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Some Differential Identities in Prime I'-rings

Mohammad Ashraf and Malik Rashid Jamal

ABSTRACT: Let M be a prime I'-ring and U be a nonzero ideal of M. An additive
mapping d : M — M, where M is a I'-ring, is called a derivation if for any
a,b € M and a € T, d(aab) = d(a)ab + acd(b). In this paper, we investigate the
commutativity of prime I'-ring satisfying certain differential identities.
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1. Introduction

Let M and I' be additive abelian groups. If for any a,b,c € M and o, 8 € T, the
following conditions are satisfied, (i) aab € M (it) (a+b)ac = aac+bac, a(a+5)b =
aab + afb, aa(b+ ¢) = aab + aac (iii) (aab)fc = aa(bBc), then M is called a T'-
ring. An additive subgroup U of M is called a right (resp. a left) ideal of M
if UTM C U (resp. MTU C U). U is said to be an ideal of M if it is both a
right as well as a left ideal of M. M is said to be prime I'-ring if aI'MTb = {0}
implies that either a = 0 or b = 0 for a,b € M. The centre of I'-ring M will be
denoted by Z(M) i.e.; Z(M) = {a € M | aab = baa for all b € M and « € T'}.
Following Jing [5], an additive mapping d : M — M is called a derivation on M
if d(aab) = d(a)ab + aad(b) for all a,b € M and o € I'. For any a,b € M and
~v €T, we write [a,b], = ayb — bya and a o, b = ayb + bya.

Throughout this paper M will denote a I'-ring satisfying aabfc = afSbac for all
a, B € I' and for all a,b,c € M. We shall use the following identities without any
specific mention:

If aabfBc = aBbac for all a,b,c € M and «, § € ', then

(i) [a,bBcly = [a,b]yBc+ bB[a, cly,
(11) aoq (b+c)=ao,b+ao,c,

(191) a oy (bBc) = (a o4 b)fec+bf[c,ala = bB(aoq ¢) + [a, blaSe.
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The study of T'-ring was initiated by Nobusawa in [4]. Further, the condition
on I'-ring was slightly weakened by Barnes [3] in sense of Nobusawa. Since then
various analogous concepts and analogous results of ring theory have been studied
in T-rings (for reference see [3], [5], [6] and [7], where further references can be
found). In the present paper, we have obtained some analogous results in I'-ring
earlier obtained for rings.

2. Main Results

In the year 1992, Daif and Bell [4] obtained commutativity of semiprime ring
R satisfying differential identity d([z,y]) = +[z,y] for all 2,y € R. Further, the
first author together with Rehman [2] established the commutativity of semiprime
ring R satisfying the above identity for a well behaved subset of R viz. Lie ideal
of R. Later on, many authors explored commutativity of prime and semiprime
rings satisfying various conditions on rings (for reference see, [2] etc. where further
references can be found). In the present paper, our objective is to investigate com-
mutativity of prime I'-rings satisfying certain identities involving derivations on
T'-rings. We facilitate our discussion with the following results which are necessary
for developing the proofs of our theorems:

Lemma 2.1. [Lemma 2, [7]] Let M be a prime T'-ring and U be a nonzero right
ideal of M such that U C Z(M). Then M is commutative.

Lemma 2.2. Let M be a prime I'-ring and U be a commutative nonzero right ideal
of M. Then M is commutative.

Proof: Since U is commutative, [z,y], = 0 for all z,y € M and v € I'. Replace y
by yar, we have

0 =[z,yar]y
= [z, ylyar + yalz, 1],
= yalz,r],.

Again replacing y by yfr1, we get yBriafz, ], = 0. Since M is prime, either y = 0
or [z,7]y = 0.If y = 0, then U = {0}, a contradiction. Therefore [z, r], = 0. This
implies © € Z(M) i.e., U C Z(M). Therefore, by Lemma 2.1, M is commutative.

