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The semi normed space defined by entire sequences

N. Subramanian, K. Chandrasekhara Rao and K. Balasubramanian

ABSTRACT: In this paper we introduce the sequence spaces I'(p, 0, ¢, s), A(p, 0, ¢, s)
and define a semi normed space (X, q), semi normed by q. We study some properties
of these sequence spaces and obtain some inclusion relations.
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1. Introduction

A complex sequence, whose k* term is zy, is denoted by {x;} or simply z. Let
¢ be the set of all finite sequences. A sequence x = {x}} is said to be analytic if

1
supy, |zx|* < oo. The vector space of all analytic sequences will be denoted by A.

A sequence z is called entire sequence if limy_, o |a:k|% = 0. The vector space of all
entire sequences will be denoted by I'. Let ¢ be a one-one mapping of the set of
positive integers into itself such that o™ (n) = o(c™ 1(n)),m =1,2,3,....

A continuous linear functional ¢ on A is said to be an invariant mean or a o-
mean if and only if (1) ¢(x) > 0 when the sequence x = (x,,) has z,, > 0 for all n (2)
¢(e) =1 where e = (1,1,1,....) and (3) ¢o({zs(n)}) = ¢({zn}) for all z € A. For
certain kinds of mappings o, every invariant mean ¢ extends the limit functional on
the space C of all real convergent sequences in the sense that ¢(x) = limx for all
x € C. Consequently CCV,,where V,is the set of analytic sequences all of those
o—means are equal .

If = (), set Tx = (Tx)"/" = (z4(n)).It can be shown that

Vo =4qx=(x,) :m NS ton (2,)/™ = L uniformly in n, L = o—n LGNS (:L'n)l/"}
where y
(n + Ty + -+ Ty, "
tmn(2) = (1)

m+1

Given a sequence = = {x}} its n'" section is the sequence (™) = {z1, 3, ...2,,,0,0,...} ,
5" =1(0,0,...,1,0,0,...), 1 in the n* place and zeros elsewhere. An FK-space
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(Frechet coordinate space) is a Frechet space which is made up of numerical se-
quences and has the property that the coordinate functionals pi(z) = zx(k =
1,2,...) are continuous.

2. Definitions and Preliminaries
Definition 2.1 The space consisting of all those sequences x in w such that (\mk|1/k)

— 0 as k — oo is denoted by I'. In other words (|xk\1/k) 1s a null sequence . T is
called the space of entire sequences . The space ' is a metric space with the metric
d(z,y) = {supk (|xk - yk|1/k> ck=1,2,3,-- } for all x = {z} and y = {yx} in
I.

Definition 2.2 The space consisting of all those sequences x in w
such that (supk <|xk|1/k)> < oo is denoted by A. In other words(supk <|xk|1/k>)

s a bounded sequence.

Definition 2.3 Let p,q be semi norms on a vector space X. Then p is said to
be stronger than q if whenever (x,) is a sequence such that p (x,) — 0, then also
q (x5,) = 0. If each is stronger than the other, then p and q are said to be equivalent.

Lemma 2.4 Let p and q be semi norms on a linear space X. Then p is stronger
than q if and only if there exists a constant M such that q(x) < Mp(x) for all
reX.

Definition 2.5 A sequence space E is said to be solid or normal if (agxy) € E
whenever (z) € E and for all sequences of scalars (ay) with |ag| < 1, for all
keN.

Definition 2.6 A sequence space E is said to be monotone if it contains the canon-
ical pre-images of all its step spaces .

Remark 2.7 From the above two definitions, it is clear that a sequence space E
1s solid implies that E is monotone .

Definition 2.8 A sequence E is said to be convergence free if (yx) € E whenever
(zx) € E and x, = 0 implies that y, = 0.

Let p = (pi) be a sequence of positive real numbers with 0 < px, < sup pxr = G.
Let D = Maxz(1,2671). Then for ay, b, € C, the set of complex numbers for all
k € N we have

jan -+ bl < D {Jan]"* 4 o] * (2)

Let (X, q) be a semi normed space over the field C' of complex numbers with the
semi norm ¢ . The symbol A(X) denotes the space of all analytic sequences defined
over X. We define the following sequence spaces:

A(p,o,q,8)= {x € A(X):supk™? [q (|x0k(n)|1/k)rk < oouniformly in n > 0,s > O}
n,k
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L (p,o,q, s)z{x el(X):k™° [q (|x0k(n){1/k)]pk—>0, ask —oounif/ inn > 0,s > O} .

3. Main Results

Theorem 3.1 T'(p,o,q,s) is a linear space over the set of complex numbers.

Proof: The proof is easy, so omitted .

