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ABSTRACT: In this paper, we introduce and investigate the notions of weakly G-
semi-open sets and weakly G-preopen sets in grill topological spaces. Furthermore,
by using these sets we obtain new decompositions of continuity.
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1. Introduction

The idea of grills on a topological space was first introduced by Choquet [6].
The concept of grills has shown to be a powerful supporting and useful tool like
nets and filters, for getting a deeper insight into further studying some topological
notions such as proximity spaces, closure spaces and the theory of compactifications
and extension problems of different kinds (see [4], [5], [13] for details). In
[12], Roy and Mukherjee defined and studied a typical topology associated rather
naturally to the existing topology and a grill on a given topological space. Quite
recently, Hatir and Jafari [7] have defined new classes of sets in a grill topological
space and obtained a new decomposition of continuity in terms of grills. In [2],
the present authors defined and investigated the notions of G-a-open sets, §-semi-
open sets and G-(-open sets in topological space with a grill. By using these
sets, we obtained decompositions of continuity. In this paper, we introduce and
investigate the notions of weakly G-semi-open sets and weakly G-preopen sets in
grill topological spaces. We introduce weakly G-precontinuous functions and weakly
G-semi-continuous functions to obtain decompositions of continuity.
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2. Preliminaries

Let (X, 7) be a topological space with no separation properties assumed. For
a subset A of a topological space (X, 1), Cl(A) and Int(A) denote the closure and
the interior of A in (X, 7), respectively. The power set of X will be denoted by
P(X). A subcollection G of P(X) is called a grill [6] on X if G satisfies the following
conditions:

1. A€ G and A C B implies that B € G,
2. A, BC X and AUB € G implies that A€ Gor Be€ G.

For any point z of a topological space (X, 1), 7(x) denotes the collection of all open
neighborhoods of x.

Definition 2.1. [12] Let (X, 1) be a topological space and G be a grill on X. A
mapping ® : P(X) — P(X) is defined as follows: ®(A) = ®g(A,7) = {zr € X :
ANU € G for alU € 7(x)} for each A € P(X). The mapping ® is called the
operator associated with the grill G and the topology T.

Proposition 2.2. [12] Let (X, 7) be a topological space and G be a grill on X.
Then for all A, B C X the following properties hold:

1. A C B implies that ®(A) C ®(B),

2. (AU B) =P(A)UP(B),

3. B(®(A)) C B(A) = CI(B(A)) C CI(A),
4. IfU €7, then UN®(A) C DU N A).

Let G be a grill on a space X. Then we define a map ¥ : P(X) — P(X) by
T(A) = AUP(A) for all A € P(X). The map ¥ is a Kuratowski closure axiom.
Corresponding to a grill § on a topological space (X, 7), there exists a unique
topology 7g on X given by 7¢ = {U C X : ¥(X — U) = X — U}, where for any
AC X, ¥(A) = AUP(A) = 7g-CI(A). For any grill § on a topological space
(X,7), 7 C7g. If (X,7) is a topological space with a grill § on X, then we call it
a grill topological space and denote it by (X, 7, 9).

Definition 2.3. A subset A of a topological space X is said to be:
1. a-open [10] if A C Int(Cl(Int(A))),
2. semi-open [8] if A C Cl(Int(A)),
3. preopen  [9] if A C Int(CI(A)),
4. B-open [1] or semi-preopen [3] if A C Cl(Int(CIl(A))).
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Definition 2.4. Let (X, 7,5) be a grill topological space. A subset A in X is said
to be

1. ®-open [7] if A C Int(®(A)),

2. G-a-open [2] if A C Int(T(Int(A))),
3. Gepreopen [7] if A C Int(¥(A)),

4. G-semi-open [2] if A C U(Int(A)),
5. G-B-open [2] if A C Cl(Int(T(A))).

The family of all §-a-open (resp. G-preopen, G-semi-open, G-3-open) sets in a
grill topological space (X, 7,5) is denoted by GaO(X) (resp. SPO(X), $SO(X),
§80(X)).

The following lemma is well-known.

Lemma 2.5. For a subset A of a topological space (X, T), the following properties
hold:

1. sCl(A) = AU Int(Cl(A)),
2. sCl(A) = Int(CI(A)) if A is open.

