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On a type of generalized closed sets

Dhananjoy Mandal and M. N. Mukherjee

ABSTRACT: The purpose of this paper is to introduce and study a new class of
generalized closed sets in a topological space X, defined in terms of a grill G on X.
Explicit characterization of such sets along with certain other properties of them
are obtained. As applications, some characterizations of regular and normal spaces
are achieved by use of the introduced class of sets.
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1. Introduction and prerequisites

It is found from literature that during recent years many topologists are in-
terested in the study of generalized types of closed sets. For instance, a certain
form of generalized closed sets was initiated by Levine [4], whereas the notion of
a-generalized closed sets was studied by Maki et al. [5]. Following the trend, we
have introduced and investigated a kind of generalized closed sets, the definition
being formulated in terms of grills. The concept of grill was first introduced by
Choquet [3] in 1947. From subsequent investigations it is revealed that grills can
be used as an extremely useful device for investigation of a number of topological
problems, like extension of spaces, theory of proximity spaces and so on ( see for
instance, [1], [2], [12] for details ). The definition of grill goes as follows.

Definition 1.1 [3] A nonempty collection G of nonempty subsets of a topological
space X is called a grill if

(i) AcGand ACBCX = BegG,and (i) A, BCX and A|UBeG=Aeg
or Beg.

Let G be a grill on a topological space (X, 7). In [9] an operator & : P(X) —
P(X) ( where P(X) stands for the power set of X ) was defined by ®(A4) = {z € X
: UM A € G for all open set U containing x}. It was also shown in the same paper
that the map ¢ : P(X) — P(X), given by ¢(A) = AJP(A) (for A € P(X)), is
a Kuratowski closure operator determining a topology 7¢ (say) on X, strictly finer
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than 7. Thus a subset A of X is 7g-closed ( resp. 7g-dense in itself) if ¢(4) = A
or equivalently if ®(A) C A (resp. A C $(A4) ).

In the next section we introduce and study a new class of generalized closed sets,
termed G-g-closed, in terms of a given grill G on the ambient space, the definition
having a close bearing to the above operator ®. This class of G-g-closed sets will be
seen to properly contain the class of g-closed sets as introduced in [4]. An explicit
form of such a G-g-closed set is also obtained . As applications, some formulations
of certain separation axioms in terms of G-g-closed sets and associated concepts
will be established in Section 3.

Throughout the paper, by a space X we always mean a topological space (X, 7)
with no separation properties assumed. If A C X, we shall adopt the usual no-
tations int(A) and cl(A) respectively for the interior and closure of A in (X, 7).
Again, 7g-cl(A) and 7g-int(A) will respectively denote the closure and interior of
Ain (X, 7g). Similarly, whenever we say that a subset A of a space X is open ( or
closed ), it will mean that A is open ( resp. closed ) in (X, 7). For open and closed
sets with respect to any other topology on X, e.g. 7¢, we shall write ‘rg-open’ and
‘rg-closed’. The collection of all open neighbourhoods of a point z in (X, 7) will be
denoted by 7(z). A subset A of a space (X, 7) is said to be a-open [7] ( preopen
[6] ) if A C int(cl(int(A))) ( resp. A C int(cl(A))). The family of all a-open sets
in (X, 1), denoted by 7%, is known [7] to be a topology on X finer than 7, and the
closure of A in (X, 7%) is denoted by a-cl(A4).

We now append a few definitions and results that will be frequently used in the
sequel.

Definition 1.2 A subset A of a space (X, 7) is said to be g-closed [}] ( ag-closed
[5] ) if cl(A) CU (resp. a-cl(A) CU ) whenever A C U and U is open.

The complement of a g-closed ( ag-closed ) set is called a g-open ( resp. an
ag-open ) set.

Theorem 1.3 [9] Let (X,7) be a topological space and G be a grill on X. Then
for any A, B C X the following hold:

(a) AC B = ®(A) C ®(B).

(b) ®(AUB) = o(4)J2(B).

