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On Wave Equations Without Global a Priori Estimates*

Luis Adauto Medeiros, Juan Limaco and Cicero Lopes Frota®

ABSTRACT: We investigate the existence and uniqueness of weak solution for a
mixed problem for wave operator of the type:

o

ot?
The operator is defined for real functions u = u(z,t) and f = f(z,t) where (z,t) € Q
a bounded cylinder of R*t1.

The nonlinearity |u|? brings serious difficulties to obtain global a priori estimates
by using energy method. The reason is because we have not a definite sign for

L(u) = Au+|ul? = f, p>1

|u|” wdz. To solve this problem we employ techniques of L. Tartar [16], see also

Q
D.H. Sattinger [12] and we succeed to prove the existence and uniqueness of global
weak solution for an initial boundary value problem for the operator L(u), with
restriction on the initial data ug, u1 and on the function f. With this restriction
we are able to apply the compactness method and obtain the unique weak solution.

Key Words: Wave operator, Compactness method, Wave equations, Galerkin’s
method.
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1. Introduction

Motivated by a nonlinear theory of measouns field, cf. L.I. Schiff [14], K. Jorgens
[6], [7], initiated the investigation, from mathematical point of view, of a nonlinear
model for partial differential equations of the type:

0%u

5 — Au+ F'(Ju]*)u =0, (1.1)

for a real function u = u(z,t), r € R™ and t > 0.

* Dedicated to Jacques Louis Lions (1928-2001), (in memorium)
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With restriction on the function F': R — R and on the initial conditions u(z, 0),

ou

a(w, 0), K. Jorgens [6] proved existence and uniqueness of solution for a initial
value problem for (1.1). When

1
F(s) = u’s+ 5772 s%,
then (1.1) has the form:

O _ nut i+ n2lu? (1.2)
—_ — u u ul-u .
or2 1% n y

which is one of the models contained in the nonlinear theory, proposed by L.I.
Schiff [14], see also K. Jorgens [7].

Motivated by K. Jorgens [6] and [7], J.L. Lions and W.A. Strauss [8] initiated
and developed a large field of research on nonlinear evolutions equations, including
K. Jorgens model. See also, I.E. Segal [13|, F.E. Browder [3], J.A. Goldstein [4]
and [5], L.A. Medeiros [11], W.A. Strauss [15] and Von Wahl [17].

Let us fixe our attention on J.L. Lions [10] ch. 1, where he investigated the
initial boundary value problem:

0?u
— Pu—=f i
BT Au+|ufu=f in @, p>0
u=0 on X (1.3)
ou
U(J?,O) = Uo(ﬂf), a(l‘vo) = Uo(ﬂf), z €.

By Q we denote a bounded connected open set of R" with C? boundary I'. The
points of R™ are represented by = = (x1,...,x,). The cylinder  x (0,T) of R**+!
is denoted by @, that is, Q@ = Qx (0,T), T > 0. Thus, we denote by u = u(z, t), for
(z,t) € @, a real function defined in . With ¥ we represent the lateral boundary
of @, that is, ¥ =T x (0,T).

Under strong hypothesis on f, uy and uq, it was proved existence of weak
solutions for (1.3), cf. J.L. Lions [10] or J.L. Lions and W.A. Strauss [8]. The
uniqueness of weak solutions was proved when

2
0<p< ——-
n

Remark 1.1 The type of nonlinearity |u|” u, p > 0, in (1.3), is fundamental when
we apply the energy method, and the case u? is not included. Thus, J.L. Lions [10]
investigated the case u?, in (1.3), by an argument idealized by D.H. Satinger [12].
L. Tartar analysed the case u? by another method, look Section 2 of the present

paper.
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In this paper we investigate the problem (1.3) but with nonlinearity of the
type |ul|?, p > 1, after a remark of N.A. Larkin, UEM, Parana-Brasil, personal
communication.

Therefore, we plan, in this paper, to investigate the initial boundary value
problem:

2
Tu dutll=f w Q p>1
u=0 on X, (1.4)

ou
ot
This problem with acoustic boundary conditions on a part of ¥ and the dissipative
term Su’ in the equation (1.4); , was investigated by G. Antunes et all [1].