O

Theorem 2.3. Let M be a prime I'-ring and U be a nonzero ideal of M. If d is
a nonzero derivation on M satisfying [d(z),z]y, =0 for allz € U, v €T, then M
18 commutative.

Proof: We have [d(z),z], = 0 for all z € U and v € I'. Replace x by = +y, to get

[d(z),y]ly + [d(y),z]y =0forall z,y € U, v €T.
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Further, replacing y by yaz in the above condition and using the same along with
the given condition, we have

[y, z]yad(z) =0 for all x,y € U and a,y € I

Again, replacing y by y8z and using the above condition, we get [y, x],Szad(z) =
0 for all x,y,z € U and «, B, € I". Now replacing z by rdz and using the primeness
of M, we get either [y,z], = 0 or UT'd(z) = {0}. Now let Uy = {z € U | [y, 2], =
0forally € M,y € T} and Uy = {z € U | UT'd(x) = {0}}. Then it can be
seen that U; and Uy are additive subgroups of U whose union is U. But a group
can not be union of two of its proper subgroups, we find that either UT'd(z) =
{0} forall x € U or [z,y]l, = 0 for all z,y € U and v € T". If UT'd(z) = {0},
then by primeness of M either U = {0} or d(z) = 0 for all x € U. But U # {0}
implies that d(xz) = 0 for all € U. Hence d(zyr) = 0. Therefore zvd(r) = 0.
This implies d(r) = 0 by primeness of M. Therefore d = 0, a contradiction. Hence
[z,y]y = 0 for all z,y € U and v € ' and U is commutative. Therefore M is
commutative. O

Corollary 2.4. Let M be a prime I'-ring and d be a nonzero derivation on M
satisfying x — d(x) € Z(M) for all x € U, then M is commutative.

Proof: We have © — d(z) € Z(M) i.e., [t —d(x),z]y =0 for all z € U and v € T
Hence [d(z),z]y = 0 for all z € U and v € I'. Therefore by Theorem 2.3, M is
commutative. O

Theorem 2.5. Let M be a 2-torsion free prime I'-ring and U be a nonzero ideal of
M. Suppose M admits a nonzero deriwation d satisfying any one of the following
conditions:

(6) [d(z),d(y)], =0 for all z,y € U and v €T,

(i) [d(z),d(y)], = [z, 4], for allz,y € U and vy € T,
(iii) [d(@),d(y)}y = [y, 2]y for all z,y € U and v € T,
(@) d([z,y)y) = [z,y], for all z,y € U and v € I

Then M is commutative.

Proof: (i). Given that [d(x),d(y)], = 0 for all z,y € U and v € I'. Replace y by
yaz and use the given condition, we get

d(y)eld(z), 2] + [d(z), ylyad(z) = 0. (2.1)
Replacing z by zfr for r € M in (2.1) and using (2.1), we have

d(y)azBld(z), 7}, + [d(@), y],azBd(r) = 0.
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Again, replacing 7 by d(x), we get [d(z),y],azBd*(z) = 0 for all z,y,2 € M and
a, B, € T. By primeness of M, we have either [d(z),y], =0 or z8d*(z) = 0.
Take Uy = {x € U | [d(z),y]ly =0forally e U and y € '} and Uy = {x € U |
23d%(z) = 0 for all z € U and 8 € I'}. Then U; and U, are additive subgroups of
U such that U; UU; = U. But a group can not be the set theoretic union of its two
proper subgroups, either Uy = U or Uy = U. If Uy = U, then [d(z),y], = 0 for all
x,y € U and v € I'. Therefore in particular [d(z),z], =0 for all z € U, v € I" and
hence M is commutative by Theorem 2.3. If Uy = U, then UBd?(z) = {0} for all
x € U and B € U. Since M is prime and U # {0}, we get d*(z) = 0 for all z € U.
Replacing = by way, we find that d?(way) = 0 for all w,y € U, a € I'. Since
d*(z) = 0 for all z € U and I'-ring is 2-torsion free, we have d(w)ad(y) = 0 for all
w,y € U and a € I'. Further, replacing w by wfz and using this condition along
with primeness of M, we get either d(w)Bz = 0 or d(z) = 0. Again, since M is
prime, either d(U) = {0} or U = {0}. Since it is given that U # {0}, d(U) = {0}.
But d(U) = {0} implies UT'd(M) = {0}. Again, primeness of M gives d(M) = {0},
which is a contradiction.