Lemma 2.6. For subsets A and B of a grill topological space (X,T,9), the fol-
lowing properties hold:

1.UNTYA) COUNA) ifU e,

2. Int(Cl(A)) N Int(Cl(B)) = Int(Cl(AN B)) if either A or B is semi-open.
Proof: (1) This follows from Proposition 2.2 (4).
(2) This follows from Lemma 3.5 of [11]. O

3. Weakly G-semi-open sets

Definition 3.1. A subset A of a grill topological space (X, 7,9) is said to be weakly
G-semi-open if A C U(Int(CIl(A))). The complement of a weakly G-semi-open set
is said to be weakly G-semi-closed.

Remark 3.2. FEvery G-semi-open set is weakly G-semi-open but not conversely.

Example 3.3. Let X = {a,b,c}, 7 ={¢$, X,{a,b}} and the grill G = {{b},{a,b},
{b,c},X}. Then A = {a} is weakly G-semi-open, but it is not G-semi-open (also it
is mot semi-open,).
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Proposition 3.4. Let (X,7,9) be a grill topological space. Then every weakly
G-semi-open set is B-open.

Proof: Let A be a weakly §-semi-open set. Then A C U(Int(CIl(A))) = ®(Int(Ci(A)))U
Int(Cl(A)) C Cl(Int(Cl(A))). Hence A is B-open. O

The converse of Proposition 3.4 need not be true in general as shown in the
following example.

Example 3.5. Let X = {a,b,c}, 7 = {¢, X,{a},{c},{a,c}} and the grill § =
{{b},{a,b},{b,c}, X}. Then A = {a,b} is a semi-open set which is not weakly
G-semi-open.

Remark 3.6. The notions of weak G-semi-openness and semi-openness are inde-
pendent as shown by the above examples.

Proposition 3.7. Let (X, 7,9) be a grill topological space. A subset A of (X, 1,G)
is weakly G-semi-closed if and only if Intg(Cl(Int(A))) C A.

Proof: Let A be a weakly G-semi-closed set of (X, 7,9), then X — A is weakly
G-semi-open and hence X — A C U(Int(Cl(X — A))) = X — Intg(Cl(Int(A))).
Therefore, we have Intg(Cl(Int(A))) C A.

Conversely, let Intg(Cl(Int(A))) € A. Then X — A C U(Int(Cl(X — A))) and
hence X — A is weakly G-semi-open. Therefore, A is weakly G-semi-closed. O

Since 7g is finer than 7, by Proposition 3.7, we have the following corollary.

Corollary 3.8. Let (X, 7,5) be a grill topological space. If a subset A of (X,7,9)
is weakly G-semi-closed, then Int(V(Int(A))) C A.

Theorem 3.9. Let (X,7,9) be a grill topological space. Let A, U and A, (a € A)
be subsets of X. Then the following properties hold:

1. If A, is weakly G-semi-open for each o € A, then UgecnAq is weakly G-semi-
open,

2. If U is open and A is weakly G-semi-open, then UN A is weakly G-semi-open.

Proof: (1) Since A, is weakly G-semi-open for each ao € A, we have
Ay CU(Int(Cl(Ay))) for each o € A and by using Lemma 2.2, we obtain

Uneadn € Unen U(Int(Cl(Ad)))
C Unea {®Int(Cl(Aa))) U Int(CL(AL))}
CO(UnenInt(Cl(Aa))) U Int(Cl(UacaAa))
CO(Int(Cl(UneaAa))) U Int(Cl(Unea Aa))

)

)
)
CU(Int(Cl(UnerAd))).-
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This shows that Ugea Ay is weakly G-semi-open.
(2) Let A be weakly G-semi-open and U € 7, then A C ¥(Int(Ci(A))) and by
Lemma 2.2, we have

ANU C U(Int(CI(A))) N
= [®(Int(CI(A))) UInt(CZ( NINU
— [@(Int(CI(A))) VU] U [Int(CI(A)) N U]
[Int(CL(A)) N U] U [Int(CL(ANU))]

N 1N

P
P
v

(In(CHANU))) U Int(CLANT))
(Int(CU(ANT))).

This shows that AN U is weakly G-semi-open. O

Remark 3.10. A finite intersection of weakly G-semi-open sets need not be weakly
G-semi-open in general as the following example shows.

Example 3.11. Let X = {a,b,c,d}, 7 = {4, X,{a,b},{a,b,c}} and the grill § =
{{a,c}, {a,c,b},{a,c,d}, X}. Then A ={b,d} and B = {a,d} are weakly G-semi-
open sets but AN B is not weakly G-semi-open.