In Section 2 we prove the existence and uniqueness of local weak solution for
(1.4), that is, the solution is defined only for 0 < ¢ < Ty, Tp fixed. In Section 3
with a restriction on the size of ug, u; and f, we prove the existence of global weak
solution for (1.4), that is, the solution is defined for all 0 < ¢ < co. In both cases

we must have 1 < p <

u(z,0) = up(x), (2,0) =uy(z) for z€Q.

5 ifn>3and p > 1if n =1,2. We also can prove
n—
uniqueness of weak solutions as in J.L. Lions [10].

2. Local solutions

We observe that all derivatives we consider are in the sense of the theory
of distributions. We employ the notation LP(Q), 1 < p < oo, H™(QQ), m €
N, for Lebesgue and Sobolev spaces, respectively. We also employ the notation
L?(0,T;X), 1 <p < oo where X is a Banach space.

Theorem 2.1 (Local Solution). Suppose p>1ifn=1o0or2and 1 <p< 5

n—
if n > 3. Let ug € HX(Q), uy € L*(Q) and f € L*(0,T; L?(2)) be given. Then,
there exist Ty, with 0 < Ty < T, and a unique function u: Q x [0,Ty) — R in the
class:

u € L0, To; HY(Q)), ' € L™=(0,Ty; L*(Q)),
which is a weak solution of the initial boundary value problem (1.4).
Remark 2.2 By Sobolev’s embeding theorem, we have:

2n

HY(Q) = 19(Q), for q=—

, n>3.

If n =1 we have continuous functions and when n = 2 the embeding of H*(Y) in
L(Q) holds for any real number ¢ > 1.

We need in the proof of Theorem 2.1 the embeding of H'(Q) in the spaces

L?7(Q) and LPTH(Q). Thus, we fixe 1 < p < LQ If n = 3, we consider p = 2
n—
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2
and we have the case treated by L. Tartar [16]. Since 2p < 7n2 = ¢, we have
n—

L1(Q) — L?¢(Q). Also, LP(Q) — LPTY(Q), because p > 1. Thusif 1 < p < %
n—
and n > 3, we obtain

Hy(Q) — LI(Q) — L*(Q) — L'*(Q).
|

Proof of Theorem 2.1. Since H} () is separable it has a “Hilbertien” basis, repre-
sented by wy, wa, ..., wy,... (cf. H. Brezis [2]). Denote by V,, = [w1,wa, ..., W]
the subspace of dimension m of H}(Q) generated by w1, wa, - . ., Wy If Uy, (t) € Vi,
it has the representation:

(1) = D gy (O

The approximate system for the Galerkin method consists in the following
scheme:

(ul, (1), w) + alum(t) + (Jum(t)|?, w) = (f(t),w), for all w € V,, ,
(0) = ugm — up in  H(Q), (2.1)
1

U (0)
ul (0) = upm — uy in  L*(9).

Here, we employ the notation (, ) for the inner product in L?(Q) and a(u,v)
for the Dirichlet form:

a(u,v) = / Vu-Vodr, u,v€ H}(Q).
Q

Observe that (2.1), for each fixed m € N, is a system of nonlinear ordinary
differential equations. It has a local solution wu,, = wu,,(t) for 0 < t < t,, < T.
We will prove the existence of 0 < Ty < T such that (2.1) has a solution w,,(t)
for 0 <t < T,. Moreover, we obtain uniform estimates for u,,(¢) in [0, Tp], which
permits to pass to the limits when m — oo, obtaining a function u(-,¢) which is
weak solution of (1.4). We need estimates for w,, (t).

