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Regularity of the solutions to a nonlinear boundary problem with

indefinite weight.

Aomar Anane, Omar Chakrone, Najat Moradi

abstract: In this paper we study the regularity of the solutions to the prob-
lem ∆pu = |u|p−2u in the bounded smooth domain Ω ⊂ R

N , with |∇u|p−2 ∂u
∂ν

=

λV (x)|u|p−2u+h as a nonlinear boundary condition, where ∂Ω is C2,β with β ∈]0, 1[,
and V is a weight in Ls(∂Ω) and h ∈ Ls(∂Ω) for some s ≥ 1. We prove that all solu-
tions are in L∞(∂Ω)

⋂

L∞(Ω), and using the D.Debenedetto’s theorem of regularity
in [1] we conclude that those solutions are in C1,α

(

Ω
)

for some α ∈]0, 1[.
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1. Introduction

The following problem

∆pu = |u|p−2
u on Ω

|∇u|p−2 ∂u

∂ν
= λ |u|p−2

uV (x) + h in ∂Ω
(1.1)

where Ω is a bounded domain in R
N , with a C2,β boundary for some β ∈ ]0, 1[, p >

1, ∆pu = div(|∇u|p−2 ∇u) is the p-Laplacian,
∂

∂ν
is the outer normal derivative,

and V is the weight such that V + 6= 0 on ∂Ω and V ∈ Ls(∂Ω), and h ∈ Ls(∂Ω),
where s > N−1

p−1 if 1 < p ≤ N and s ≥ 1 if N < p, has been treated by Julián

Fernández BONDER and Julio D.ROSSI in [2], they have proved that there exists
a sequence of variational eigenvalues λk → +∞, and that the first eigenvalue is
isolated, simple and monotone with respect to the weight.

In this work we will show the two theorems

Theorem 1.1 If u is a solution of the problem (1.1) then u ∈ L∞ (Ω) and u/∂Ω ∈
L∞ (∂Ω).
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Theorem 1.2 Any solution of (1.1) is in C1,α
(

Ω
)

for some α ∈ ]0, 1[ and ‖u‖C1,α(Ω) ≤

K where






K = K
(

N, p, ‖u/∂Ω‖Ls′q0 (∂Ω) , ‖h‖Ls(∂Ω) , ‖V ‖Ls(∂Ω)

)

for 1 < p ≤ N

K = K
(

N, p, ‖u‖L∞(Ω)

)

for N < p

and
{

s′q0 ∈ [s′p, p0] if 1 < p < N
q0 = p+ 1 if p = N

p0 = p(N−1)
N−p and s′ is the conjugate of s.

2. Proofs of theorems

2.1. Proof of theorem 1.1. One recall that u is a solution of the problem (1.1)
if and only if for all v in W 1,p(Ω) one has

∫

Ω

|∇u|p−2 ∇u∇v +

∫

Ω

|u|p−2
uv = λ

∫

∂Ω

|u|p−2
uvV (x)∂σ +

∫

∂Ω

hv∂σ. (2.1)

For p > N we have W 1,p (Ω) →֒
cpct

C
(

Ω
)

, then any solution of (1.1) is in L∞ (Ω)

and u/∂Ω ∈ L∞ (∂Ω).
For 1 < p ≤ N we show the following lemma

Lemma 2.1 If u ∈ W 1,p (Ω) is a solution of the problem (1.1) then there exists a
constant C > 0 such that

(

‖u‖qnLqn (Ω) + ‖u/∂Ω‖qns
′

Lqns′ (∂Ω)

)
1
qn

≤ C for all n ≥ n0.

where the sequence (qn)n is defined as follows

{

s′q0 ∈ [s′p, p0] if 1 < p < N,
q0 = p+ 1 if p = N,

, p0 =
p(N − 1)

N − p
and qn+1 =

q0
p
qn.

In particular, u ∈ Lqn (Ω) and u/∂Ω ∈ Ls′qn (∂Ω) , for all n ≥ 0, where s′ is
the conjugate of s.

Proof: Let u be a solution of the problem (1.1) so u ∈ W 1,p (Ω).
One has s > N−1

p−1 so 1 < s′ = s
s−1 < N−1

N−p , and [p, p0]∩ [s′p, s′p0] = [s′p, p0] 6= ∅.