(c) ®(P(A)) CP(A) = cl(P(A)) C cl(A), and hence ®(A) is closed in (X, T), for
all AC X.

Theorem 1.4 [9] Let (X,7) be a topological space and G be a grill on X. Then
B(G,7) ={V\NA: V€T and A¢ G } is an open base for 1g.

2. Generalized closed sets with respect to a grill

We begin by introducing a new class of generalized closed sets in terms of grills
as follows.

Definition 2.1 Let (X,7) be a topological space and G be a grill on X. Then a
subset A of X is said to be g-closed with respect to the grill G (G-g-closed, for short)
if ®(A) C U whenever A CU and U is open in X.
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A subset A of X is said to be G-g-open if X \ A is G-g-closed.

Remark 2.2 For a topological space (X,7) and a grill G on X, we obtain as
follows.

(a) Every closed set in X is G-g-closed.

(b) As ®(P(A)) C ®(A), ®(A) is G-g-closed for any subset A of X, and hence
every Tg-closed set is G-g-closed.

(c) It is known [9] that for any A ¢ G, ®(A) = ¢. Thus any non-member of G is
G-g-closed.

(d) Every g-closed set is G-g-closed; that the converse is false is shown by the
following example.

Example 2.3 Let X ={a,b,c}, 7={¢ ,{b},{b,c}, X } and G = {{a},{c},{a,c},{a,b},
{b,c},X}. Then (X,7) is a topological space and G is a grill on X. Suppose
A = {b}. Then it is easy to verify that A is not g-closed but is G-g-closed. In fact,
A C {b,c} but cl(A)=X Z{b,c}, and P(A) = ¢.

Corresponding to any nonempty subset A of X, a typical grill [A] on X was
defined in [10] in the following manner.

Definition 2.4 Let X be a space and (¢ #)A C X. Then
[Al={BCX:ANB# ¢}
is a grill on X, called the principal grill generated by A.

Remark 2.5 In the case of principal grill [X] generated by X, it is known [10] that
T = T[x], 50 that any [X]-g-closed set becomes simply a g-closed set and vice-versa.

Next we observe that in a space X, Gs = {4 C X : int(cl(A4)) # ¢} is a grill
on X, and for this grill we have:

Theorem 2.6 Let (X, 7) be a topological space and A C X. Then 1g; = 7% and
hence a subset A of X is Gs-g-closed iff A is ag-closed.

Proof: It is well known that for any subset A of a space (X,7), a-clA = Al
cl(int(cl(A))). Now, with the grill Gs we have for any A C X,

P5(A)={r e X:UNA€Gs, VU € 7(2)} ={x € X : int(cl(UNA)) # ¢, V
U € 7(z)} = cl(int(cl(A))). Thus 7g,-cl(4) = AU P(A) = AUdl(int(cl(A))) =
a-cl(A). Hence 1g, = 7*. O

In what follows in this section, we derive certain characterizations and properties
of G-g-closed sets.

Theorem 2.7 Let (X, 7) be a topological space and G be a grill on X. Then for a
subset A of X, the following are equivalent:

(a) A is G-g-closed.

(b) 1g-cl(A)C U whenever A C U and U is open.

(¢) For all x € 1g-cl(A), cl({x})A # ¢.

(d) Tg-cl(A)\A contains no nonempty closed set of (X, 7).

(e) ®(A)\A contains no nonempty closed set of (X, ).
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Proof: (a)=-(b): Suppose A is G-g-closed and A C U where U is open in (X, 7).
Then ®(A) C U so that 7g-cl(A)= A|JP(4) C U.

(b)=(c): Suppose x € 1g-cl(A). If cl({z}) A = &, then A C X\ cl({z}) and
using (b), 1g-cl(A) C X\ cl({z}), a contradiction since x € 7g-cl(A).

(c)=(d): Suppose F is a closed set of (X, 7) contained in 7g-cl(4) \ A and x € F.
Since F(NA = ¢, we have cl({z}) (VA = ¢. Again since z € 7g-cl(A), by (c) we
have cl({z}) (A # ¢, a contradiction. This proves (d).

