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Regularity of the solutions to a nonlinear boundary problem with
indefinite weight.

Aomar Anane, Omar Chakrone, Najat Moradi

ABSTRACT: In this paper we study the regularity of the solutions to the prob-
lem Apu = |u/P~2u in the bounded smooth domain Q C RV, with \Vu|p_2% =
AV (z)|u[P~2u+h as a nonlinear boundary condition, where 992 is C%:8 with 8 €]0, 1],
and V is a weight in L°(0Q2) and h € L*(0f) for some s > 1. We prove that all solu-
tions are in L (9€) (| L°°(€2), and using the D.Debenedetto’s theorem of regularity

in [1] we conclude that those solutions are in C1: (Q) for some « €]0, 1[.
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1. Introduction

The following problem

Apu [ulP~? u on Q
|Vu|P‘2% = AMuffPuV(z)+h in 00

(1.1)

where (2 is a bounded domain in RY, with a C?# boundary for some 8 € ]0,1[, p >
_ 0

1, Apu = div(|Vul’ 2 Vu) is the p-Laplacian, % is the outer normal derivative,
v

and V is the weight such that V' # 0 on 9 and V € L*(0R), and h € L*(09),
where s > % if 1<p< N ands>1 if N < p, has been treated by Julian
Fernandez BONDER and Julio D.ROSSI in [2], they have proved that there exists
a sequence of variational eigenvalues Ay — +o00, and that the first eigenvalue is
isolated, simple and monotone with respect to the weight.

In this work we will show the two theorems

Theorem 1.1 Ifu is a solution of the problem (1.1) then u € L> () and u/0) €
L (092).
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Theorem 1.2 Any solution of (1.1) is in C1* (Q) for some o € 0,1[ and ||U||cl,a(§) <
K where

K = K (N,p, [/ O] Lera (a52) » 1l Lo a0y - 1V Ls(an)) for 1<ps<N
K = K (Np lull e o) for  N<p
and
{ s'qo € [s'p,po] if 1<p<N
@o=p+1 if p=N
po = Mjf,vi:;) and s’ is the conjugate of s.

2. Proofs of theorems

2.1. PROOF OF THEOREM 1.1. One recall that u is a solution of the problem (1.1)
if and only if for all v in W1P(Q) one has

/ VP2 VuVo + / lulP ™2 uv = )\/ [ulP~? woV (x)00 + / hvdo.  (2.1)
Q Q 09 00

For p > N we have W' (Q) < C (Q), then any solution of (1.1) is in L> (£2)

cpct
and u/9Q € L (00Q).
For 1 < p < N we show the following lemma

Lemma 2.1 If u € WYP (Q) is a solution of the problem (1.1) then there exists a
constant C' > 0 such that

(I

where the sequence (qn)n is defined as follows

1

qns’ n
Lq'ns’(ag)) <C  foralln > nyg.

s'qo € [s'p,po] if 1<p<N, p(N —1) o
; , Do =——— and Gni1 = —qn-
{ go=p+1 if p=N, bo N—p it =t

In particular, u € LI (Q) and u/9Q € L*'% (9Q) , for all n >0, where s is
the conjugate of s.

Proof: Let u be a solution of the problem (1.1) so u € W1P (Q).

Onehass>%sol<s’: 5 <%—:;,and [p, po] N [s'p, s'po] = [s'p, po] # 0.

s—1

Let gg be in [ , %?]v for this choice one has

WhP(Q) < L®(Q) and W'P(Q) < LT (99)

cont cont

then u € L% (Q) and u/8Q € L9 (99) , so u/Q € L® (99) also.
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We can suppose that [[u/0€Q| 4 (gq) = 1 if not one considers ug = m
which is a solution of
Apu = lulP % u on
[VulP~? % = Mulff?uV(z)+h in 00 (2:2)

p—1
with &' = ([[u/0Ql a0 5y ) € L° (09).

By recurrence on n we suppose that u € L~ (), u/dQ € L% (99) and
[[w/0Q| 1+ 40 90y = 1 and we show that u € L+ (Q), u/0Q € LI+ (0Q), u/0Q €
L+1% (9Q) and [|u/0Q| v, oo = L

In what follows, one will indicate the norms [lul;,q) and [[u/0Q 1, pq) by

HU”p(Q) and ||qu(8Q)'
Let us define the sequence (vg)g>0 in WHP(Q) by
k

kif u(z) >
vp(z) =4 wu(z) if —k<u(@z)<k VzeQ
—k if  u(z) < -k

and one poses § = g, — p > 0. The following function test is taken |’Uk|6 vk in the
formula (2.1), we find on the one hand

(Apu,|vk\6vk>:/ |u|p_2u|vk|§vkdx2/ |vk|5+p:/ o |*
Q Q Q

and on the other hand

) 50
—/ Vul? 2VuV(|vk|5vk)+/ a2 2% 1P opdlo
Q f[9) ov

(Apu, k]’ vg)

; P
= —An/ ’V(|vk|%vk)’ —|—/ (/\V(x) |u|p_2u+h) |vg|” vrOo
Q i)
P
p(2)

s P
V(lvk|? Uk)Hp

e
V(lvk|? vi)

An

Y Ry

n 5
< Al (09) VI +H ||vk||(5++11)s'(aﬂ) - A,

s'qn

(2)

P
where A, = (§ +1) (q%) VI = ||V||S(BQ) and H = HhHS(BQ)'
Then

- n o+1
/Q 01 < A ll%, o IV I+ H okl o — An

And since WP (Q) < L% (Q) one has

cont

fo i)

Y (‘vkﬁ Uk) HZ(Q) (2.3)

p

p(Q)

p

p(Q)