Let q0 be in
[

p, p0

s′

]

, for this choice one has

W 1,p (Ω) →֒
cont

Lq0 (Ω) and W 1,p (Ω) →֒
cont

Lq0s
′

(∂Ω)

then u ∈ Lq0 (Ω) and u/∂Ω ∈ Lq0s
′

(∂Ω) , so u/∂Ω ∈ Lq0 (∂Ω) also.
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We can suppose that ‖u/∂Ω‖Ls′q0 (∂Ω) ≥ 1 if not one considers u0 = u
‖u/∂Ω‖

Ls′q0 (∂Ω)

which is a solution of

∆pu = |u|p−2
u on Ω

|∇u|p−2 ∂u

∂ν
= λ |u|p−2

uV (x) + h′ in ∂Ω
(2.2)

with h′ =
(

‖u/∂Ω‖Ls′q0 (∂Ω)

)p−1

h ∈ Ls (∂Ω).

By recurrence on n we suppose that u ∈ Lqn (Ω), u/∂Ω ∈ Ls′qn (∂Ω) and
‖u/∂Ω‖Ls′qn (∂Ω) ≥ 1 and we show that u ∈ Lqn+1 (Ω), u/∂Ω ∈ Lqn+1 (∂Ω), u/∂Ω ∈

Lqn+1s
′

(∂Ω) and ‖u/∂Ω‖
Ls′qn+1 (∂Ω)

≥ 1.

In what follows, one will indicate the norms ‖u‖Lp(Ω) and ‖u/∂Ω‖Lp(∂Ω) by

‖u‖p(Ω) and ‖u‖p(∂Ω).

Let us define the sequence (vk)k≥0 in W 1,p(Ω) by

vk(x) =







k if u(x) ≥ k
u(x) if −k ≤ u(x) ≤ k
−k if u(x) ≤ −k

∀x ∈ Ω

and one poses δ = qn − p > 0. The following function test is taken |vk|
δ
vk in the

formula (2.1), we find on the one hand

〈∆pu, |vk|
δ
vk〉 =

∫

Ω

|u|p−2
u |vk|

δ
vkdx ≥

∫

Ω

|vk|
δ+p

=

∫

Ω

|vk|
qn

and on the other hand

〈∆pu, |vk|
δ
vk〉 = −

∫

Ω

|∇u|p−2 ∇u∇(|vk|
δ
vk) +

∫

∂Ω

|∇u|p−2 ∂u

∂ν
|vk|

δ
vk∂σ

= −An

∫

Ω

∣

∣

∣
∇(|vk|

δ
p vk)

∣

∣

∣

p

+

∫

∂Ω

(

λV (x) |u|p−2
u+ h

)

|vk|
δ
vk∂σ

≤ λ

∫

∂Ω

|u|qn |V (x)| ∂σ +H
∥

∥vδ+1
k

∥

∥

s′(∂Ω)
−An

∥

∥

∥
∇(|vk|

δ
p vk)

∥

∥

∥

p

p(Ω)

≤ λ ‖u‖qns′qn(∂Ω) ‖V ‖+H ‖vk‖
δ+1
(δ+1)s′(∂Ω) −An

∥

∥

∥
∇(|vk|

δ
p vk)

∥

∥

∥

p

p(Ω)

where An = (δ + 1)
(

p
qn

)p

, ‖V ‖ = ‖V ‖s(∂Ω) and H = ‖h‖s(∂Ω).

Then
∫

Ω

|vk|
qn ≤ λ ‖u‖qns′qn(∂Ω) ‖V ‖+H ‖vk‖

δ+1
(δ+1)s′(∂Ω) −An

∥

∥

∥
∇
(

|vk|
δ
p vk

)∥

∥

∥

p

p(Ω)
(2.3)

And since W 1,p (Ω) →֒
cont

Lq0 (Ω) one has

∥

∥

∥
∇
(

|vk|
δ
p vk

)∥

∥

∥

p

p(Ω)
≥ C1

∥

∥

∥
|vk|

δ+p
p

∥

∥

∥

p

q0(Ω)
−
∥

∥

∥
|vk|

δ+p
p

∥

∥

∥

p

p(Ω)

≥ C1 ‖vk‖
qn
qn+1(Ω) − ‖vk‖

δ+p
δ+p(Ω)
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Thus it is found that

‖vk‖
qn
Lqn+1 (Ω) ≤ Rn

(

λ ‖u‖qnqns′(∂Ω) ‖V ‖+H ‖vk‖
δ+1
(δ+1)s′(∂Ω) + Sn ‖vk‖

qn
qn(Ω)