(7). Replacing y by yBz in [d(z),d(y)]y = [z, y],, we get
[d(z),d(yBz)]y = [x,yBz], for all x,y,z € U and 3,y €T.
This implies that for all z,y,z € U and £,y € I, we get

[d(x), d(y)]5 Bz +d(y)Bld(x), 2] + [d(x), y], Bd(2) + yBld(z), d(2)]y = [z, y], Bz +yBlz, 2]

Using the given condition, we arrive at
d(y)Bld(z), 2], + [d(z),y],Bd(z) = 0 for all z,y,z € M and 3,7 €T.

Now using the same arguments as used after (2.1), we get the required result.
(#9t). Using the similar techniques as above, one can get the required result.

(iv). Given that d([z,y],) = [z, y], for all z,y € U and v € T". After the simplifica-
tion, we get

[d(x),y)y + [z, d(y)]y = [x,y], for all 2,y € U and v €T (2.2)

Replacing y by 28y, we get

(ld(@), 2]y + [#,d(2)]y) By + 2B(ld(2), yly + [z, d(y)ly) + d(2) B[z, yly + [z, 2], Bd(y)
= [z, 2], By + 2B[z,y], for all x,y,z € U and 3,7 €T.

Using (2.2), we find that

d(z)Blz,yly + [z, 2]48d(y) = 0 for all z,y,z € U and B,y €T.

Further, replacing y by z, we get [z, 2],06d(z) = 0 for all ,z € U and 3,y € T.
Again, replacing z by waz, we get [z, w]yazfBd(x) = 0 for all z,w,z € U and
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a, B,y € I'. Since M is prime, we have either UT'd(z) = {0} or [z, 2], = 0. Take
Up={xeU|Uld(z) ={0}} and Uy = {zx € U | [z,w], =0 forall w € U,y €
T'}. It can be easily seen that U; and Us are additive subgroups of U such that
Ui U Uy = U. Therefore either Uy = U or Uy = U. If U; = U, then UT'd(z) = {0}
for all x € U. Since U # {0} and M is prime, we arrive at a contradiction that
d = 0. Therefore, now assume that Us = U. Hence [z, w], = 0 for all z,w € U and
~v € I'. This yields that U is commutative. By Lemma 2.2, M is commutative. O

Corollary 2.6. Let M be a prime I'-ring and U be a nonzero ideal of M. If d # 0
is a deriwation on M such that d([z,yly) = [y, z]y for all z,y € U and v € T, then
M is commutative.

Proof: Given that d([z,y])y = [y, z], for all z,y € U and « € I". This implies that
(—=d)([x,yly) = [z,y]y for all z,y € U and v € I'. Since —d is a derivation on M,
by Theorem 2.5(iv), M is commutative. O

Corollary 2.7. Let M be a prime I'-ring and U be a nonzero ideal of M. Suppose
M admits a derivation d satisfying any one of the following conditions:

(i) d([z,y]y) = [d(z),yly for allz,y € U and v €T,
(17) d(zoyy) =d(x)oyy for all z,y € U and v € T.

Then M s commutative.
Proof: (i). On simplifying the given condition, we have zyd(y) = d(y)yz for all
x,y € U and v € T'. Replacing = by x8d(z), we have xy[d(y), d(z)]s = 0. Since M

is prime and U # {0}, we have [d(y),d(z)]g = 0 for all y,z € U and 8 € I". Hence
M is commutative by Theorem 2.5(%).