Definition 3.12. A subset A of a grill topological space (X,7,G) is called a a
Tg-set if A=UNV, where U € 7 and Int(V) = ¥ (Int(CI(V)))

Theorem 3.13. Let (X,7,5) be a grill topological space. For a subset A of X,
the following conditions are equivalent:

1. A is open;

2. A is weakly G-semi-open and a Tg-set.

Proof: (1) = (2) Let A be any open set. Then we have A = Int(A) C U (Int(CI(A))).
Therefore A is weakly G-semi-open and because Int(X) = U(Int(CIl(X))), thus A
is a Tg-set.

(2) = (1) If A is weakly G-semi-open and also a Tg-set, then A C ¥(Int(CIl(A))) =
Y (Int(Cl(UNV))), where U € 7 and Int(V) = U(Int(Cl(V))). Hence

ACUNACUNYInt(CUT))) N T(Int(CLV)))
=U N Int(V) = Int(A).

This shows that A is open. O
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4. Weakly G-preopen sets

Definition 4.1. A subset A of a grill topological space (X, 7,9) is said to be weakly
G-preopen if A C sCl(Int(¥(A))). The complement of a weakly G-preopen set is
said to be weakly G-preclosed.

Proposition 4.2. Let (X,7,G) be a grill topological space. Then the following
properties hold:

1. Every G-preopen set is weakly G-preopen,
2. Bvery weakly G-preopen set is G-3-open,
3. Bvery a-open set is weakly G-preopen,
4. Every weakly G-preopen set is preopen.
Proof: (1) Let A be a G-preopen set. Then we have
A C Int(U(A)) C sCl[Int(V(A))].
This shows that A is weakly G-preopen.

(2) Let A be a weakly G-preopen set. Then, since sCI(B) C CI(B) for any
subset B C X, we have

A C sCl[Int(T(A))] C Cl[Int(T(A))].
This shows that A is §-G-open.

(3) Let A be an a-open set. Then by Lemma 2.5, we have

A CInt(Cl(Int(A)))
CIntCl(Int(AU P(A))))
=Int(Cl(Int(V(A))))
=sCl(Int(V(A))).

This shows that A is a weakly G-preopen set.

(4) Let A be a weakly G-preopen set. Then by Lemma 2.5, we have

This shows that A is a preopen set. O
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By Remark 2.5 of [2] and the results obtained above, the following diagram
holds for a subset A of a space X.

open ——> G-q-open ———> G-semi-open —> weakly G-semi-open

\\

Q-open — > semi-open

|

P-open —> G-preopen Fr 44 G-B-open

weakly G-preopen preopen — > B-open

. 3.5

Example 4.3. Let X = {a,b,c,d}, 7 = {¢, X, {a},{a,c}, {a,b,d}} and the grill
§={{a,c},{a,c,b},{a,c,d}, X}. Then A= {a,b} is a weakly G-preopen set which
is not G-preopen because W(A) = AU ®(A) = A, sCl(Int(¥(A))) = X. But
A Int(¥(A)) = {a}.

Example 4.4. Let X = {a,b,c,d}, 7 = {9, X,{a},{a,c},{a,b,c}} and the grill
G = {{c}, {a,c},{b,c},{d,c}, {a,c, b}, {a,c,d}, {b,c,d}, X}. Then A = {c} is a
weakly G-preopen set which is not a-open because U(A) = X and Int(A) = ¢.

Example 4.5. Let X = {a,b,c,d}, 7 = {¢, X, {a,b},{c,d}} and the grill G =
{{a},{a,c},{a,b},{a,d},{a,c, b}, {a,c,d},{a,b,d}, X}. Then A ={b,c} is a pre-
open set which is not weakly G-preopen because sCl(Int(V(A))) = ¢ and Cl(A) =
X.

Example 4.6. Let X = {a,b,c,d,e}, 7 = {9, X,{a},{b,e},{a,b,e}} and the
grill § = {{b,e},{b,e,a},{b,e,c},{be,d}, X}. Then A = {a,c} is a G-B-open
set which is not weakly G-preopen because A C Cl(Int(¥(A))) = {a,c,d} and
AZ sCl(Int(¥(A))) = {a}.