(d)=-(e): It follows from the fact that 7g-cl(4) \A = ®(A) \A.

(e)=(a): Suppose that A C U and U is open in (X,7). Since ®(A) is closed
(by Theorem 1.3.) and ®(A) ((X\U) C ®(A)\A holds, ®(A)(X\U) is a closed
set in (X, 7) contained in ®(A)\A. Then by (e), ®(A) (X\U) = ¢ which gives
®(A) CU. Hence A is G-g-closed. O

Corollary 2.8 Let (X,7) be a Ti-space and G be a grill on X. Then every G-g-
closed set is Tg-closed.

Proof: Follows from Theorem 2.7 ( (a)=(c) ). O

Corollary 2.9 Let (X,7) be a Ti-space and G be a grill on X. Then A (C X) is
G-g-closed iff A is Tg-closed.

Corollary 2.10 Let G be grill on a space (X,7) and A be a G-g-closed set. Then
the following are equivalent:

(a) A is Tg-closed.

(b) Tg-cl(A)\A is closed in (X, T).

(c) ®(AN\A is closed in (X,T).

Proof: (a)=-(b): If A is 7g-closed, then 7g-cl(A)\A = ¢ and so 7g-cl(A)\A4 is a
closed set.

(b)<(c): It is clear, since 7g-cl(A)\A = ®(A)\ A.

(c)=(a): If ®(A)\A is closed in (X, 7) and A is G-g-closed, then by Theorem 2.7,
P(A)\A = ¢ and so A is 7g-closed. O

Theorem 2.11 Let G be a grill on a space (X, 7). Then A (C X) is G-g-open iff
F C 7g-int(A) whenever FF C A and F' is closed.

Proof: Let A be G-g-open and F' C A, where F is closed in (X, 7). Then X\A C
X\F = ®(X\A) C (X\F) = 1g-cl(X\A) C (X\F) = F C 7g-int(A). m

Conversely, X\A C U, where U is open in (X,7) = X\U C 7g-intA = 7¢-
cl(X\A) CU. Thus (X\A) is G-g-closed and hence A is G-g-open.

Lemma 2.12 Let (X,7) be a space and G be a grill on X. If A (C X ) is 7g-dense
in itself, then ®(A) = cl(®(A)) = 1g-cl(A) = cl(A).
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Proof: A is 7g-dense in itself == A C ®(A) = cl(A) C cl(P(A4)) = ®(A) Ccl(A4)
(using Theorem 1.3) = cl(4) = ®(A) = cl(P®(A)). Again, 7g-cl(A) = AJ P(A)
Al cl(A) = cl(A). Consequently, ®(A) = cl(P(A4)) = 7g-cl(4) = cl(A).

o

Theorem 2.13 Let G be a grill on a space (X, 7). If A (C X ) is 7g-dense in itself
and G-g-closed, then A is g-closed.

Proof: Follows at once from Lemma 2.12. O

Corollary 2.14 For a grill G on a space (X,7), let A (C X ) be 1g-dense in itself.
Then A is G-g-closed iff it is g-closed.

Theorem 2.15 For any grill G on a space (X, 7) the following are equivalent:
(a) Every subset of X is G-g-closed.
(b) Every open subset of (X, T) is 1g-closed.

Proof: (a)=-(b): Suppose A is open in (X, 7). Then by (a), A is G-g-closed so
that ®(A) C A. Then A is 7g -closed.

(b)=(a): Let A C X and U be open in (X, 7) such that A C U. Then by (b),
®(U) CU. Again, ACU = ® (A) C &(U) ( by Theorem 1.3 ) C U, which implies
that A is G-g-closed. O

Theorem 2.16 For any subset A of a space (X,7) and a grill G on X, the fol-
lowing are equivalent:

(a) A is G-g-closed.

(b) AUX\P®(A)) is G-g-closed.

(c) ®(A)\A is G-g-open.