(#1). Using similar arguments as used in (7), we get the required result. O

Theorem 2.8. Let M be a prime I'-ring and U be a nonzero ideal of M. Suppose
M admits a nonzero derivation d such that for oll z,y € U and a,v € T, d
satisfying any one of the following conditions:

(1) d(zay) = d(yowx),
(i) d(zay) = —d(yor),
(iid) [d(x),yly = [z, d(y)],-
Then M s commutative.
Proof: (i). For all x,y € U and o € T', we have d(zay) = d(yax). On simplifying,

we have
[d(x),Y]a + [2,d(y)]a =0 for all z,y € U and o € T. (2.3)
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Replacing y by yfz in (2.3) and using (2.3), we get
d(y)Blx, z]a + [z,y]aBd(z) =0 for all z,y,z € U and a, 5 € T.

Replace z by = to get [x,ylofBd(x) = 0 for all x,y € U and «,8 € I'. Again,
replacing y by yyw in the latter condition, we get

[, y]aywpd(x) = 0 for all x,y,w € U and «, B,y € T. (2.4)

Since M is prime, we have [z,y], = 0 or UT'd(z) = {0}. The sets z € U for which
these two properties hold forms additive subgroups of U whose union is U. Hence
by Brauer’s trick, either [x,y], =0 for all z,y € U and « € T or UT'd(z) = {0} for
all z € U. If UT'd(z) = {0}, then by primeness of M, either U = {0} or d(z) =0
for all x € U. But d(z) = 0 for all # € U gives d = 0 on M, a contradiction.
Therefore [z,y]o, = 0 for all z,y € U, a € T and hence U is commutative and by
Lemma 2.2, M is commutative.

(#4). For all x,y € U and « € T, we have d(xay) = —d(yax). This implies that
d(z)ay + zad(y) = —d(y)ax — yad(z) for all z,y € U and o € T'. Replace y by
yBx and use the given condition, to get

zayPd(z) + yaxfd(x) =0 for all x,y € U and o, 8 € T. (2.5)
Now, replace y by yyz in (2.5) and use (2.5), to get

[, ylavzBd(x) =0 for all ,y,z € U and «, 3,y € T

Now using the same arguments, as used in proof of (i) after (2.3), we get the re-
quired result.

(#i7). Replacing y by y5z in the given condition, we have

[z,y],8d(2) + d(y) B[z, 2], = 0.

Replacing z by z, we get [z,y],8d(z) = 0 for all z,y € M and 3,y € I'. Again
replacing y by yoz, we find that [z,y],azfd(z) = 0. Since M is prime, either
[z,y]y =0 or Ul'd(z) = {0}. By the same argument given in the proof of (i) after
(2.3), we get the required result. O

Theorem 2.9. Let M be a prime I'-ring and U be a nonzero ideal of M. Suppose
d 1s a derivation on M satisfying any one of the following conditions:

(1) d(xyy) —ayy € Z(M) for all x,y € U and v € T,
(i) d(zvy) —yyx € Z(M) for all z,y € U and v € T,
(#31) d(x)yd(y) — ayy € Z(M) for all z,y € U and vy € T.

Then M is commutative.



SOME DIFFERENTIAL IDENTITIES IN PRIME I'-RINGS 199

Proof: (i). It is given that d(zyy) — ayy € Z(M) for all z,y € U and v € T". If
d = 0, then we have zyy € Z(M). Therefore [xyy, z]g = 0. Therefore xvy[y, z]g =0
for all z,y € U and 3,v € T'. Now replacing y by yaz, we find that xyya[z, x|z =0
for all z,y,z € U and «, 8,7 € I'. By the primeness of M, we have either x = 0 or
UT[z,z]p = {0}. But z = 0 also implies that UI'[z,z]g = {0}. Therefore in both
the cases, we get UT'[z, z]g = {0}. Since M is prime, either U = {0} or [z,z]g = 0.
Since U # {0}, [z,z]g =0forallz,z € U, § € I' and U is commutative. Therefore
M is commutative by Lemma 2.2.