Theorem 4.7. Let (X, 7,9) be a grill topological space. Let A, U and A, (a € A)
be subsets of X. Then the following properties hold:

1. If A, is weakly G-preopen for each o € A, then Ugea Ay is weakly G-preopen.

2. If U is a-open and A is weakly G-preopen, then U N A is weakly G-preopen.

Proof: (1) Since A, is weakly G-preopen for each a € A, we have

Ay C sCl(Int(V(Ay))) C sCl(Int (¥ (Uperla)))
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for each o € A and hence
UaeaAq C sCL(Int (¥ (Uper4y))) -

This shows that U,eca A, is weakly G-preopen.
(2) By Lemmas 2.5 and 2.6, we have

ANU CsCl(Int(T(A))) N Int(Cl(Int(U)))

= Int(Cl(Int(¥(A)))) N Int(Cl(Int(U)))
= Int(Cl[Int(VY(A)) N Int(U)])

= sCl(Int[¥(A) N Int(U)])

( [

CU

V)

[
C sCl(Int(Y[AN Int(U)]))
C sCl(Int(T(ANTD))).
This shows that U N A is weakly G-preopen. O

Remark 4.8. The finite intersection of weakly G-preopen sets need not be weakly
G-preopen in general as the following example shows.

Example 4.9. Let X = {a,b,¢,d}, 7 = {¢, X,{a,b},{a,b,c}} and the grill G =
{{a}7 {a7 b}7 {a7 C}7 {a7 d}7 {b}7 {b’ C}’ {b7 d}? {a7 b? c}? {a7 b7 d}7 {b7 C7 d}? X}' Then A =

{b,d} and B = {a,d} are weakly G-preopen sets but AN B is not weakly G-preopen
since U(A) = ¥(B) = X and sCl(Int(¥Y(AN B))) = ¢.

Theorem 4.10. A subset A of a grill topological space (X,7,9) is weakly G-
preclosed if and only if sInt(Cl(Intg(A))) C A, where Intg(A) denotes the interior
of A with respect to Tg.

Proof: Let A be a weakly G-preclosed set of (X,7,59). Then X — A is weakly
G-preopen and hence

X - ACsCl(Int(¥(X — A))) =X — sInt(Cl(Intg(A))).

Therefore, we have sInt(Cl(Intg(A))) C A.
Conversely, let sInt(Cl(Intg(A))) C A. Then

X —ACsCl(Int(¥(X — A)))
and hence X — A is weakly G-preopen. Therefore, A is weakly G-preclosed. O

5. Ag-sets and Ng-sets

Definition 5.1. A subset A of a grill topological space (X, 7,9) is called a G-set [7]
(resp. an Ag-set, an Ng-set ) if A=UNV, where U € T and Int(V) = Int(¥(V))
(resp. Int(V) = sCl(Int(¥(V))), Int(V) = Cl(Int(T(V)))).
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Proposition 5.2. Let (X,7,9) be a grill topological space. For a subset A of X,
the following properties hold:

1. Every Ng-set is an Ag-set.

2. EBvery Ag-set is a G-set.

Proof: (1) Let A be an Ng-set. Then A = U NV, where U € 7 and Int(V) =
Cl(Int(¥(V))). Since Int(V) = Cl(Int(¥(V))) 2 sCl(Int(¥(V))) and Int(V) C
Int(T(V)) C sCl(Int(P(V))), we have Int(V) = sCl(Int(¥(V))) and hence A =
UNYV, where U € 7 and Int(V) = sCl(Int(¥(V))). This shows that A is an
Ag-set.
(2) Let Abe an Ag-set. Then A = UNV, where U € 7 and Int(V) = sCl(Int(¥(V))).
Since Int(¥(V)) C sCl(Int(¥(V))) = Int(V) C Int(¥(V)), we obtain Int(V) =
Int(¥(V)) and hence A = U NV, where U € 7 and Int(V) = Int(¥(V)). This
shows that A is a G-set.

O

The converses of the statements of Proposition 5.2 are not true as the following
examples show.

Example 5.3. Let X = {a,b,¢c,d}, 7 = {¢,X,{a},{d},{a,d}} and the grill
§ = {{d},{a,d},{b,d},{c,d},{a,d,b},{b,d,c},{c,d,a}, X}. Then A = {a,b} is
an Ag-set but which is not an Ng-set. Since the only open set containing A is X,
hence A= XNV =V and sCl(Int(V(A))) = {a} = Int(A), but Cl(Int(¥(A))) =
{a,b,c} # Int(A).

