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The generalized difference gai sequences of fuzzy numbers defined by
Orlicz functions
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ABSTRACT: In this paper we introduce the classes of gai sequences of fuzzy numbers
using generalized difference operator A™(m fixed positive integer) and the Orlicz
functions. We study its different properties and also we obtain some inclusion results
of these classes.
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1. Introduction

The concept of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [18] and subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical
programming.

In this paper we introduce and examine the concepts of Orlicz space of entire
sequence of fuzzy numbers generated by infinite matrices.

Let C (R™) = {A C R™: Acompact andconvex}. The space C (R™) has linear
structure induced by the operations A + B = {a+b:a€ A,b€ B} and \A =
{Aa:a € A} for A,B € C (R") and A € R. The Hausdorff distance between A and
B of C'(R") is defined as

5 (A, B) = ma {supac ainfocs |la — b, supse pin faea lla — b||}

It is well known that (C' (R™),de) is a complete metric space.
The fuzzy number is a function X from R™ to [0,1] which is normal, fuzzy convex,
upper semi-continuous and the closure of {x € R™ : X(x) > 0} is compact. These
properties imply that for each 0 < o < 1, the a—level set [X]|* = {z € R" : X (z) > a}
is a nonempty compact convex subset of R™, with support X¢ = {x € R™: X(z) > 0}.
Let L (R™) denote the set of all fuzzy numbers. The linear structure of L (R™) in-
duces the addition X +Y and scalar multiplication AX, A € R, in terms of a— level
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sets, by [X + Y] = [X]* +[Y]", [AX]" = A [X]” for each 0 < o < 1. The absolute
value | X| of X € L(R™) is defined by (see for instance Kaleva and Seikkala [42]

— >
|X|(t) ={ Bnax (X (1), X (1)), ?;i i P 8 (1)Define, for each 1 < g < o0,

1/
de (X,Y) = (fol Joo (X¥ Y )1 da) q, andds = supp<a<idoo (X*,Y%),

where 0o is the Hausdorff metric. Clearly doo (X,Y) = limy—oody (X, Y) with
dg <d,,if ¢ <r [29].

The additive identity in L (R™) is denoted by 0. For simplicity in notation, we
shall write throughout d instead of d, with 1 < ¢ < oo.

A metric on L (R™) is said to be translation invariant if d(X +Z,Y +2) =
d(X,Y) for all X,Y,Z € L (R"™)

A sequence X = (X},) of fuzzy numbers is a function X from the set N of nat-
ural numbers into L (R™) . The fuzzy number X}, denotes the value of the function
at k € N. We denotes by W (F) the set of all sequences X = (X},) of fuzzy numbers.

A complex sequence, whose k*" terms is z; is denoted by {z} or simply z. Let ¢
be the set of all finite sequences. Let £, ¢, cog be the sequence spaces of bounded,
convergent and null sequences & = (x) respectively. In respect of £, ¢, ¢y we have

|zl = kp|xk|, where © = (z1) € cg C ¢ C loo. A sequence z = {x;} is said to
be analytic if supy |xk|1/ ¥ < co. The vector space of all analytic sequences will be
denoted by A. A sequence z is called entire sequence if limy_. oo |xk|1/k = 0. The
vector space of all entire sequences will be denoted by I'. A sequence z is called gai
sequence if limg_ oo (k! |xk|)1/k = 0. The vector space of all gai sequences will be
denoted by x. Orlicz [26] used the idea of Orlicz function to construct the space
(LM). Lindenstrauss and Tzafriri [27] investigated Orlicz sequence spaces in more
detail, and they proved that every Orlicz sequence space £); contains a subspace
isomorphic to £,(1 < p < o0). Subsequently different classes of sequence spaces
defined by Parashar and Choudhary [28], Mursaleen et al.[29], Bektas and Altin
[30], Tripathy et al. [31], Rao and subramanian [32] and many others. The Orlicz
sequence spaces are the special cases of Orlicz spaces studied in Ref. [33].
Recall([26],[33]) an Orlicz function is a function M : [0,00) — [0, 00) which is
continuous, non-decreasing and convex with M(0) = 0,M(xz) > 0, for x > 0
and M(z) — oo as * — oo. If convexity of Orlicz function M is replaced by
M(z +y) < M(z)+ M(y) then this function is called modulus function, intro-
duced by Nakano [34] and further discussed by Ruckle [35] and Maddox [36] and
many others.