Now assume that d # 0. Given that d(axyy) — ayy € Z(M). This implies that
d(x)yy+xyd(y) — xzyy € Z(M). Replacing y by y3z and using the given condition,
we have

0 = [d(z)vyBz + xyd(yBz) — xvyPz, z]a
= [zyyBd(z), 2]a (2.6)
= zyyBld(2), 2]a + 2Y[Y, 2] Bd(2) + [z, 2lavyBd(2).

Again, replacing x by wdz for w € U and 6 € T in (2.6), we get

wd(zyyBld(2), 2o + 271y, 2lafd(2) + [2, 2lavyPd(2)) + [w, 2]adzyyfd(2) = 0.
Using (2.6), we get [w, z]o0zyyBd(z) = 0. Since M is prime, we find that for each
fixed z € U, either [w, z]o02 = 0 or UT'd(z) = {0}. Let Uy = {z € U | [w, z]od2 =0
for all z,w € U, o,6 € T} and Uy = {z € U | Ul'd(z) = {0}}. Since U; and
U, are additive subgroups of U whose union is U, we find that either U; = U or
Uy, =U. If Uy = U, then [w, z]o0x = 0 for all z,w,z € U and «,d € T'. Since M
is prime, either U = {0} or [w, z], = 0 for all w,z € U and « € T'. Since U # {0},
U is commutative, and hence M is commutative by Lemma 2.2. If Uy = U, then
UTd(z) = {0} for all z € U. This implies that either U = {0} or d = 0, and hence
in both the cases we arrive at contradictions.

(#4). If d = 0, then using similar techniques as used in the beginning of the proof
of (i), we find that M is commutative.

Now assume that d # 0. Since d(zyy)—yyx € Z(M) for allz,y € U, r € M and v €
T, we have [d(zvy) — yyz,r]o = 0 forall z,y € U, r € M and o,y € T'. After
simplification, we get

[d(x)yy + 2vd(y),7]e = [yyz, 7] for all z,y € U, r € M and o,y €. (2.7)
Replacing y by yfr for r € M, 8 €T in (2.7) and using (2.7), we get
lyya, rlafr + [zyyBd(r), rla = [yBryz, rla- (2.8)
Again replacing y by xdy for 2 € U, § € T in (2.8) and using (2.8), we get
2O[yBryx, rla + [z, r]adyyzSr + [z, r]odxyyBd(r) = x0[yBrvyx, rla + [z, r]odyBryz.
After simplifying, we get

[, r]adyy[z, 7] + 2, T]adxyyBd(r) = 0. (2.9)
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Replacing r by r + « in (2.9) and using (2.9), we get
[, r]adxyyPd(x) =0 for all z,y € U, r € M and «, 3,7v,6 € T.

Since M is prime, we get [z,7],0x = 0 for all z € U, r € M and «,6 € T or
UTd(z) = {0} for all z € U. If [x,7]o0x = 0, then [z,7yri]odz = 0. Therefore,
[z, 7]ayr102z = 0. By primeness of M, either z = 0 or [z,7r], = 0. But z = 0 also
gives [x,7r], = 0. Hence, there remain only two cases namely either [z,7], = 0
or Ul'd(z) = {0}. Take Uy = {& € U | [z,r]o = 0 forall r € M,a € T'} and
Us = {x € U | Uld(z) = {0}}. But these are two additive subgroups of U whose
union is U. Therefore either Uy = U or Uy = U. If U; = U then U C Z(M).
Therefore M is commutative by Lemma 2.1. If Uy = U, then either U = {0} or
d =0, and we find contradictions in both the cases.

(791). If d = 0, then —azyy € Z(M) for all z,y € U. Therefore zyy € Z(M) and as
above, M is commutative.

