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Somewhat (v, 5)-semicontinuous functions

C. Carpintero, N. Rajesh and E. Rosas

ABSTRACT: In this paper, some new classes of functions are introduce and study
by making use of y-semiopen sets and -semiclosed sets.
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1. Introduction

Generalized open sets play a very important role in General Topology and they
are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified forms
of continuity, separation axioms etc. by utilizing generalized open sets. Andrijevic
[1] introduce a class of generalized open sets in a topological space, so called b-open
sets. Kasahara [4] defined the concept of an operation on topological spaces and
introduced the concept of y-closed graphs of a function. Ogata [5] introduced the
notion of y-open sets in a topological space (X, 7). Gentry and Hoyle [3] intro-
duced the concepts of somewhat continuous functions and Santhileela and Bala-
subramanian [7] introduced the concepts of somewhat semicontinuous functions
and somewhat semiopen functions. In this paper, some new classes of functions
are introduce and study by making use of y-semiopen sets and -semiclosed sets.

2. Preliminaries

Definition 2.1 [/] Let (X, 7) be a topological space. An operation v on the topol-
ogy T is a function from T on to power set P(X) of X such that V C V7 for each
V €1, where VY denotes the value of v at V. It is denoted by v : 7 — P(X).

Definition 2.2 A subset A of a topological space (X, T) is said to be y-open set
[5] if for each x € A there exists an open neighborhood U of x such that UY C A.
The complement of a y-open set is called a y-closed set. T, denotes the set of all
~v-open sets in (X, 7).
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Definition 2.3 [5] Let A be subset of a topological space (X, 7). Then

(i) the T,-closure of A is defined as intersection of all y-closed sets containing
A. That is, 7-Cl(A) = N{F : F is y-closed and A C F}.

(i) the Ty-interior of A is defined as union of all y-open sets contained in A.
That is, 7y-Int(A) = U{U : U is y-open and U C A}.

Definition 2.4 Let (X,7) be a topological space. A subset A of X is said to be
~v-semiopen [6] if A C 7,-Cl(7y-Int(A)). v-SO(X,T) denotes the set of all y—semi
open subsets in (X, 7).

Definition 2.5 [6] Let A be subset of a topological space (X, 7). Then

(i) the T,-semiclosure of A is defined as intersection of all ~y-semiclosed sets
containing A. That is, 74-s CI(A) = N{F : F is y-semiclosed and A C F'}.

(ii) the T,-semiinterior of A is defined as union of all y-semiopen sets contained
in A. That is, 7y-sInt(A) = U{U : U is y-semiopen and U C A}.

3. Somewhat (v, 3)-continuous functions

Throughout this paper (X, 7), (Y,0) and (Z,7) are three topological spaces
and y:7 — P(X), f:0 — P(Y) and a : n — P(Z) be operation on 7, o and 7,
respectively. Also, the sets 7,03, v-SO(X, 7) and 8-SO(Y, o) are fundamental in
order to define a new class of functions.

Definition 3.1 A function f : (X,7) — (Y,0) is said to be somewhat (v, [)-
semicontinuous if for U € ag and f~1(U) # 0, there exists a y-semiopen set, say,
V in X such that V # 0 and V C f~2(U).

Example 3.2 Let X =Y = {a,b,c} and 7 =0 = {0, X, {a},{a,b}}. Lety=0":
o — P(X) be operations defined as follows:

1 CuAd) ifbe A

Then the function f: (X,7) — (X,0) defined as: f(a) = a, f(b) = ¢ andf(c) = b
is somewhat (7, 8)-semicontinuous.

Definition 3.3 A function f: (X,7) — (Y, 0) is said to be:

(1) (v, B)-semicontinuous [2] if for each U € og, there exists a y-semiopen set
V in X such that V C f~1(U).

(ii) (v, B)-continuous [2] if f~1(V) is y-closed for each B3-closed subset V of Y.
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Example 3.4 Let X =Y = {a,b,¢c} and 7 = 0 = {0, X, {a}, {b},{a, b}, {a,c}}.
Let v : 7 — P(X) be an operation defined as follows:

o A ifb¢ A,
1 CuA) ifbe A,

Let B : 0 — P(X) be operations defined as follows:

o CUA) b A
= A ifbe A

Then the function [ : (X,7) — (X,0) defined as: f(a) =c¢, f(b) =0 and f(c) =a
is (v, B)-semicontinuous and g : (X,7) — (X, 0) defined as: g(a) = a,g(b) = ¢ and
g(c) = b is (v, B)-continuous.