: H‘ |6+p
— Uk p
q0(2)

n 6+
4 H’Uk| :Zanrl(Q) - ||vk||5+11;(ﬂ)

S+p

Ch H|Uk|T

v
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Thus it is found that

n 5+1
okl gy < B (M2 o0y IV H ol 10 + S okl )

where R,, = and S, = (A, — 1). Then, since 6 + 1 < g, one has

ChA

6+1 541 5+1 o1
HU]CH (641)s’(02) < Hu” (6+1)s'(89) < ||U||qnsz(89) (measa(aQ) Sl‘ln)

Supposing that meas,(02) < 1, and with the assumption |lul|; .4, o0y = 1 we
obtain

5+1
||vk||(5+1)s "o0Q) = ||U||qn 00) = ||Uan (09)
And
lorls sy < B (MIVI+ H) 2 oy + Sl 012 )
< Ramax (B,18a) (Il g o0 + 1l g )

where B=\||V| + H

Then
an 3 : dn
lullg: iy < Jiminf (el o) (2.4)
< Rymax(B.15.0) (Il ooy + 02 ) (25)

Therefore u € LI+ (Q).
We must now proof that u/0Q € L*'4+1 (9Q),(so u/0Q € L1+t (99Q)), and

Hu||LS’qn+1(aQ) > 1
Using (2.3) it is found that

I
Q

With the result W2 (Q) < L% (92) one has

cont

dn + An

8 p
V(|vx|? H <B
(ualF o[ < B2 om

p

()

5+p

ottt ol

6+p
o'
p(£2)

s"qo(092) B H|

v

Co [lvell3 " Grg1(992) ||UkH§+p(Q)
So
5+ n n
(OQ ”Uk”s "qn11(89) ||’Uk||5+£(g)) S B ||quns,(3Q) - /g; |Uk|q

What means that

ol oy < R (B oy + 10 o2 )
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where R, = . Then we obtain
ChA,
1ok1%, oy < R max (By1Sal) (12 o0y + 142 )
And
Il o) < liminf <‘|“k||z7qn+1(aﬂ>) (2.6)

< Rjmax (B,1S)) (llulf, nw) 2D

Consequently u/0 € L1+ (90) and [[ull, 4,1y 2 a0y = 1.
Hence u € L9 (Q) , u/0Q € L* 7 (9Q) and lull oran o) =1 ¥n >0
It remains to be shown that there exists C' > 0 such that

1

(1, oy + Nl ) ) ™ < € for all n> g

From the two preceding inequalities (2.5) and (2.7), one concludes that

a0

qn qn n P
W25y oy 01550 ) < Do (max (B 10l) (ull s oy + Il i)

1

)

a0

1 1\ 1\7
where D,, = (( + ) ) . And since A, = 0 one has |S, |
A — 400 +oc

Cl CQ n

thus starting from a certain row ngy of n one has |S’n| < 2, consequently

4q0
Il oy + Il Bk () < Caa)® (Il oy + Il Ei )

1 1 1
where C' = — ((Cl + 02) max (B,2)>

%;ns/(ag) + Hu”%"qn (Q))

g0
P

" , one will have v ' < C(gy, )% (vi") o

Posing v, = (||u
for all n > ng, and
A In(gx)

+p—
dn+1 dn

IN

In(vp11) +In(v,) for alln >mny where A =In(C)

1 1
Thus In(vy41) < A ) +p > ( n(qk)> +1n(vn,) Vn > ng.

no+1<k<n+1 (Qk no<k<n qk

1
The sequence (> is geometric of reason 0 < L <1, s0
k>0 q0

Z <1)§ qo0
qk qgo — P

no+1<k<n+1
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It is checked easily that

dk 40
and
In(g 2% 4o Pqo
Z ( ( )><Z(77+7k)< = 77_ +'7( —p)2
wiren \ = o w0-p (0-p
1 1 —1
where 7 = n(qo) and v = n(qo) n(p).
do q0
9 P2q0 _
From where In(v,) < ———(A+pn) + 77— 5 +In(vy,) =D Vn > ny.
-p (90 — D)
1
Consequently v,, = (H“Hgns’(ag) + ||quL’;n(Q)) " <exp(D) Vn > ng. O

Let us return to the demonstration of the theorem 1.1. By the lemma 2.1 we
conclude that [[ul[z4, o) < exp(D) and [|u/0Q| 4, 90y < exp(D) VYn = no.
Then

lull ey < limsup [ul 4, ) < exp(D)
n—-+4oo

and

4/ oy < T3 [4/08 gy < exD(D)
Thus we proved that v € L>®(§2) and u/09 € L (99).

2.2. PROOF OF THEOREM 1.2. The proof uses the following result of D.Debenedetto

(see [1]).

Lemma 2.2 Let u be in WHP () N L™ (Q) such that Ayu € L*®(Q) and 9
is C%8 with 3 €10,1], thus

ue CH (Q) for some a €]0,1]

and

lullor.emy < K (Nop, lull oy 1890l o))
By the last theorem u € L*® (), Apu = [u[P~%u € L> (Q) and HApuHLQQ(Q) =
-1 .. o (B
Hu||1£00(9), sowisin C1 (Q) for some a € 0, 1[ and ||u||Cla(ﬁ) <K (N,p, ||u||L0<,(Q)>.
Moreover for 1 < p < N one has [|ul| () < C where C depends on [u/0€]
Iv] Loy then K = K (N,p, |[u/09]

L#' 0 (892)>

Lo (o0 and I

Ls"20 (09) » ||h| Ls(89) » ||V| Ls(6Q) |-
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