Now suppose that d # 0. If we replace y by yar, then for all z,y € U, r € M and
a,y € T, we find that (d(x)vd(y) — zyy)ar + d(z)yyad(r) € Z(M). Therefore

[(d(z)yd(y) — zyy)ar + d(x)yyad(r),r] = 0.
Using the given condition, we arrive at
[d(z)yyad(r),r]g = 0. (2.10)
Replacing y by d(z)dy in (2.10), we get
[d(z),r]gvd(z)dyad(r) =0 for all z,y,z € U, r € M and «, 3,6,v € I.

Since M is prime, either UT'd(r) = {0} or [d(z),r]gyd(z) = 0. Take My = {r € M |
UTd(r) = {0}} and My = {r € M | [d(x),r]gyd(z) =0 for all z,z € U and 3,7 €
I

But M; and M, are two additive subgroups of M whose union is M. Therefore
either My = M or My = M. If My, = M, then UT'd(r) = {0}. Since U # {0} and
M is prime, we find that d = 0, a contradiction. Hence assume that Ms = M. This
yields that [d(z),r]gyd(z) = 0 for all r € M. Hence [d(x), rar1]gyd(z) = 0. This
implies that [d(x),r|gar1yd(z) = 0. By primeness of M, either [d(z),r]g = 0 for
allz € U, r € M and f €T or d(z) = 0 for all z € U. But d(z) = 0 gives d = 0,
which is a contradiction. Therefore [d(z),r]s = 0. In particular, [d(x),x]g = 0 for
all x € U and B € I'. Therefore by Theorem 2.3, M is commutative. a

Corollary 2.10. Let M be a prime I'-ring and U be a nonzero ideal of M. If d
is a derivation on M satisfying d(zyy) + xyy € Z(M) for all 2,y € U and v € T,
then M is commutative.

Proof: d(zvy)+azvyy € Z(M) implies that —d(zyy)—ayy € Z(M) i.e., (—d)(zyy)—
xyy € Z(M). Since —d is also a derivation on M, hence by Theorem 2.9(¢), M is
commutative. O
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Corollary 2.11. Let M be a prime I'-ring and U be a nonzero ideal of M. If d
is a derivation on M satisfying d(zyy) + yyx € Z(M) for all 2,y € U and v € T,
then M is commutative.

Theorem 2.12. Let M be a prime I'-ring and U be a nonzero ideal of M. If d is
a derivation on M such that d(x o y) =z oy for all z,y € U and v € T, then M
18 commutative.

Proof: It is given that d(x oy y) =z o,y for all 2,y € U and v € I'. If d = 0, then
xoyy=0forall z,y € U and v € I'. Replacing y by yaz, we have z o, (yaz) =0
for all z,y,z € U and «,v € I'. This yields that ya[z, 2], = 0 for all z,y,z € U
and «,v € T'. Since M is prime and U # {0}, U is commutative and by Lemma
2.2, we get the required result.

Now assume that d # 0. The given condition implies that

d(z)oyy+zo,d(y) =xo0yyforallz,y € U and vy €I (2.11)
Replace y by yaz in (2.11), we get
d(z) oy (yaz) + x oy d(yaz) = x o4 (yaz) for all z,y,z € U and a,y € T.

After simplification, we find that

(d(z) 0y y + w0y d(y)) vz +yalz, d(2)], + d(y)alz, 2]y + (x 0y y)ad(2) +yald(2), 2],
= (r oy y)az +yalz,x], for all x,y,z € U and o,y € T\

Now using (2.11), we get
yalz, d@)]y + dy)alz, 2l, + (& oy y)ad(z) +yald(z), 7}, = yalz, s,
Replace z by z to get (x o, y)ad(x) = 0. Now, replacing y by wfy, we find that
[z, w]yByad(x) =0 for all z,y,w € U and «, B,y € T.

Since M 1is prime, either [z,w], = 0 or UI'd(x) = {0}. Now using the similar
arguments as used in Theorem 2.5(iv), we find that M is commutative. a

Corollary 2.13. Let M be a prime I'-ring and U be a nonzero ideal of M. If d is
a deriation on M such that d(zoyy)+x o,y =0 for allz,y € U and v €T, then
M is commutative.

