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ABSTRACT: In this paper, with the help of orthogonal polynomials especially
Chybeshev polynomials of first and second kind, number theory and linear algebra
intertwined to yield factorization of balancing and Lucas-balancing numbers.
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1. Introduction

As usual, see [1], the balancing number n is defined by the solution of the
Diophantine equation

1424+ +(n—-1)=n+1D)+n+2)+ -+ (n+7r),

where r is the balancer corresponding to the balancing number n. The first few
balancing numbers are 1, 6, 35 with corresponding balancers 0, 2, 14. If B,, is the
n*" balancing number, the recurrence relation for balancing numbers is given by

Bpi1 =6B, — Bn_1, n>2, (1.1)

with By =1, By = 6.

In [1] it is shown that, if n is a balancing number, n* is a triangular number, that
is, 8n% 4+ 1 is a perfect square and for all n,v/8n2 + 1 generates a sequence called
as the sequence of Lucas-balancing numbers [5], whose first few terms are given by
1, 3 and 17 and if C,, is the n'® Lucas-balancing number, its recurrence relation is
given by

2

Cn+1 = 6Cn — Cnfl, n 2 2, (12)

with Cl = 3,C2 = 17.
In the recent years many number theorists from all over the world are taking interest
in this beautiful number system. Liptai [2] proved that the only Fibonacci number
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in the sequence of balancing numbers is 1. In [3], he also proved that there is no
Lucas number in the sequence of balancing numbers. Balancing numbers and its
related sequences are available in the literature. Interested reader may follow [4],
(6], [7]-

In this paper, we observe that, with the help of orthogonal polynomials, number
theory and linear algebra intertwined to yield factorization of balancing and Lucas-
balancing numbers. In section 2 and 3 we derive the following factorization of these
numbers:

B, = H (6—20051%1-) (1.3)
1<k<n-—1

cnzé[ 11 (6—2COSW)] (1.4)
1<k<n

In order to derive (1.3) and (1.4) we present the following theorem whose proof is
included for completeness.

Theorem 1.1 If the sequence of tridiagonal matrices {Ap,m =1,2,---} is of the
form

All A12
A21 A22 A23
A, = Asy Ass . )
' : A(n—l)n
An(n— 1) Ann

then the successive determinant of A, are given by the recursive formulas:

det(Al) = A11
det(Az) = Ai11Ass — A12A01
det(An) = Ann det(An_l) - A(n—l)nAn(n—l) det(An_g).

Proof. Using Induction one can easily check that the theorem is true for n = 1,2
and 3 and assume that it is true for all k, 3 < k < n, that is

det(Ak) = Apy det(Ap_1) — A(kfl)kAk(kfl) det(Ak,z).
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Now,
A A
Agy Az Ags
det(Apy1) = det Aszz Ass
’ Ak(k+1)
Aesik A1) (k+1)
An A
Agy Azp Ags

= A1) (k1) det(Ax) — Apryr) det Azp  Asz
' Ak-1)k
Apk=1)  As1)k
= A1) (k1) det(Ax) — Aper 1y Aer)k det(Ag—1).

Thus the theorem is true for all natural number n.

2. Factorization of Balancing Numbers

In order to derive the factorization of balancing numbers (1.3), let us introduce
the sequence of matrices {D,,n = 1,2,---} where D,, is am n x n tridiagonal
matrix with entries dgy =6, 1 <k <mnand dp_1)r = —i,dgp—1) =14 2<k<mn,
where i = v/—1. That is

By virtue of Theorem 1.1, we find
det(Dy) =6
det(Dy) = 36 +i? = 35
det(D,,) = 6 det(Dy—1) — det(Dy—2),
which is nothing but the sequence of balancing numbers starting with By. Thus,

B, =det(D,,—1), n>2. (2.1)

Since the determinant of a matrix can be found by taking the product of its eigen-
values, we will now find the spectrum of D,, in order to find an alternate formulation
for det(Dy,).