An Orlicz function M is said to satisfy As— condition for all values of u, if there
exists a constant K > 0, such that M(2u) < KM (u)(u > 0).Lindenstrauss and
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Tzafriri [27] used the idea of Orlicz function to construct Orlicz sequence space

by = {xewZM(lm:g < oo, for somep>0}. (1.1)

k=1

The space £ with the norm

||x:inf{p>O:ZM(|xpk|) gl} (1.2)

k=1

becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t?,1 < p < o0, the space £); coincide with the classical sequence space £,- Given
a sequence x = {xy} its n'* section is the sequence 2™ = {x1, 29, ...,2,,0,0,...}
6" =(0,0,...,1,0,0,...), 1 in the n*" place and zero’s else where.

Remark 1.1 An Orlicz function M satisfies the inequality M (Ax) < AM (x) for
all X with 0 < A < 1. Let m € N be fized, then the generalized difference operation

A™ W (F) - W (F)
1s defined by
AXp =X — Xk+1 and A" X, = A (Am_le) (m > 2) fO’f’ all k €N

2. Definitions and Prelimiaries

Let P, denotes the class of subsets of N, the natural numbers, those do not con-
tain more than s elements. Throughout (¢,,) represents a non-decreasing sequence
of real numbers such that ng,+1 < (n+ 1) ¢, for all n € N.

The sequence x (¢) for real numbers is defined as follows:

X (@) = {(Xk) : d% (k! |Xk|)1/k — 0ask,s — o0 for keo e PS}

The generalized sequence space x (A, @) of the sequence space x (¢) for real
numbers is defined as follows

X (A, ¢) = {(Xk) L L (R AXL)YF — Oas ks — oo for keoe Ps}

where A, Xy = X, — Xgqn for £ € N and fixed n € N
In this article we introduce the following classes of sequences of fuzzy numbers:
Let M be an Orlicz function, then
d((|a™Xxx|'/*),0)

AF (A™) = {(Xk) e W (F) : supp M (p) < oo for somep > 0}

m 1/k 3
X5 (A = {(Xk) eW (F): M (d((’“"A atl ’°)> ~ Oask — oo,
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for somep > 0}
m 1/k\ A
ri (am) = {(Xk) eEW(F): M (W) — 0ask — oo, forsomep > 0}
d((k|A™X,])'/*,0)

p

(@ o) = {n e w Py g
forke o € P}

e (A™ ¢) = {(Xk) EW(F): -M <W) — O0ask,s — oo,

forke o € P}

) — 0ask,s — oo,

3. Main Results

In this section we prove some results involving the classes of sequences of fuzzy
numbers x1; (A™, ¢), x4y (A™) and AL, (A™).

Theorem 3.1 If d is a translation invariant metric, then x&, (A™, ¢) are closed
under the operations of addition and scalar multiplication

Proof: Since d is a translation invariant metric implies that

d ((k! (A™ X, + A™Y;))E 70) <d ((k:! (A" X)) *, ()) +d ((k! (A™Y ) /* 7(3)
(3.1)

and
d ((k:! (AMAX )P ,()) <\YFa ((k! (A" X)) /" ,0) (3.2)

where A is a scalar and \)\|1/k > 1. Let X = (X;) and Y = (Yi) € x5, (A™, ¢).
Then there exist positive numbers p; and ps such that

m 1/k &
éM <d((k!|A :fk‘) ’0)> — 0ask,s — oo, fork € o € P

m 1/k &
éM (d((k!m :Zk‘) ’O)> — Qask,s — oo, fork € o € P,

Let p3s = max (2p1,2p2) . By the equation (3.1) and since M is non-decreasing
convex function, we have