Theorem 2.14. Let M be a 2-torsion free prime I'-ring and U be a nonzero ideal
of M. Suppose d # 0 is a derivation on M such that d satisfies any one of the
following conditions:

(i) d(xz) oy d(y) =0 for all z,y € U and v € T,

(1) d(z) oy d(y) =x oy y for all z,y € U and vy €T,
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(i13) d(x) oy d(y) +xoyy=0 forall z,y € U and v €T.

Then M is commutative.
Proof: (i). Replacing y by yaz in the given condition, we get
(d() oy d(y))az + d(y)alz, d(@)}, + ya(d(@) o d(2)) + [d(x), yl,ad(z) = 0.
Using the given condition, we have
d(y)alz,d(x)]y + [d(z),y]yad(z) =0 for all z,y,z € U and o,y €. (2.12)
Replacing z by z8d(z), we get
(d(y)alz d(@), + [d(), y}ad(2))8d(@) + [d(x), y],azBd(z) = 0.

Using (2.12), we get [d(x),y],azBd?*(x) = 0 for all z,y,z € U and o, 3,7 € T.
Primeness of M yields that either [d(z),y]yaz = 0 or d*(z) = 0. Take U; = {z €
U|d*(z) =0} and Uy = {x € U | [d(z),y]yaz =0 for all y,z € U and «,y € T'}.
Since U; and Us are additive subgroups of U such that U; UUy = U. Therefore by
Brauer’s trick either Uy = U or Uy = U. If U; = U, then d?(x) = 0 for all x € U.
Therefore by using the arguments as used in the proof of Theorem 2.5(i), d = 0
which is a contradiction. Now assume that Uy = U i.e., [d(z),y]yaz = 0 for all
z,y,2 € U and o,y € T'. Since U # {0} and M is prime, [d(x),y], = 0 for all
xz,y € U and v € I'. Hence [d(z),z], = 0 for all z € U and M is commutative by
Theorem 2.3.

(i1). If d = 0, then z o,y = 0 forall ,y € U and v € I'. Therefore M is
commutative by the argument used in the Theorem 2.12. Now assume that d # 0.
Replace y by yaz to get

d(y)alz, d(x)]y + yo(x oy 2) + [d(2), ylyad(z) — yafz,z], =0 (2.13)

for all z,y,z € U and o,y € T
Replacing y by rfy in (2.13), we find that

rB(d(y)alz, d(z)]y +ya(xzoy 2) + [d(z), y|yad(z) —yalz, x],) + d(r) fyalz, d(z)]y
+ [d(z),r)yByad(z) =0 for all z,y,z € U, r € M and «, 3,y € T.

Using (2.13), the above yields that

d(r)Byalz, d(@)], + [d(z), ], Byad(z) = 0.

Further replacing r by d(z), we get d*(z)Byalz,d(x)], = 0 for all z,y,z € U and
a,B,y€T. Take Uy = {x € U | d*(z) = 0} and Uy = {x € U | UT'[z,d(x)], = {0}
for all z € U and v € T'}. If Uy = U then d*(x) = 0 for all z € U. Using similar
techniques as used in Theorem 2.5(i) we get d = 0, a contradiction. Therefore
Uy = U. Hence UT[z,d(x)], = {0} for all z,z € U and v € I". Since M is prime
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and U # {0}, [z,d(x)]y = 0. Hence [d(z),z]y =0 forallz € U and v € I" and M
is commutative by Theorem 2.3.

(#9t). By the similar arguments as used in (i), we can get the required result. 0O

Theorem 2.15. Let M be a 2-torsion free prime I'-ring and U be a nonzero ideal
of M. Suppose d # 0 is a derivation on M such that d satisfies any one of the
following condition:

(i) [d(z),d(y)]y = yvyzx for all z,y € U and v € T,
(1) [d(x),d(y)]y = zvyy for all z,y € U and vy €T,
(#3i) d([z,yly) =xoyy for allz,y € U and v €T,
(v) d(z oy y) = [z,y]ly for allz,y € U and v €T.