Let us introduce another sequence of matrices {S,,n = 1,2,---} where S, is
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an n x n tridiagonal matrix with entries s = 0, 1 < k < n and sg_1), =
—iy Sp(k—1) = %, 2 <k <n. That is,

0 —2

i 0
Clearly D,, = 61 + S,,, where I be the identity matrix same order as S,. Let
Ak, k=1,2,3--+  n, be the eigenvalues of S,, with corresponding eigenvectors Xj.
Then for each j,
D, X; =[6I+5,]X;
=61X;+ 5, X;
== GXJ + )\ij
=(6+X;)Xj;.
Thus 6y =6+ Ag, k=1,2,--- ,n, be the eigenvalues of D,,. Therefore,
det(Dy) = ] (6+Xx), n>1. (2.2)
1<k<n

In order to find A,k = 1,2--- ,n, we recall that each Ay is zero of the characteristic
polynomial p, (\) = det(S,, — \I).
Since S, — A is a tridiagonal matrix we have,

A —i
i =X =i
Sp— A = i =
.=
i =A
Using Theorem 1.1, we get the following recursive formula for the characteristic
polynomials:

p1(A) = —A
p2(N) =2 -1
pn(A)::_Apnfl(A)__pn—%(A)

This family of polynomials can be transformed into another family {M,,n > 1}
by the transformation A = —2z to get,

M (z) =2z
My(x) = 4a* — 1
M, (z) = 2eM,_1(z) — M,,_o(x).
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We observe that the family {M,,,n > 1} is the set of Chebyshev polynomials of
second kind. It is well known that for z = cos 6, the Chebyshev polynomials of the
second kind can be written as

sin[(n + 1)6]
M, =
() sin 6
which when equal to zero gives
wk
0, = k=1,2
k n+ 1’ ) Ay n
Thus,
Ty = cos Oy
k
:COSL, k=1,2,---n.
n+1
Now applying the transformation A = —2z, the eigenvalues of S, are given by
wk
A = —2 —_— k=1,2,---n. 2.3
k Cos n+ 1’ ) n ( )

Combining (2.1), (2.2) and (2.3), we get
km
B == = — _
nt1 = det(Dy,) H (6 — 2cos - ), n>1,
1<k<n
which is identical to the factorization (1.3).

3. Factorization of Lucas-Balancing Numbers

In a similar manner we can derive (1.4) by considering the sequence of matrices
{E,,n = 1,2,---} where F,, is an n x n tridiagonal matrix with entries e;; =
ek =6, 2<k<nandep_1)p =%, Spr-1) =1 2 <k <n. Thatis,

Again using Theorem 1.1, we obtain
det(El) =3

det(Ey) =18 +i? = 17
det(E,) =6 det(Ep_1) — det(E,_2).
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We observe that each member in this sequence is a Lucas-balancing number. Thus,
we get
C,, =det(E,), n>1. (3.1)

If e; is the 5" column of the identity matrix I, we see that det(I + ejel) = 2.
Therefore,we may write

1
det(E,) = §det[(1 +e1el)E,). (3.2)
Also we observe that the right hand side of (3.2) can be expressed as
L T 1 T
idet[(I +eie; )E,] = 5det[6] + S, —ieie; |

where S, is the matrix defined earlier.
If ag, k = 1,2,3---,n, be the eigenvalues of S, — ieje? with corresponding
eigenvectors Y, then for each j,
(6] + S, —ieied|Y; = 61Y; + (S, —ieied)Y;
= 6Yj +a;Yj
= (6+a;)Y;.

Therefore,

1 . 1
5det[GI + S, — leleT] = 5 1<1;[< (6 + ak)a n>1 (33)

In order to find a;cs, we recall that each ay, is a zero of the characteristic polynomial
gn(a) = det(S, —ierel — al). Since det(I — 1eje]) = 1, we can express the
characteristic polynomial as
1 .
qn(a) = 2det[(I — 5616?)(Sn —ierel —al)]
= =i
T —a —i

= 2det 7 —a

Since g, () is the twice of a tridiagonal matrix, we can use Theorem 1.1 to get the
following recursive formulas:

qi(a) = —
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Using the transformation @ = —2x, the family of the above polynomial can be
transformed to a new family {T,,(z), n > 1} where,
Ty (x)
To(x) =222 — 1
To(x) = 22Ty —1(x) — Th—2(x).

X

Once again we observe that the family {7, (z), n > 1} is the set of Chebyshev
polynomials of first kind. It is well known that for £ = cosf the Chebyshev
polynomials of the first kind can be written as

T, (x) = cosnf

which when equal to zero gives,

2k —1
o= "Ck=D o
2n
Therefore,
T = cos Oy
2k—1
= COSM7 k=1,2,--- ,n.
2n
Applying the transformation o = —2z, the eigenvalues of S,, — iejel is given by
2k —1
ak:—2005¥, k=1,2,--- ,n. (3.4)
n

Thus, from (3.1),(3.3)and (3.4), we have

Cn = 2] H (6—2c0s(2k2;1)7r)]

n
1<k<n

N | =

which is identical to the factorization(1.4).
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