o (d((k!A’”XkJrAmYk)l/k,O)) <M (<d((k!|Aka|)l/k,0)> N <d((k!|AmYk|)1/k,0)>) <

P P3 P3

1y <d((k!|Aka|)1/’“,0)> Sy, <d((k!|AmYk)1/k,o)>
2 2

P1 P2

d((k!\A’"Xk-;AmYk\)l/kﬁ) <
" <

m 1/k 5 m 1/k 3
LM <d((M Al ’°)> +AM (d((’“”A Vil ’°)> for k € o € P,

1
éaM

P1 P2
Hence X +Y € x4 (A™,¢). Now, let X = (X}) € x&, (A™,¢) and A € Rwith0 <
|)\\1/k < 1. By the condition (3.2) and Remark, we have
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M (d((k!A’")\Xk|)1/k,0)> <M (|)\1/’“d((k!|A"LXk|)1/’“,O)> <

p P
1/k d((k!|A™ X, |)!/*,0)
A ag (127
Therefore AX € x1; (A™, ¢). This completes the proof. O

Theorem 3.2 The space Xﬂ (A™, $) is a complete metric space with the metric
by

_ | _ 1/k
9(X,Y) =d( (kX —Yi|)

m _A™M 1/k\ {
+inf{P>015UpkeoePs¢ls(M(d(k!(m kaA Vi) ),o)) gl}

Proof: Let (Xi) be a cauchy sequence in x4, (A™, ¢). Then for each € > 0, there
exists a positive integer ngy such that g (Xi, Yj) < e for i,j > ng, then

=d ((kz' X - V¢ )1/k>

_ L d(ki(jamxi-amyi])'",0)
+inf p>0:8upkeo—epsa M 5 <1; < g for all

i,jZTLO

) N1/k
d((k!’X,gY,gD ,0) < eforalli,j > no (3.3)
and
) d (k:! (A X, — A™Y)YE, 0)
inf Q¢ p>0:supgeoer,— | M <1p <eg,
bs p
(3.4)

forall i,j> ng

V.
By(3.3),d<(k!‘x,gx,g() ,0> < eforalli,j > ng and k = 1,2,3,...m. It

follows that (X}C) is a cauchy sequence in L (R) for k = 1,2,3,...,m. Since L (R)
is complete, then (X}C) is convergent in L (R). Let lim; oo X} = X}, for k =
1,2,...,m. Now (3.4) for a given ¢ > 0, there exists some p. (0 < p. < €) such that

d(k(|amX:—A™ XY l/k,()
suplcarepsé (M( ( (| k - k|) ))) -

Thus

dlkI(|A™ X —A™ X Uk,()
<Supk)EO'EPS¢15 <M( ( ( k . i) ))) - 1) -
1

a(k(lamxi—amxi|)/* o
Gw%ﬁﬂé<M<(<| a7 i) )>)<>
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)
(e

) d kl IND (= Amxg‘)l/k,())

) N\ 1/k
we have d ((k‘ ‘A’”X}€ - AmX,jCD , 0] < € and the fact that

} 1/k
d ((k' ‘Xllc+m - k+m

:<7g>d<<k!‘X,i—XJ‘ , ) (T)k ( k"X,gH—X,{+1‘)1/k76>+-~-+
(2 1) (st = ) 0)

. NL/E .
So, we have d <(k' ’X}c - X,JCD ,0> < € for each k € N. Therefore (XZ) is a

cauchy sequence in L (R). Since L (R) . is complete, then it is convergent in L (R) .
Let limiﬂooX,i = X, say, for each k € N. Since (XZ) is a cauchy sequence, for each
e > 0, there exists ng = ng (€) such that g (Xi Xj) < e for all i,j > ng. So we have

limj_,ood<<k!‘X,i—XiD1/k, ) = d (k] X}~ Xe])"0) < e and
limj_,ood<(k!’AmX,i—AmX,zD /k,o> - d((k!|AmX1 A™ X, |)1/’“,*) <e

for all 4, j > ng. This implies that g (Xi,X) < e for all i > ng. That is X* — X as
i — o0, where X = (X}) . Since

a ((kA™ X, — X", 0) < d (KA X = Xol)*, 0) +
a((kHjamxpe - amx))*, o

we obtain X = (Xj) € x4;. Therefore x¥, (A™, ¢) is complete metric space. This
completes the proof. O