Example 5.4. Let X = {a,b,c,d, e}, 7 = {9, X, {a}, {b,e},{a,b,e}, {a,c,d}} and
the grill § = {{b,c},{b,c,a},{b,c,d},{b,c,e},{b,c,a,d}, {b,c,a,e}, {b,c,d, e}, X}.
Then A = {a,d} is a G-set but which is not an Ag-set. Since the open set U
containing A is X or {a,c,d}, hence A=UNV and Int(V) = Int(¥(V)) = {a}
where V' is any require subset of X. On the other hand, we have sCl(Int(¥(V))) =
{a,c,d} # Int(V).

Theorem 5.5. Let (X,7,9) be a grill topological space. For a subset A of X, the
following conditions are equivalent:

1. A is open;
2. A is weakly G-preopen and an Ag-set;

3. A is §-B-open and an Ng-set.

Proof: (1) = (2) Let A be any open set. Then we have A = Int(A) C sCl(Int(¥(A))).
Therefore A is weakly G-preopen and because Int(X) = sCl(Int(¥(X))), thus A
is an Ag-set.
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(2) = (1) Let A be weakly G-preopen and an Ag-set. Let A = U N C, where U is
open and sCIl(Int(¥(C))) = Int(C). Since A is a weakly G-preopen set, we have

A C sCl(Int(¥(A))) = sCl(Int(¥(U N C))).
Hence

ACUNACUN[sCIInt(T(U)))NsCl(Int(¥(C)))]
=UnNInt(C) = Int(A).

This shows that A is open.

(1) = (3) Let A be any open set. Then we have A = Int(A) C Cl(Int(¥(A))).
Therefore A is §-F-open and because Int(X) = Cl(Int(¥(X))), thus A is an Ng-
set.

(3) = (1) Let A be G-B-open and an Ng-set. Let A = U NC, where U is open and
Cl(Int(¥(C))) = Int(C). Since A is a §-F-open set, we have

A CCl(Int(V(A))) = Cl(Int(T(UNC))).
Hence

ACUNACUN[CUInt(T(U)))NCI(Int(T(C)))]
=UnNInt(C) = Int(A).

This shows that A is open. O

Remark 5.6. The notion of weak G-preopenness (resp. G-3-openness) is indepen-
dent of the notion of Ag-sets (resp. Ng-sets) as shown by the following examples.

Example 5.7. Let X = {a,b,c,d}, T = {¢, X,{a},{b,d},{a,b,d}} and the grill
§ = {{d},{a,d},{b,d},{c,d},{a,d,b},{b,d,c},{c,d,a}, X}. Then A = {a,c} is
an Ag-set which is not weakly G-preopen since sCl(Int(V(A))) = {a}. If we take
G = P(X) — {¢} in the same topology, then B = {a,d} is a weakly G-preopen set
which is not an Ag-set since sCl(Int(¥(B))) = X.

Example 5.8. (1) In Example 5.3, A = {a,b} is G-B-open, but it is not an Ng-
set.

(2) In Example 5' 77 if we take 9 = {{d}7 {a7 d}7 {b’ d}’ {07 d}7 {a7 d? b}’ {b7 d7 C}’ {C7 d7
a}, X}, then A = {c} is an Ng-set but it is not G-B-open since Cl(Int(¥(A))) = ¢.

6. Decompositions of continuity

Definition 6.1. A function [ : (X,7,9) — (Y,0) is said to be Ag-continuous
(resp. Ng-continuous, weakly G-precontinuous, G-B-continuous, weakly G-semi-
continuous, Tg-continuous) if the inverse image of each open set of (Y,0) is an
Ag-set (resp. an Ng-set, weakly G-preopen, G-B-open, weakly G-semi-open, a Tg-
set) in (X,71,9).
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Theorem 6.2. Let (X, 7,9) be a grill topological space. For a function f : (X,7,G) —
(Y, 0), the following conditions are equivalent:

1. f is continuous;

2. f is weakly G-precontinuous and Ag-continuous;
3. f is G-B-continuous and Ng-continuous;

4. f is weakly G-semi-continuous and Tg-continuous.

Proof: This is an immediate consequence of Theorems 3.13 and 5.5. O
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