Estimate 2.3 Set w = u,,(t) € V,,, in (2.1). We obtain:

1d 1d

5 Sl OF + 5 2 a1 + (Jum (D113, (8)) = (F(2), 3, (1),

Note that | - | and || - || are the norms in L*(Q) and HE(Q), respectively. Observe,
also, that |um, (t)|P is the absolute value of um(t), power p > 1.
Thus, we have:

([t O + et $)P] < | (Jum (D17, e (8)) | + (F(E), i ()] (2.2)

=

1
2
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Analysis of the right hand side of (2.2)
By Cauchy-Schwarz inequality:
[ ()] < [t O | oy - [0 (O] oy -

Observe that:

1/2
O |y = ([ Jom®P ) = (071

From Remark 2.2, we obtain:
[tm ()| L20(2) < Co [[um (B)]]-
Thus,
[ ([ )17, upn ()] < N ()17 20 0~ [t (O] < CF [ (D)7 - Jur, (2]

Returning to (2.2), observing the above inequality, we have:

%% [ty ()7 + [ ()[17] < CE [t (17 - |, (0] + | £ (E)] - i, (B)]. (2:3)
Set
= (O + [ (8)]? (2.4
Ponlt) = S () + & ()] .
We obtain
lur, (8)] < \/2pm(t) and “um H 20 (t (2.5)

Substituting (2.4) and (2.5) in (2.3) we get:
’ 1/2 ) etl
Em(t) S FO]2em (1) "+ CF (20m (1) = . (2.6)
We can supppose o, ()2 < ¢, (t)%, otherwise we consider ¢, (t)+1 instead
of ¢ (t). Therefore, from (2.6) we have:

p+1

w0 < (IFOV2+2F CF) (om®) T,

or
+

om() ") Ol (5 S V2|f(E)] + 27 CL, for 0<t<t,,. (2.7)

Since

om0 = 5 | (07

and 1 — p < 0, integrating (2.7) we get:

()5 2 9 07 - (23 ) ValSI - (P50 ) 2% 0.
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where

T
171 = 1Nl ozzecy = / 1£(5)] ds.

1
Observe that ¢, (0) = 5 [uim|* + % ||uom||? is a bounded sequence of positive real

numbers.
Thus,
em(0) <A or ¢u(0)7t > AT
-1
Since ? > 0, we have:

Therefore, we get:

enl) 2 477 = (P VAl - (250 ) 2 et 2s)

Choosing A > 0, sufficiently large such that
4 -1
A (25 valfil > o

and defining

. _ 1 s} p—1

we can see that

A”?—< >f||f|—< 1>2tC”>0

forall 0 <t < T*.
Let Ty be fixed such that 0 < Tp < T*. Hence, from (2.8) we obtain
1 1
em() 7 < —— - Ve [0, Ty
A~ — () V2IIfll - (55) 2% Ci Ty

This inequality implies that:

(Um)men is bounded in L™ (OaTO;H&(Q))
(ul,)men is bounded in LDO(O,TO;LQ(Q)).

The above estimates are sufficient to pass the limit in the approximate system
(2.1) as m — oo. Note also that, as in J. Lions [10], we apply a compacity
argument. To pass the limit in the nonlinear term |u,(¢)|” we apply Lemma 3.2
in J. Leray and J.L. Lions [9].
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Remark 2.4 About uniqueness of local weak solution, given by Theorem 2.1, we
can apply the same argument of J.L. Lions [10]. In fact, we have the restriction

1<p< o or0<p—-1< ——- ThusO<(p—l)n<7n=qandthisz's
2 n—2 n—2

n—
the condition we need to apply Holder’s inequality.

We also have u(z,0) = ug(z) and v'(x,0) = ui(x) for x € Q. The method is
the same as J.L. Lions and W.A. Strauss [8].

3. Global solutions

In this section we restrict the size of ug, u; and f in order to obtain global
estimates for approximate solutions u,, given in Section 2, system (2.1). These
estimates permit us to obtain weak solution for (1.4), defined for all 0 < ¢ < oo
and z € Q.

Theorem 3.1 (Global Solutions). Let p and n be as in Theorem 2.1. For each
(ug,u1, f) € HE(2) x L2(2) x L1(0,00; L*(2)) we set:

1

1
v = (5wl + 5 llwol N
1 . |
+ﬁ/ﬂluo(x)lpuo(m)dm+§\|f||)(1+||f‘|e||f||)7
where [[£Il = 11fl]2 00020 :/ |£(s)| ds. If
0
1\ &1

0<lwll< ()" 52)

with Cy the constant of embeding of H}(Q) in L?(Q), LPT1(Q), and

v 2(pt1)
v < 5 (Co> ) (3.3)

then, there exists a unique function u: Q x [0,00) — R, in the class:

u € Lige(0,00;Hy (), ' € Li5,(0,00; L*(Q)),

which is a weak solution of (1.4).

