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Asymptotically Lacunary Statistical Equivalent Sequences of Fuzzy
Numbers

Ayhan Esi and Necdet Catalbag

ABSTRACT: In this article we present the following definition which is natural
combination of the definition for asymptotically equivalent and lacunary statistical
convergence of fuzzy numbers. Let 6 = (k,) be a lacunary sequence. The two
sequnces X = (X) and Y = (Y}%) of fuzzy numbers are said to be asymptotically
lacunary statistical equivalent to multiple L provided that for every £ > 0
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1. Introduction

In 1993, Marouf [2] presented definitions for asymptotically equivalent sequences
of real numbers. In 2003, Patterson [4] extended these definitions by presenting
on asymptotically statistical equivalent analog of these definitions. For sequences
of fuzzy numbers Savag [5] introduced and studied asymptotically A—statistical
equivalent sequences. Later Esi and Esi [1] studied A—asymptotically equivalent
sequences of fuzzy numbers. The goal of this paper is to extended the idea to apply
to asymptotically equivalent and lacunary statistical convergence of fuzzy numbers.

By a lacunary sequence 6 = (k) ; r = 0,1,2,3,... where kg = 0 , we shall
mean an increasing sequence of nonnegative integers with h, = k. — k.1 — oo as
r — 00. The intervals determined by 6 will be denoted by I. = (k,_1, k.| . the ratio
kfil will be denoted by g,.

Let D denote the set of all closed and bounded intervals on R , the real line.
For X,Y € D we define

d(X,Y) =maz (lax — b1|,|az — b2|)

where X = [a1,a2] and Y = [by,b2]. It is known that (D, d) is a complete metric
space. A fuzzy real number X is a fuzzy set on R , i.e. a mapping X :R — [
(=[0,1]) associating each real number ¢ with its grade of membership X (¢).

2000 Mathematics Subject Classification: 40A05, 40C05, 46D25

Typeset by Bs‘ﬁrstyle.
57 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.v30i2.14007

58 AvHAN Est AND NECDET CATALBAS

The set of all upper - semi continous, normal,convex fuzzy real numbers is
denoted by R (I) . Throughout the paper, by a fuzzy real number X ,we mean
that X € R(I) .

The a— cut or a— level set [X]” of the fuzzy real number X , for 0 < a <1
defined by [X]* = {t€ R: X (t) > a}; for a = 0 , it is the closure of the strong
O—cut , i.e. closure of the set {t € R: X (¢t) > 0}. The linear structure of R (I)
induces addition X + Y and scalar multipliction uX , p € R, in terms of a— level
set , by [X +Y]" = [X]* + [V]?, [uX]" = pn[X]” for each o € [0, 1].

Let

d:R(I)xR(I) = R
be defined by
d(X,Y)= sup d([X]a ) [Y]a) :
ae(0,1]
Then d defines a metric on R (I). It is well known that R (I) is complete with
respect to d.

A sequence (X}) of fuzzy real numbers is said to be convergent to the fuzzy
real numbers Xj,if for every ¢ > 0 , there exists ng € N such that d (X, Xo) < &
for all k£ > ng.Nuray and Savag [3]| defined the notion of statistical convergence for
sequences of fuzzy numbers as follows :A sequence of fuzzy numbers is said to be
statistically convergent to the fuzzy real number Xy, if for evey € > 0

lim %Hkgnza(Xk,Xo) 25}’ =0.

2. Definitions and Notations

Definition 2.1 Let 6 = (k) be lacunary sequence. The two sequences X = (Xy,)
and 'Y = (Yi) of fuzzy numbers are said to be asymptotically lacunary statistical
equivalent of multiple L provided that for every e > 0,

— ([ Xy
I, : —. L | > =0.
{ke , d(Yk, )_e}’ 0

L
(denoted by X 55.(F) Y)
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and simply asymptotically lacunary statistical equivalent if L =1 (where 1 is unity
element for addition in R (I) ). Furthermore, let S} (F) denotes the set of X =

L
Xi) and'Y = (Yi) of fuzzy numbers such that X 85.(F) Y.
(Xk) y

Definition 2.2 Let 6 = (k) be lacunary sequence. The two sequences X = (Xy,)
andY = (Yy) of fuzzy numbers are strong asymptotically lacunary statistical equiv-
alent of multiple L provided that

.1 = [ Xk
hr’I,nhi Zd(}/k,L) :O7

" kel
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NF(F
(denoted by X ol Y ) and simply strong asymptotically lacunary statistical equiv-

alent if L =1. In addition, let N} (F) denotes the set of X = (X) and Y = (V%)
L
of fuzzy numbers such that X Ne{F) Y.