Proposition 3.3 The space Ay, (A™) is a complete metric space with the metric

by
my, _ Am 1/k\ &
h(X,Y) ——inf{p>0:supk <M (d((A Xk i Yal) ):0)> Sl}

Theorem 3.4 If (%) — 0ass — oo then x5, (A™, ¢) C x4 (A™,9)

Proof: Let (%) — O0ass — oo and X = (X;) € x4, (A™, ¢). Then, for some
p>0

p

1 d((k|A™ Xk |)'/*,0) s 1 d((k!|A™ X,])'/*,0)
= wsM( > = (W) M >

Therefore X = (X}) € xi; (A™, ). Hence x&; (A™,¢) C x4; (A™,4). This com-
pletes the proof. O

m 1/k
iM <d((k!|A Xk) ’0)> — Qask,s — oo, forke o e P
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Proposition 3.5 If (f;—) — 0 and (i’—) — 0 as s — oo then x§; (A™, ¢) =

Xir (A™, )

Theorem 3.6 Y}, (A™) C T, (A™, ¢)

Proof: Let X = (X}) € x4; (A™). Then we have

M <d((k!|Mfk|)”’ﬂﬁ)

) — Oask — oo, forsomep >0

Since (¢r,) is monotonic increasing, so we have

Ly <d<<’“A”X:€>”k’°)> <M <d<<’M’"Xk>“’“’O)) <M (d“’M’"Xk)“"O))
s P b1 P bs 14

Therefore
m 1k o
iM (d((k!A Xkl) 70)> — 0ask,s — oo for k € o € P,. Hence

p

p

Thus X = (Xx) € TE, (A™, ¢) . Therefore x4, (A™) c T'{; (A™, ¢) . This completes
the proof. O

m 1/k &
Q%M (Ul((AXk)’O)) — 0ask,s — oo for k € 0 € P, and (k!)l/k — 1.

Theorem 3.7 Let My and Ms be Orlicz functions satisfying Ay— condition. Then
Xﬂz (A™,¢) C Xfx[loM2 (A™, ¢)

Proof: Let X = (X;) € '}, (A™, ). Then there exists p > 0 such that

m 1/k &
ng <Gl((k!|A fkl) ’0)> — 0ask,s oo fork€o e P;

Let 0 < e <1 and 6 with 0 < ¢ < 1 such that M (t) < e for 0 <1 <. Let

m 1k &
e = My (d((’M X ’0)) for all k € N.
Now, let
M (yx) = My (yx) + M (yx) (3.5)

where the equation (3.5) RHS of the first term is over y; < § and the equation of
(3.5) RHS of the second term is over y; > . By the Remark, we have

My (yx) < My (1) yg + M1 (2) yr.. (3.6)
For yi > 0,

Yk Y
yk<7§1+7~
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Since M; is non-decreasing and convex, so
My (ye) < My (1+ %) < 10y (2) + 30 (2).
Since M, satisfies Ao— condition, then there exists K > 1 such that
My (y) < KMy (2) % + 3 KM, (2) %
Hence the equation (3.5) in RHS of second terms is

M (yx) < maz (1, K6~ ' My (2)) yx (3.7)

By equation (3.6) and (3.7), we have X = (Xi) € X37,001, (A™, ).
Thus, x4z, (A™,¢) C Xhr,0n1, (A™, ¢) . This completes the proof. O

Proposition 3.8 Let M be an Orlicz function which satisfies Ags— condition.
Then X" (A™, ¢) C X}y (A™, ¢)
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