Proof: (a)=-(b): Suppose A|J(X\P(A)) C U, where U is open in X. Then
X\U € X\(AUX\®(A))) = ®(A)\A. Since A is G-g-closed, by Theorem 2.7 we
have X\U = ¢, i.e., X = U. Since X is the only open set containing A | J(X\®(A)),
AUJX\®(A)) is G-g-closed.

(b)=-(a): Suppose F' C ®(A)\ A where F'is closed in (X, 7). Then A|J(X\P(A)) C
X\F and so by (b), 2(AUX\P(4))) C X\F = @(A)J2(X\2(4)) € X\F =
F C X\®(A). Again, since F' C ®(A) we have F' = ¢. Hence by Theorem 2.7, A
is G-g-closed.

(b)<(c) : Follows from the fact that X\(®(A)\A) = AUX\P(A)). O

Theorem 2.17 Let (X, 7) be a space, G be a grill on X and A, B be subsets of X
such that A C B C 1g-cl(A). If A is G-g-closed, then B is G-g-closed.

Proof: Suppose B C U, where U is open in X. Since A is G-g-closed, ®(A) C
U = 7g-cl(A) CU. Now, A C B C 7g-cl(A) = 1g-cl(A) C 1g-cl(B) C 1g-cl(A4).
Thus 7g-cl(B) C U and hence B is G-g-closed. O
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Corollary 2.18 7g-closure of every G-g-closed set is G-g-closed.

Theorem 2.19 Let G be a grill on a space (X,7) and A, B be subsets of X such
that AC B C ®(A). If A is G-g-closed, then A and B are g-closed.

Proof: A C B C ®(A) == A C B C 71g-cl(4), and hence by Theorem 2.17, B
is G-g-closed. Again, A C B C ®(A4) = ®(4) C &(B) C &(P(A4)) C ®(A) ( by
Theorem 1.3) = ®(A) = ®(B). Thus A and B are 7g-dense in itself and hence by
Theorem 2.13, A and B are g-closed. O

The following result gives a precise form of a G-g-closed set.

Theorem 2.20 Let G be a grill on a space (X, 7). Then A (C X ) is G-g-closed iff
A = F\N where F is 7g-closed and N is a set not containing any nonempty closed
set.

Proof: Let A be G-g-closed. Then by Theorem 2.7, ®(A)\A = N (say) contains
no nonempty closed set. If ' = 7g-cl(A), then F is a 7g-closed set such that
F\N =AJP(A)\(P(A)\A) = A.

Conversely, suppose that A = F'\ N,where F is 7g-closed and N cotains no nonempty
closed set. Suppose that A C U where U is open in X. Then F\N C U
which implies that F((X\U) C N. Now, A C F and ®(F) C F imply that
P(A)N(X\U) CO(F)N(X\U) C FNO(X\U) C N. Since ®(A) (X\U) is closed,
we have by hypothesis that ®(A) ((X\U) = ¢ and hence ®(A) C U, proving A to
be G-g-closed. O

3. Some characterizations of regular and normal spaces

As already proposed, this section is meant for deriving certain applications of
the study in the last section; some characterizations of regular and normal spaces
are achieved here in terms of the introduced concept of G-g-closed sets. To that
end, we first mention as follows a result of Njastad [7], restated in our present
setting.

Lemma 3.1 For any space (X,7), 7* = {V\A: V €7 and A ¢ Gs} where G5 =
{ACX : intcl (A) # ¢}.

Theorem 3.2 [11] Let G be grill on a space (X, 7). Then PO(X)\{¢} C G iff
Gs € G, where Gs = {AC X : intcl(A) # ¢} and PO(X) denotes the collection of
all preopen sets in (X, 7).

Theorem 3.3 Let G be a grill on a space (X, 1) such that PO(X)\{¢} C G. Then
¢ C TC.