)

where Rn =
1

C1An
and Sn = (An − 1). Then, since δ + 1 < qn, one has

‖vk‖
δ+1
(δ+1)s′(∂Ω) ≤ ‖u‖δ+1

(δ+1)s′(∂Ω) ≤ ‖u‖δ+1
qns′(∂Ω)

(

measσ(∂Ω)
p−1
s′qn

)

Supposing that measσ(∂Ω) ≤ 1, and with the assumption ‖u‖Ls′qn (∂Ω) ≥ 1 we
obtain

‖vk‖
δ+1
(δ+1)s′(∂Ω) ≤ ‖u‖δ+1

qns′(∂Ω) ≤ ‖u‖qnqns′(∂Ω)

And

‖vk‖
qn
qn+1(Ω) ≤ Rn

(

(λ ‖V ‖+H) ‖u‖qnqns′(∂Ω) + |Sn| ‖u‖
qn
qn(Ω)

)

≤ Rn max (B, |Sn|)
(

‖u‖qnqns′(∂Ω) + ‖u‖qnqn(Ω)

)

where B = λ ‖V ‖+H
Then

‖u‖qnqn+1(Ω) ≤ lim inf
|k|→+∞

(

‖vk‖
qn
qn+1(Ω)

)

(2.4)

≤ Rn max (B, |Sn|)
(

‖u‖qnqns′(∂Ω) + ‖u‖qnqn(Ω)

)

(2.5)

Therefore u ∈ Lqn+1 (Ω).
We must now proof that u/∂Ω ∈ Ls′qn+1 (∂Ω),(so u/∂Ω ∈ Lqn+1 (∂Ω)), and

‖u‖
Ls′qn+1 (∂Ω)

≥ 1.

Using (2.3) it is found that

∫

Ω

|vk|
qn +An

∥

∥

∥
∇(|vk|

δ
p vk)

∥

∥

∥

p

p(Ω)
≤ B ‖u‖qnqns′(∂Ω)

With the result W 1,p (Ω) →֒
cont

Ls′q0 (∂Ω) one has

∥

∥

∥
∇(|vk|

δ
p vk)

∥

∥

∥

p

p(Ω)
≥ C2

∥

∥

∥
|vk|

δ+p
p

∥

∥

∥

p

s′q0(∂Ω)
−
∥

∥

∥
|vk|

δ+p
p

∥

∥

∥

p

p(Ω)

≥ C2 ‖vk‖
qn
s′qn+1(∂Ω) − ‖vk‖

δ+p
δ+p(Ω)

So

An

(

C2 ‖vk‖
qn
s′qn+1(∂Ω) − ‖vk‖

δ+p
δ+p(Ω)

)

≤ B ‖u‖qnqns′(∂Ω) −

∫

Ω

|vk|
qn

What means that

‖vk‖
qn
s′qn+1(∂Ω) ≤ R′

n

(

B ‖u‖qnqns′(∂Ω) + |Sn| ‖vk‖
qn
qn(Ω)

)
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where R′
n =

1

C2An
. Then we obtain

‖vk‖
qn
s′qn+1(∂Ω) ≤ R′

n max (B, |Sn|)
(

‖u‖qnqns′(∂Ω) + ‖u‖qnqn(Ω)

)

And

‖u‖qns′qn+1(∂Ω) ≤ lim inf
|k|→+∞

(

‖vk‖
qn
s′qn+1(∂Ω)

)

(2.6)

≤ R′
n max (B, |Sn|)

(

‖u‖qnqns′(∂Ω) + ‖u‖qnqn(Ω)

)

(2.7)

Consequently u/∂Ω ∈ Ls′qn+1 (∂Ω) and ‖u‖
Ls′qn+1 (∂Ω)

≥ ‖u‖Ls′qn (∂Ω) ≥ 1.

Hence u ∈ Lqn (Ω) , u/∂Ω ∈ Ls′qn (∂Ω) and ‖u‖Ls′qn (∂Ω) ≥ 1 ∀n ≥ 0
It remains to be shown that there exists C > 0 such that

(

‖u‖qn
Lqns′ (∂Ω)

+ ‖u‖qnLqn (Ω)

)
1
qn

≤ C for all n ≥ n0

From the two preceding inequalities (2.5) and (2.7), one concludes that

‖u‖
qn+1

Ls′qn+1 (∂Ω)
+ ‖u‖

qn+1

Lqn+1 (Ω)
≤ Dn

(

max (B, |Sn|)
(

‖u‖qn
Lqns′ (∂Ω)