Then M is commutative.
Proof: (i). Replacing y by yaw in the given condition, we find that

yyzow + d(y)ald(z), w]y + [d(z), ylyad(w) = 0 for all z,y,w € U and o,y € T

Further, replacing w by wdr and using the same, we get

d(y)owd[d(z), ]y +[d(x), y]yowdd(r) = 0 for all z,y,w € U, r € M and a,y,6 €T

Now, replacing r by d(z), we get [d(z), y] awdd?(z) for all z,y,w € U and a7, €
I'. Since M is prime, we find that either [d(z), y],aU = {0} or d*(z) = 0. Take U; =
{x e U |d(z),ylyaU = {0} for ally € U, a,y € T} and Uy = {x € U | d*(x) = 0}.
But U; and U, are additive subgroups of U such that U; U Us = U. Hence, by
Brauer’s trick either Uy = U or Uy = U. If Uy = U, then [d(x),y],aU = {0}. Since
U # {0}, [d(x),y]y =0 for all z,y € U and v € I". In particular [d(z),z], = 0 for
all z € U and v € I'. Therefore M is commutative by Theorem 2.3. If Uy = U,
then d = 0, a contradiction.

(7i). By using the similar arguments as used in proving (i), we get the required
result.

(131). Given that d([z,y],) =z o,y for all z,y € U and v € T'. On simplifying we
get
[d(z),y]y + [2,d(y)]ly =z oyy forall 2,y € U and vy € T (2.14)

Further, replacing y by yax, we find that [z,y],ad(z) = 0. Again replacing y by
rBy, we get

[z, 7]y Byad(z) =0 for all z,y € U,r € M and o, 5,7 €T. (2.15)
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Take Uy = {x € U | [z,r]y =0 forallr € M and v € T'} and Uy = {x € U |
UTd(x) = 0}. Since Uy and Us are additive subgroups of U such that U; UU; = U
and by Brauer’s trick either Uy = U or Uy = U. If Uy = U then [z,7], = 0 for
allz € U, r € M, v € T, and hence U C Z(M). Therefore M is commutative by
Lemma 2.1. Now, we assume that Uy = U. Since M is prime and U # 0, we find
that d = 0, a contradiction.

(iv). It is given that d(x o, y) = [x,y],. This implies that
d(z) oy y+zoyd(y) =[z,y], forall z,y € U and v €T
Replace y by zay to get
d(z)yray + d(z)ayyz = 0 for all x,y € U and «,y € T
Again, replacing y by y06r, we find that
d(x)yya[r,z]g =0 for all z,y € U, r € M and «, 3,y €T.

Now using the similar arguments as used after (2.15), we get the required result.0

Theorem 2.16. Let M be a 2-torsion free prime I'-ring and U be a nonzero ideal
of M. Suppose d is a derivation on M such that d satisfies any one of the following
condition:

(i) d(z)vd(y) = [z,yly for all z,y € U and v € T,
(1) d(y)yd(z) = [x,y]y for all z,y € U and vy €T,
(#3i) d(z)vd(y) =z oyy for all z,y € U and v €T.

Then M is commutative.

Proof: (i). Replacing y by yar in the given condition, we get
d(z)vd(y)ar + d(x)yyad(r) = [z, y]yar + yalz, 7],

forall x,y e U, r € M and o,y €T.
Now, using the given condition, we get

d(z)yyad(r) = yalz,r], for all z,y € U, r € M and o,y € T

Further, replacing r by r+ x, we get d(z)yyad(z) =0 for all z,y € U and o,y € T.
Since M is prime and U # {0}, d(z) = 0 for all x € U. Hence our hypothesis
implies that [x,y], = 0for all x,y € U and v € T i.e., U is commutative. Therefore
by Lemma 2.2, M is commutative.

By the similar arguments as used in (i), we get the required result in cases (i)
and (4i). O
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