Proof: We will obtain global estimates for w,,(t), solution of the approximate
system (2.1), under the assumptions (3.2) and (3.3) for ug, u1 and f. O
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Estimate 3.2 Set w = u,,(t) in (2.1). We obtain:

1d o 1d 9 oo B ,
5 37 [ OF + 5 5 P + [ fn (.01 .8) e = (01,16, 0).
Substituting
P, =
/Q|um(x,t)| Uy, (z,t) de = p+1 dt/ [t (2, )P U (2, t) da
it follows:
d |1 2, 1 2 /
G 3P+ S lun@IP + i [l untetyaz]

= (F(),up, (1))

Observe that for T' > 0 arbitrarily fixed, there exist Ty € (0,7) such that (3.4)
holds for all 0 <t < Ty by Theorem 2.1.
Integrating (3.4) on [0,¢] for 0 < ¢ < T, we obtain:
1

5 U (P 3 (DI +

5 / [t (2, )P U (2, ) da <

p+ p+1
]‘ 2 1 P /
= |ua? + 5 ||uo|| +—— [ |w(2)|” uo(z) dz + |f(8)| U, (s)] ds,
2 p+1 /g 0
which can be written as:
1 1
3 107+ (@) < g lal? 4 I0) + [ 15O )l (35)
where J: H}(Q) — R is defined by:
J(u) =+ || 2 + 7/ lulf u da. (3.6)

p+1

The main question, in this point of the proof, is to show that under the assump-
tions (3.2) and (3.3), we can control the sign of J(u), for u = u,,( -, t) approximate
solution of (2.1), 0 <t < Ty and at u = ug, in the inequality (3.5).

We note that:

/ |u|? udx

where in the last inequality we employed H{(2) < LPF1(Q), cf. Remark 2.2.
Thus,

/ ulP dz = |u|zj+11 @ < OO [[ul |+,

[l i = —cg fulier.
Q
We go back to J(u) and we get:

CP+1

J(u) = H 17 = =2l (3.7)
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which we employ for u = u,,(-,t) and u = ug.
Whence, the sign of both sides of (3.5) depends of the sign of the function:

1 ontt
P(\) = - A2 — =Lt for A>0.
2 p+1

Analysis of P(\), A >0

1 =1

e P()) has zeros at A\g = 0 with order two and at A\; = P ++1 .
208

+1

1

e The derivative of P()\) has zeros at A\g = 0 and A\; = (C
0

pt1

1 —1
P(\) is increasing in 0 < A < <C> "
0

pT
p—1
) . Moreover

pt1
1\t
e P()) has a maximum at Ay = <C’> , and its maximum value in the
0
1
1\
interval |0, il is
cgr
2(pt1)

()
2(p+1) \ G
The approximate graphic of P()\) is:

P(R) 5

2P+ 1)

S T 0 U YRS S ‘
20+ 1) \ Co ]

p+1\°"
—5+1
2C,

Fig. 1
Now, let us go back to (3.5). By hypothesis (3.2) and inequality (3.7) we have:
J(uo) = P([luoll) >0,
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then the right hand side of (3.5) is positive.
For the sign of J(u,,(t)) in the left hand side of (3.5) we need the following
result:

Lemma 3.3 Suppose ug, u; and vy satisfying the conditions (3.2) and (3.3) of
Theorem 3.1. Then the approximate solution (um)men satisfies

pt1
1

1\
[lum (t)|| < <Co> , for allt € [0,Tp] and m € N. (3.8)

Proof: We argue by contradiction method. In fact, suppose there exists mg € N
and some t € (0, 7] such that

1\t
mo ()|l > | = . 3.9
o> () 39
O
We know that w,,(0) = ugm — up in H}(Q), then ||u,,(0)|| — ||ug|]. Thus
0 < [Jumgo (O)| < [luoll-
By (3.2) we have
1\
0 < lluny OV < Il < ()
Since ||um, (t)|| is continuous in [0, Tp], there exists to € (0,Tp) such that
1\ 5
0 < [[umg (0] < <C> forall 0< ¢ < to. (3.10)
0

