are positive integers, independent of ¢ > 0. Applying (3.8) if n =1

and (3.9) for j =n —1if n > 2, there follows the existence of a positive number T
such that for all ¢ > T the following inequalities hold:

/Qn,l(w ] was. . W) do < %Hw,n”% (3.10)
and
_ QK/w?n + Ry 1(w—[w,wi,...,wnp1)dz
< 2K’ /wzn + Qn-1(w — [w,w,...,wy_1) dz. (3.11)

Majorizing the right side of (3.2) by use of (3.11) we see with the use of (3.10)
that there is a constant ¢; such that

/Qn_l(w —[w,w1,...,wp_1)dr < e 2K > T
Hence, using (3.10) again,
lwn( 82 < V2ere ", t>T. (3.12)
Since ||w (-, t)]|2 is continuous on [0, T}, it is also bounded there:

[wn(, )2 < ca, te€[0,T]. (3.13)
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The validity of (3.9) for j = n now follows from (3.12) and (3.13) by taking
C' := max {\/201, CQ@K,t} .

We have thus proved (3.8) and (3.9) for 7 = 1,...,m. Equivalently, we have
established that
w(-,t) = [w][| gy < Ce™ X, t>0. (3.14)

To complete the proof of the theorem it suffices to prove the estimate

H%Z’(.,t)H < Cllw( ) — [w]lmy

Hy 8
for some constant C, independent of ¢ > 0. Since
wy = —K(w — [w]) — wwy — Wezr = K(w — [w]) — (w — [w)wy — [wwy — Wapa,
in view of (3.14) it is enough to show that
(w(s) = ]l s < Ce Lt 0. (3.15)

For any nonnegative integers j < m — 1 and k¥ < m — 1, using the definition of
H" we have

P
o’ o o7 oF
[zt~ e | = foe - ][z,
< llwjsrlhllw gl
< lwjsllzllw gl
< Jhw — [w] -
Using the Leibniz formula it follows that
1w = fwhwa]l -1 < Cllw = [w]lzy.- (3.16)
Since K’ > 0, (3.14) and (3.16) imply
(w(-6) = [whw |l s < Ce™ £ 0 (3.17)

which is even stronger than (3.15).
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