It is clear that every (v, 3)-semicontinuous function is somewhat (v, 3)-continuous
but the converse is not true in general as shown by the following example.

Example 3.5 Let X = {a,b,c}, 7 = {0, X, {a}, {b},{a,b}} and o = {0, X, {a}, {c},
{a,c}}. Letv:7— P(X) and B : 0 — P(X) be operations defined as follows:

- A ifbé A B A ifece A
AV_{Int(Cl(A)) e A (mdAﬁ_{AU{c} ifed A

Then the identity function f : (X,7) — (Y,0) is somewhat (v, 3)-semicontinuous
but not (v, B)-semicontinuous.

Proposition 3.6 If f : (X,7) — (Y,0) is somewhat (v, 3)-continuous and g :
(Y,0) — (Z,n) is (8, a)-continuous, then go f : (X,7) — (Z,n) is somewhat
(7, @)-continuous.

Proof: Clear. O

Definition 3.7 A subset M of a topological space (X, T) is said to be y-semidense
(resp. ~y-dense) in X if there is no proper vy-semiclosed (resp. ~y-closed) set C in
X such that M C C C X.

Proposition 3.8 For a surjective function f : (X,7) — (Y, 0), the following state-
ments are equivalent:

(i) [ is somewhat (v, 3)-semicontinuous.

(ii) If C is a B-closed subset of Y such that f~1(C) # X, then there is a proper
y-semiclosed subset D of X such that D D> f~1(C).

(iii) If A is a y-semiopen subset of Y such that f~1(A) # X, then there is a
proper y-semiopen subset B of X such that f~1(A) = B.
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(iv) If M is a vy-semidense subset of X, then f(M) is a B-dense subset of f(X).

Proof: (i)=(ii): Let C be a B-closed subset of Y such that f~!(C) # X. Then
Y\C is a -open set in Y such that f=3(Y\C) = X\ f~1(C) # 0. By (i), there
exists a y-semiopen set V in X such that V # @ and V C f~HY\C) = X\ f~1(0).
This means that X\V D f~}(C) and X\V = D is a proper y-semiclosed set in X.
(ii)=(i): Let U € o5 and f~}(U) # X. Then Y\U is y-closed and f~1(Y\U)
= X\f~YU) # 0. By (ii), there exists a proper v-semiclosed set D such that
D > f~YY\U). This implies that X\D C f~'(U) and X\D is v-semiopen and
X\D # 0.
(if)<(iii): Clear.
(ii)=(iv): Let M be a y-semidense set in X. Suppose that f(M) is not y-dense
in Y. Then there exists a proper (-closed set C in Y such that f(M) Cc C CY.
Clearly f~1(C) # X. By (ii), there exists a proper v-semiclosed set D such that
M C f~YC) c D Cc X. This is a contradiction to the fact that M is S-dense in
X.
(iv)=-(ii): Suppose (ii) is not true. This means that there exists a 8-closed set C'
in Y such that f=1(C) # X but there is no proper y-semiclosed set D in X such
that f~1(C) C D. This means that f~1(C) is y-semidense in X. But by (iv),
f(f~YC)) = C must be B-dense in Y, which is a contradiction to the choice of C.
O

Definition 3.9 A function f : (X,7) — (Y,0) is said to be somewhat (v, [)-
semiopen provided that if U € 7, and U # (), then there exists 3-semiopen set V in
Y such that V # 0 and V C f(U).

Example 3.10 Let X =Y = {a,b,c} and 7 =0 ={0,X,{a},{a,b}}. Lety=3:
o — P(X) be operations defined as follows:

A'y_{ A ifbg A,
T Ci4) ifbe A

Then the function [ : (X,7) — (X, 0) defined as: f(a) =a, f(b) =c and f(c) =b
is somewhat (v, 3)-semiopen.

Definition 3.11 A function f : (X,7) — (Y, 0) is said to be (v, 3)-semiopen [2]
provided that if U € 7.,, then there exists a (3-semiopen set V in Y such that
VvV c f(U).

Clearly every (v, 8)-semiopen function is somewhat (v, 3)-open but the converse
is not true in general as the following example shows.