Proof: Let V € 7g. Then by Theorem 1.4, V = [J{Vo\Aa : Vo € 7, and A, ¢ G}.
By Theorem 3.2, G5 C G. So for each o, A, ¢ Gs which gives, in view of Lemma
3.1 Vo \A, € 7%, Since 7% is a topology, V € 7. Hence 7¢g C 7. O
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The above result helps us to obtain the following characterizations of a normal
space in terms of G-g-open sets.

Theorem 3.4 Let G be such a grill on a space (X, 1) that PO(X)\{¢} C G. Then
the following are equivalent:

(a) X is normal.

(b) For each pair of disjoint closed sets F' and K, there exist disjoint G-g-open sets
U and V such that F CU and K C V.

(¢) For each closed set F' and any open set V' containing F, there is a G-g-open set
U such that F CU C 7g-c(U) C V.

Proof: (a)=-(b): It is clear, since every open set is G-g-open.

(b)=-(c): Let F be a closed set and V an open set in (X, 7) such that ' C V.
Then F and X\V are disjoint closed sets and so by (b), there exist disjoint G-g-
open sets U and W such that F C U and X\V C W. Since W is G-g-open and
X\V C W where (X\V) is closed, we have by Theorem 2.11, X\V C 7g-int(W),
and so X\7g-int(W) C V. Again, UNW = ¢ = U[)7g-int(W) = ¢, and so 7g-
cl(U) € X\7g- int(W) C V. Thus F C U C 7¢-cl(U) C V, where U is a G-g-open
set.

(c)=(a): Let F and K be any two disjoint closed sets in X. Then by (c), there
is a G-g-open set U such that FF C U C 7g-cl(U) C X\ K. Since U is G-g-open and
F C U where F is closed in (X, 7), we have by Theorem 2.11 that F' C 7g-int(U).
Again, PO(X)\{¢} C G = 7¢ C 7* (by Theorem 3.3) = 7¢-int(U), X \rg-cl(U)
€ 7*. Thus F C 7g-int(U)C int(cl(int(7g-int(V)))) = G (say), and K C X\7g-
cl(U) C int(cl( int(X\7g-cl(U)))) = H (say). To show that (X, 7) is normal, it now
suffices to show that G(H = ¢. In fact, z € G(H = z € int(cl(int(7g-int(U))))
and x € H = x € cl(int(rg-int(U))) and © € H € 7 = there exist y € int(rg-
int(U)) and y € H C cl( int(X\7g-cl(U))) = int(rg-int(V)) () int(X\7g-cl(U))
# ¢ = 1g-int(U) (X \7g-cl(U)) # ¢, a contradiction. O

If in the above theorem we take G = Gs, then by using Theorem 2.6 we arrive
at the following known result (viz. Theorem 4.1 of [8]).

Corollary 3.5 For a space (X, 1) the following are equivalent:

(a) X is normal.

(b) For each pair of disjoint closed sets F' and K, there exist disjoint ag-open sets
U and V such that F CU and K CV.

(¢) For each closed set F' and any open set V' containing F, there exists an ag-open

set U such that F CU C a-cl(U) C V.

The following theorem gives characterizations of a normal space in terms of
g-open sets, which is a consequence of Theorem 3.4 and Remark 2.5 if one takes G
= [X].

Theorem 3.6 For a space (X, T) the following are equivalent:
(a) X is normal.
(b) For each pair of disjoint closed sets F' and K, there exist disjoint g-open sets
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U andV such that F CU and K C V.
(c) For each closed set F' and any open set V' containing F', there exists a g-open
set U such that F CU C cl(U) C V.

It is now the turn, as above, to formulate regular spaces in terms of 7g-open
sets and associated concepts.

Theorem 3.7 Let G be a grill on a space (X, 7) for which PO(X)\{¢} C G. Then
the following are equivalent:

(a) X is regular.

(b) For each closed set F' and each x € X\F, there exist disjoint 7g-open sets U
and V such that x € U and F C V.

(¢) For each open set'V of (X,7) and each point x € V, there exists a Tg-open set
U such that x € U C 7g-cl(U) C V.

Proof: (a)=-(b): It is clear as 7 C 75.