+ ‖u‖qnLqn (Ω)

))

q0
p

where Dn =

((

1

C1
+

1

C2

)

1

An

)

q0
p

. And since An →
n→+∞

0 one has |Sn| →
n→+∞

1,

thus starting from a certain row n0 of n one has |Sn| ≤ 2, consequently

‖u‖
qn+1

Ls′qn+1 (∂Ω)
+ ‖u‖

qn+1

Lqn+1 (Ω)
≤ C(qn)

q0
(

‖u‖qn
Lqns′ (∂Ω)

+ ‖u‖qnLqn (Ω)

)

q0
p

where C =
1

pq0

((

1

C1
+

1

C2

)

max (B, 2)

)

q0
p

.

Posing vn =
(

‖u‖qn
Lqns′ (∂Ω)

+ ‖u‖qnLqn (Ω)

)
1
qn

, one will have v
qn+1

n+1 ≤ C(qn)
q0(vqnn )

q0
p

for all n ≥ n0, and

ln(vn+1) ≤
A

qn+1
+ p

ln(qn)

qn
+ ln(vn) for all n ≥ n0 where A = ln(C)

Thus ln(vn+1) ≤ A
∑

n0+1≤k≤n+1

(

1

qk

)

+ p
∑

n0≤k≤n

(

ln(qk)

qk

)

+ ln(vn0
) ∀n ≥ n0.

The sequence

(

1

qk

)

k≥0

is geometric of reason 0 <
p

q0
< 1, so

∑

n0+1≤k≤n+1

(

1

qk

)

≤
q0

q0 − p
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It is checked easily that

ln(qk)

qk
= (η + γk)

(

p

q0

)k

and
∑

n0≤k≤n

(

ln(qk)

qk

)

≤
∑

0≤k

(η + γk)

(

p

q0

)k

=
ηq0

q0 − p
+ γ

pq0
(q0 − p)2

where η =
ln(q0)

q0
and γ =

ln(q0)− ln(p)

q0
.

From where ln(vn) ≤
q0

q0 − p
(A+ pη) + γ

p2q0
(q0 − p)2

+ ln(vn0
) = D ∀n ≥ n0.

Consequently vn =
(

‖u‖qn
Lqns′ (∂Ω)

+ ‖u‖qnLqn (Ω)

)
1
qn

≤ exp(D) ∀n ≥ n0. 2

Let us return to the demonstration of the theorem 1.1. By the lemma 2.1 we
conclude that ‖u‖Lqn (Ω) ≤ exp(D) and ‖u/∂Ω‖Lqns′ (∂Ω) ≤ exp(D) ∀n ≥ n0.
Then

‖u‖L∞(Ω) ≤ lim sup
n→+∞

‖u‖Lqn (Ω) ≤ exp(D)

and

‖u/∂Ω‖L∞(∂Ω) ≤ lim sup
n→+∞

‖u/∂Ω‖Lqns′ (∂Ω) ≤ exp(D)

Thus we proved that u ∈ L∞(Ω) and u/∂Ω ∈ L∞(∂Ω).

2.2. Proof of theorem 1.2. The proof uses the following result of D.Debenedetto
(see [1]).

Lemma 2.2 Let u be in W 1,p (Ω) ∩ L∞ (Ω) such that ∆pu ∈ L∞ (Ω) and ∂Ω
is C2,β with β ∈ ]0, 1[, thus

u ∈ C1,α
(

Ω
)

for some α ∈ ]0, 1[

and

‖u‖C1,α(Ω) ≤ K
(

N, p, ‖u‖L∞(Ω) , ‖∆pu‖L∞(Ω)

)

By the last theorem u ∈ L∞ (Ω), ∆pu = |u|p−2u ∈ L∞ (Ω) and ‖∆pu‖L∞(Ω) =

‖u‖p−1
L∞(Ω), so u is in C1,α

(

Ω
)

for some α ∈ ]0, 1[ and ‖u‖C1,α(Ω) ≤ K
(

N, p, ‖u‖L∞(Ω)

)

.

Moreover for 1 < p ≤ N one has ‖u‖L∞(Ω) ≤ C where C depends on ‖u/∂Ω‖Ls′q0 (∂Ω),

‖V ‖Ls(∂Ω) and ‖h‖Ls(∂Ω), then K = K
(

N, p, ‖u/∂Ω‖Ls′q0 (∂Ω) , ‖h‖Ls(∂Ω) , ‖V ‖Ls(∂Ω)

)

.
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