Example 3.12 Let X = {a,b,c}, 7 = {0, X, {a},{c},{a,c}} and o ={0,X,{c},
{a,b}}. Letv:7— P(X) and p:0 — P(X) be operations defined as follows:

. A ifce A, - A ifa€ A,
A {Au{c} ifed A LmdAﬁ{AU{c} ifad A
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Then the function f : (X,7) — (Y,0) defined by f(a) = a, f(b) = f(c) = ¢ is
somewhat (v, B)-semiopen but not (v, B)-semiopen.

Proposition 3.13 For a bijective function f : (X,7) — (Y, 0), the following state-
ments are equivalent:

(i) [ is somewhat (v, 8)-semiopen.

(i) If C is a v-closed subset of X, such that f(C) # Y, then there is a [3-
semiclosed subset D of Y such that D #Y and D D f(C).

Proof: (i)=-(ii): Let C be any ~-closed subset of X such that f(C) # Y. Then
X\C is y-open in X and X\C # (. Since f is somewhat (v, 3)-open, there exists
B-open set V # @ in Y such that V C f(X\C). Put D = Y\V. Clearly D is
(B-semiclosed in Y and we claim D # Y. If D =Y, then V = (), which is a
contradiction. Since V' C f(X\C), D =Y\V D> (Y\f(X\C)) = f(O).
(if)=-(i): Let U be any nonempty y-open subset of X. Then C' = X\U is a 7y-closed
setin X and f(X\U) = f(C) =Y\ f(U) implies f(C) # Y. Therefore, by (ii), there
is a f-semiclosed set D of Y such that D #Y and f(C) C D. Clearly V =Y\D is
a [-semiopen set and V # @. Also, V = Y\D C Y\f(C) = Y\f(X\U) = f(U).
O

Proposition 3.14 For a function f : (X,7) — (Y,0), the following statements
are equivalent:

(i) [ is somewhat (v, 3)-semiopen.

(ii) If A is a B-semidense subset of Y, Then f~1(A) is a y-dense subset of X.

Proof: (i)=-(ii): Suppose A is a (-semidense set in Y. We want to show that
f~1(A) is a y-dense subset of X. Suppose not, then there exists a ~y-closed set B
in X such that f~1(A) C B C X. Since f is somewhat (v, 3)-semiopen and X\B
is y-open, there exists a nonempty [-semiopen set C' in Y such that C' C f(X\B).
Therefore, C C f(X\B) C f(f %(X\A4) € X\A. That is, A ¢ X\C C X. Now,
X\C is a [-semiclosed set and A C X\C C X. This implies that A is not a ~-
semidense set in X, which is a contradiction. Therefore, f~!(A) must be y-dense
set in X.

(ii)=(i): Suppose A be a nonempty ~y-open subset of X. We want to show that
og-sInt(f(A)) # 0. Suppose og-sInt(f(A)) = 0. Then, o5-s C{Y\f(A)) =Y.
Therefore, by (ii), f~1(Y\f(A)) is y-dense in X. But f~1(Y'\ f(A)) C X\A. Now,
X\A is y-closed. Therefore, f~1(Y\f(A)) € X\A gives o,-CI(f~1(Y\f(A))) C
X\A. This implies that A = (), which is contradiction to A # 0. Therefore,
op-sInt(f(A)) # 0. This proves that f is somewhat (v, 3)-semiopen. O
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4. y-semiresolvable spaces and ~-semiirresolvable spaces

In this section we define and characterize the spaces 7y-semiresolvable and ~y-
resolvable using the notions of y-semidense and ~y-dense set.

Definition 4.1 A topological space (X, 7) is said to be:

(i) ~v-semiresolvable if there exists a y-semidense set A in (X, 7) such that X\ A
is also y-semidense in (X, 7). Otherwise, (X, 7) is called vy-semiirresolvable.

(i) ~y-resolvable if there exists a y-dense set A in (X,T) such that X\ A is also
~v-dense in (X, 7). Otherwise, (X, 1) is called y-irresolvable.

Example 4.2 Let X = {a,b,c} and 7 = {0, X,{a},{a,b}}. Lety:7 — (PX) be
an operation defined as follows:

o A ifb¢ A,
=\ ClA) ifbe A

Then the space (X, T) is y-semiirresolvable and ~y-resolvable.