(b)=(c): Let V be any open in (X,7) containing a point = of X. Then by
hypothesis, there exist disjoint 7g-open sets U and W such that x € U and X\V C
W. Now, UNW = ¢ = 7g-cl(U) CX\W CV. Thus x € U C 7g-cl(U) C V.
(c)=(a): Let F be closed and = ¢ F. Then by hypothesis, there exists a 7g-open
set U such that ¢ € U C 7g-cl(U) C X\F. Let V = X\7g-cl(U). Then U and V
are disjoint 7g-open sets. Since PO(X)\{¢} C G, we have 7g C 7* (by Theorem
3.3). Thus z € U C int(cl(int(U))) = G (say) and F C V C int(cl(int(V))) = H
(say). As UV = ¢, we can prove as in ‘(¢)=>(a)’ of Theorem 3.4 that G\ H =
¢. Hence X is regular. O

If we set G = G5 in the above theorem, we have the following result which gives
characterizations of regular spaces in terms of a-open sets, and which incidentally
proves Theorem 5.2 of [8].

Corollary 3.8 For a space (X, 1) the following are equivalent:

(a) X is regular.

(b) For any closed set F in (X,7) and each x € X\F, there exist disjoint a-open
sets U, V such thatx € U and F C V.

(¢) For each open set V in (X, 7) and each point x € V', there exists an a-open set
U such that x € U C a-cl(U) C V.

Theorem 3.9 Let G be a grill on a Ty-space (X, 7) such that PO(X)\{¢} C G.
Then the following are equivalent:

(a) X is regular.

(b) For each closed set F and each x € X\F, there exist disjoint G-g-open sets U
and V such that x € U and F C V.

(¢) For each open set V of (X,7) and each point x € V, there exists a G-g-open
set U such that x € U C 7g-cl(U) C V.

Proof: (a)=-(b): It is trivial as each open set is G-g-open.
(b)=-(c): Let V be open in (X, 7) and 2 € V. Then by (b), there exist disjoint G-
g-open sets U and W such that @ € U and X\V C W. As W is G-g-open and X\V
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is closed with X\V C W, we have by Theorem 2.11 that X\V C 7g-int(W), i.e.,
X\rg-int(W) C V. Now, UNW = ¢ = U )rg-int(W) = ¢ = mg-cl(U) € X\rg-
int(W) CV. Thus x € U C 7g-cl(U)C V.

(c)=(a): Let F be any closed set not containing a point x € X. Then by (c),
there exists a G-g-open set U such that x € U C 7g-cl(U) C X\F. Since (X,7)
is T1, we have using Theorem 2.11, {z} C 7g-int(U). Since PO(X)\{¢} C G,
7¢ € 7 ( by Theorem 3.3 ) and so 7g-int(U) and X\7g-cl(U) are a-open sets.
Now z € 7g-int(U)C int(cl(int(7g-int(U)))) = G (say) and F C X\7g-cl(U)C
int(cl(int (X \7g-cl(U)))) = H (say). Since G and H are disjoint open sets in X
such that x € G and F C H, X is regular. O

If we take G = Gs in the above theorem, then by using Theorem 2.6 we have
the following result:

Corollary 3.10 For a Ty-space (X, 1) the following are equivalent:

(a) X is regular.

(b) For each closed set F' in (X, 7) and each v € X\F, there exist disjoint ag-open
sets U and V' such that x € U and FF C V.

(c¢) For each open set V and each point x € V', there exists an ag-open set U in X
such that x € U C a-cl(U) C V.

If the principal grill [X] takes the role of G in Theorem 3.9, then we obtain
the following characterizations of a regular space in terms of g-open sets ( refer to
Remark 2.5).

Corollary 3.11 For a Ty -space (X, 7) the following are equivalent:

(a) X is regular.

(b) For each closed set F in (X,7) and each x € X\F, there exist disjoint g-open
sets U and V such that x € U and FF C V.

(¢) For each open set V in (X,T) containing a point x , there exists a g-open set
U in X such that x € U C cl(U) C V.
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