Theorem 3.2 I'(p,0,q,s) is a paranormed space with

el s 1/k . .
g (z) = {iglik [q <‘$ak(n)| )} , uniformly in n > 0}

where H = max (1, supy, pi) -

Proof: Clearly g(z) = g(—=x) and ¢g(#) = 0, where 6 is the zero sequence . It can be
easily verified that g(z + y) < g(x) + g(y). Next  — 0, X fixed implies g(Az) — 0.
Also x — 6 and A — 0 implies g(Ax) — 0. The case A\ — 0 and z fixed implies that
g(Az) — 0 follows from the following expressions.

g () = {(ZI;) k=* [q (‘xgk(n)|1/k>} uniformly in n,m € N}
g(Ax) = {(|)\| T)pm/H D supp>1kT® [q <|1:Uk(n)|1/k>} ,7 > 0, uniformly in n,m € N}

where r = %I Hence I'(p, 0, ¢, s) is a paranormed space . This completes the proof.

Theorem 3.3 T'(p,0,q,s)(A(p,0,q,8) CT(p,0,q,s).
Proof:The proof is easy, so omitted .

Theorem 3.4 T'(p,0,q,5) C A(p,0,q,5).

Proof: The proof is easy, so omitted .

Remark 3.1 Let ¢1 and go be two semi norms on X, we have
(i) T(p,0,q1,5) T (P, 0,42, 5) CT(p,0,q1 + g2, 5);

(ii) If q1 is stronger than qa, then T'(p,0,q1,s) C I'(p, 0, g2, 5);
(ii) If q1 is equivalent to qo, then T'(p,0,q1,8) =T'(p,0,q2,S8).

Theorem 3.5 (i) Let 0 < pp < 7 and {1%} be bounded. Then I'(r,o,q,s) C

I'(p,0,q,s);
(Z’Z) 81 < 82 zmplzes F(pa 7,4, 51) - F(p7 ag,4, 52) .
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Proof of (i):
Let
zel(ro.q,s) 3)

k—° [q (|xak(n)‘1/kﬂm —0 as k— (4)

Let tp, = k% [q (|x0k(n)|1/k)] * and \p = f—:. Since pr < 71, we have 0 < A\, < 1.

Take 0 < A > A. Define u;, = tk<tk > 1);uk =0(ty < 1); and v, = O(tk > 1);v, =
. _ Ak o Ak Ak :

tr(tr < 1); ty = up + v t3F = up® + vp*. Now it follows that

ug’“ <t, and v,?k < v,? (5)

(ie) 0 < ti+ 0} by (5) kg (’%k<n>|1/k)rkrk < R {q(|%’“<”>|1/k)rk

1/k\ Tk Pi/Tk s 1/k Tk s 1/k Pk
Fr (ool ) ] < b [ (el )] R [0 (Jrmr )] <
T Tk

k—*° {q (|1'Uk(n)‘1/k):| " But K [q (|xgk(n)|1/kﬂ L 0 as kK — oo by (4) .
s 1/k Pk
k {q (|.Tak:(n)| )] —0 as k— oo.
Hence

x € T(p,0,q,s). (6)
From (3) and (6) we get I'(r,0,¢,s) C I'(p, 0, ¢, s). This completes the proof .
Proof of (ii): The proof is easy, so omitted .

Theorem 3.6 The space I'(p,0,q, s) is solid and as such is monotone .

Proof: Let (zx) € I'(p,0, ¢, s) and (ay) be a sequence of scalars such that |ag| <1
P P
for all K € N. Then k~° [q (’akxa-k(n)|1/k):| ’ < k~° [q (‘J;o—k(n)r/k)} ’ for all

D Pi
ke N. {q (’akxak(n”l/k)} ' < {q (|xgk(n)|1/k)] ' for all kK € N. This completes
the proof.

Theorem 3.7 The space I'(p,0,q,s) are not convergence free in general.

Proof: The proof follows from the following example.

Example: Let s = 0;p;, = 1 for k even and pp=2 for k odd. Let X = C,¢(x) = |z
and o(n) = n+ 1 for all n € N. Then we have 0%(n) = o(c(n)) = o(n +1) =
(n+1)+1=n+2and 03(n) = o(c?(n)) =c(n+2)=n+2)+1=mn+3.
Therefore o*(n) = (n + k) for all n,k € N. Consider the sequences (z) and (yx)
defined as zf, = (%)k and (yx) = k¥ for all k € N (i.e)\xk|1/k = 1 and |yk|1/k =k

forall k € N.

R R
Hence ’(M) (m)
r 4 0 as k — oo. Hence (yx) ¢ I'(p, o). Hence the space I'(p, 0, q, s) are not con-
vergence free in general. This completes the proof.

Pk Pk

— 0as k — oo. Therefore (x) € I'(p, o) . But
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