3. Main Results

Theorem 3.1 Let 6 = (k) be lacunary sequence. Then
L L
(@) F X "y then x ¥y,
L L
(b) if X € loo (F) and X 7Y then x Y37y,
() S§ (F)N Lo (F) = Ny (F)N log (F)
where Ly (F) the set of all bounded sequences of fuzzy numbers.

)

L
Proof: (a) If e > 0 and X N JF Y, then

= [ X = [ Xy
— . L] > — L
Zd(Yk’ )_ d(Yk’>

kel, kel o d( kL) >e

L
Therefore X S0, () Y.
5 (F)

(b) Suppose that X = (X;) and Y = (Y}) € € (F) and X %) Y Then

we can assume that d (%, L) < T for all k.Given € >0

1 (X 1 (X 1 (X
th(Y:,L>= > d(Y:,L)ﬂ% > d(y}f,L)

T hT
kel k€I, &E<%’§*,L> >e kEIL, &ﬁ(%,L} <e
T — (X}
<—Kkel.:d|—,L) >
_hr{ <Y/€ >_EH+€
Ng (F)
Therefore X '~ " Y.

(c) It follows from (a) and (b). O

Theorem 3.2 Let 0 = (k) be lacunary sequence with liminf, g, > 1, then X S
L
Y implies X 55,(F) Y,
where ST (F) (see [5]) the set of X = (Xi) and Y = (Y3,) of fuzzy numbers such

that
— /[ Xu
k<n: —., L > =
eni(0)9
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non
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Proof: Suppose that liminf, g, > 1, then there exists a § > 0 such that ¢, > 149
for sufficiently large r, which implies

hy 0
s 7
kr — 146
) .
if X~ Y | then for every € > 0 and for sufficiently large r, we have

1 — (X 1 — (X
— <k ~ > > — rt ) >
Ulfecra(Bn) =)o Llfeer () =)
6 1 — [ Xg
>——— —Rkel.:d|—,L| > .
“ 144 h,.{ < (Yk ) 5}‘
This complete the proof. O

Theorem 3.3 Let 6 = (k) be lacunary sequence with limsup, ¢, < oo , then

L
X 5y implies x Sy,

Proof: If limsup, ¢, < oo,then there exists B > 0 such that ¢, < C for all r >

S§(F
1Let X “y and £ > 0.There exists B > 0 such that for every j > B

/X
{kefj:d(Yk,L) zg}‘q.
k

we can also find K > 0 such that A; < K for all j =1,2,3,.... Now let n be
any integer with k,_1; < n < k,,where r > B. Then

1
Ay=—
J hj
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1 1 = X
= — 2k >

i f{eena () zef|r g [{eena(5e) 2o}
+“.%1{kel d(kL> }

kr—l k

e n (Gt 2ol i i {re A (Se) 24}
= kel:d kely:d|—,L)>c¢
kr_1k1 ! r_1 (k2 — k1) ? Y3

+ ...+ kelg:d >
kr—1(kp — kp_1) o Yk

+t——i————Rkel.:d|—,L| >c¢
kr—l(k *kr 1) ’ Yk
kq ko — k1 kp —kp_1 kr — k1
= A — A — A e+ —A,
e A
k. —k
S{supA } +{suij}B
]>1 kr_1 =B ky_1
+e.C
r—1
This complete the proof. O

Theorem 3.4 Let 0 = (k) be lacunary sequence 1 < liminf, ¢. < limsup, g, <

L
o0, then X "y o x %y,

Proof: The result follow from Theorem 3.2 and Theorem 3.3. O
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