Now, we consider the subset 7 of (0,7() defined by:

e {te (0, T0): g ()] = (g)}

Properties of 7

e It is not empty, because of (3.9).
o It is a closet set because the function ||um,, (¢)|] is continuous on [0, Tp).
o It is bounded below by (3.10).
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Thus, by the properties of 7, it has a minimum t* € (0, 7p), which satisfies

pt1
p—1

1
[wm, (B)]] < <> forall 0 < t < t*
Co

e @)1= ()

Now let us go back to (3.4) and integrate on (0,t*). We obtain:

ot (3.11)

h)

3 () + 7)< 5 P To) + [ 1@, ()]s @12

Observe that
I (Ui (E7)) = P(tm, (7)) > 0,

p+1
p—1

1
by (3.11)2, because at (C) , P(\) has a maximum strictly positive. Then, it
0

implies that J(tm,(t*)) > 0, and the left hand side of (3.12) is strictly positive.
Observe that we have:

t* 1 [® t* 1
sl < 5 [l [ 15 (G, 0F) @
0 0 0
Going back to (3.12), setting |[f[| = |[f]|£1(0,00:22(02) » We obtain:
1 / *\12 * 1 2
g (07 Tty (1)) < 5 anf? + I )

2 .
w5l [ 1) (5 (92 ds

1
We need to evaluate 3 |ul,, (t*)?, knowing that J(wm,(t*)) > 0.
From (3.13) we have:

(3.13)

1

.
3 0 (0 < 3 P+ o)+ 1A+ [ 1760 (G g (O ) as. (319

Note that (3.14) is an inequality of the type:
t
o) <K+ [ als)els)ds,
0

1
with a(s) = |f(s)] € L'(0,00), o(t) = 5 |y, ()] and K the positive constant

1 1
B ur]® + J (uo) + 5 I[£11-
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From the APPENDIX, we have:

1 !/

5 lup, ()2 = o(t*) < Kelll.

Thus,
[ 17601 (3 008 ) s < e 5.

Substituting in (3.13) we get:

[ty (E)7 A+ T (g (£)) <

mo

(3 hl? =+ Ttwo) + S 171) (1 11l (315

2(p+1)

1/ 1\ 1
= < — —_—
! 2(00)

From (3.15), since J(um, (t*)) > 0, we get

1
2
<

1 *
3 i () <

which gives:

N
mo ()] < | =
o1 < (5 )
This is a contradiction with (3.11)2. Thus the Lemma 3.3 is proved. |

By Lemma 3.3 we have J(unm(t)) > Pun(t)) > 0 for all ¢t € [0,Tp] and all
m € N. It follows from (3.5) that:

[t ()] + [um (£)]] < C,

C a constant independent of m and Tj .
The functions ul, (¢) and w,, (t) are continuous on [0, Tp]. Thus the extension to
[0,T7] for all real number T' > 0, permites to obtain

(tm)men  is bounded in  L°°(0,T; H} ()

) ) (3.16)
(ul,)men is bounded in  L>(0,T; L*(£))
for all 0 < T < oo or LY (0,005 - ).
Thus, (3.16) are sufficient to pass the limit in the approximate problem (2.1)
to obtain global weak solution for (1.4). For the uniqueness and the initial data we
have the same remark done for local solution. |
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4. Appendix

1
If p(t) = 5 |u! (t)]> we obtained the differential inequality:

)SK+AU®W@®

Then
Lf(®) e(t)

K+ [51f(s)]¢(s) ds

i(KfKU@W®@>KMﬂW

Integrating the above differential inequality we have:

GG Jlds,
~AK+ﬁV )| o(s) /mf'

e=t

13
Iy K+A|ﬂ@W@M8‘ <117

£=0

< [f®)l,

with

that is

or
t
M<K+Alﬂﬂw$%>nglm-
It implies that ,
K+/v@www3KwW
0

that is L
5 (D = () < K el
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