Proposition 4.3 For a topological space (X, T), the following statements are equiv-
alent:

(i) (X, 1) is y-semiresolvable;

(i) (X, 7) has a pair of y-semidense sets A and B such that A C X\B.

Proof: (i)=-(ii): Suppose that X\B C A for all y-semidense sets A and B in X.
Then 7,-CI(X\B) C 7,-sCl(A). Since A is y-dense, 7,-s CI(X\B) C X. That
is, 7y-s CI(X\B) # X. In a similar manner, we have 7.,-s Cl(X\A) # X for all ~-
semidense sets A in X, which is a contradiction to X being a y-semiresolvable space.
Therefore, (X, 7) has a pair of v-semidense sets A and B such that A C X\B.

(if)=-(i): Suppose that (X, 7) is a y-semiirresolvable space. Then for all y-semidense
sets, say, A; in (X, 7), we have 7,-s CI(X\A4;) # X. In particular, 7,-Cl(X\As) #
X. That is, there exists a vy-closed set B in (X, 7) such that X\B C C' C X. Then
A C X\B C C C X, which is a contradiction to A being a ~y-semidense set in X;
hence (X, 7) is y-semiresolvable. O

Proposition 4.4 For a topological space (X, T), the following statements are equiv-
alent:
(i) (X, 1) is y-irresolvable;

(it) For all y-dense sets A in X, 7,-Int(A) # 0.
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Proof: (i)=-(ii): Let A be any -dense subset of X. Since (X, 7) is v-irresolvable,
7,-CI(X\A) # X; follows 7,-Cl(X\A) = X\7,-Int(A) # X. And therefore, 7,-
Int(A) # 0.

(ii)=(i): Suppose that (X,7) is a y-resolvable space. Then by Definition 4.1 (ii),
there exists a y-dense set A in (X, 7) such that X\ A is also y-dense in X. It follows
that, 7,-Cl(X\A) = X = X\7,-Int(A), and therefore, 7,-Int(A) = (), which is a
contradiction; hence (X, 7) is v-irresolvable. O

Proposition 4.5 If ‘L_le A; = X, where A;’s are subsets of X such that 7,-Int(A;) =
(0, then (X, T) is a y-resolvable space.

Proof: By hypothesis, we have ‘61(X\Ai) = (). Then, there must be at least two

nonempty disjoint subsets X\ A; and X\A4; in X. That is, X\A4; U X\A;0. Then
vA; C Aj; follows that, X = 7,-Cl(X\4;) C 7,-Cl(4;). Hence, 7,-Cl(4;) = X.
Therefore, (X, 7) has a y-dense set A; such that 7,-Cl(X\A4;) = X. Hence (X, 7)
is a 7-resolvable space. O

Proposition 4.6 If f : (X,7) — (Y,0) is a somewhat (7, 3)-semiopen function
and o3-sInt(A) = 0 for a nonempty set A in'Y, then ,-Int(f~*(A))

Proof: Let A be a nonempty set in Y such that og-sInt(A) = (. Then os-
sCLY\A) = Y\og-sInt(A) = Y. Since f is somewhat (v, 3)-semiopen and Y\ A
is B-dense in Y, using Proposition 3.14, f~!(Y\A) is y-dense in X. Then, 7,-
CU(f~ (Y\A)) = 7-CL(X\ /1 (4)) = X\7,-Tnt (' (4)) = X; hence ,-Tut( £~ (4))
=0. m

Proposition 4.7 Let f: (X,7) — (Y, 0) be a somewhat (v, B)-semiopen function.
If X is y-irresolvable, then Y is B-semiirresolvable.

Proof: Let A be a nonempty set in Y such that og-s Cl(A) = Y. We show that
og-sInt(A) # 0. Suppose not, then o3-sCl(Y\A) = Y. Since f is somewhat
(7, B)-semiopen and Y\A is S-semidense in Y, we have f~1(Y\A) is y-dense in
X. Then 7,-Int(f~*(A)) = 0. Now, A is B-semidense in Y, f~(A) is y-dense in
X. Therefore, for the y-dense set f~1(A), we have o.-Int(f~*(A)) = 0, which is
a contradiction to Proposition 4.4. Hence we must have oz-sInt(A) # ( for all
([-semidense sets A in Y. Hence by Proposition 4.4, Y is B-semiirresolvable. O
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