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On Mannheim Curves in Riemann-Otsuki Space R — O3

Ziihal Kiigiikarslan and Miinevver Yildirim Yilmaz

ABSTRACT: In this paper, we studied the Mannheim partner curves and their new
characterizations are also obtained in Riemann-Otsuki space R — Os.
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1. Introduction

The basis of the theory of Otsuki spaces was introduced by T. Otsuki and
A. Moor. The metric used to determine the observed space is Weyl-Otsuki’s or
Riemann-Otsuki’s kind in [1,2]. Many authors studied on the theory by different
aspects in [1,2,3]. Especially on curve theory, F. N. Djerdji obtained the Frenet
formula of the Riemann-Otsuki space in terms of covariant and contravariant part
of the connections in [1], and also observed auto-parallel curves of Riemann-Otsuki
space in [3].

On the other hand for differential geometric point of view it is fundamental
to study special curves and their characterizations. Mannheim curve, one of the
special one, has many interesting features. The notion of Mannheim curve was
introduced by A. Mannheim in 1878. These curves are characterized in Euclidean
3-space E3 with respect to the curvature and torsion in the following way. A curve
is a Mannheim curve if and only if its curvature k; and the torsion ko satisfies
the equation k; = A (k% + k%) , where A is a nonzero constant. R. Blum studied
Mannheim curves by using the Riccati equation in [4]. Recently, H. Liu and F.
Wang examined the Mannheim partner curves in Euclidean 3-space and Minkowski
3-space. They showed the necessary and sufficient conditions for the Mannheim
partner curves in [5]. H. Oztekin and M. Ergiit focused on null Mannheim curves
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in Minkowski 3-space in [6]. The Mannheim curves have studied various scientists
in different areas.

In the present paper, firstly we give a short view of the basis of Riemann-Otsuki
space and secondly we study the Mannheim partner curves in R — O3 and obtain
some new characterizations for this curve.

2. Preliminaries

We obtain R — O,, spaces from W — O,, spaces assuming that the follow-
ing relation Vig;; = v.9i;; holds v, = 0. Then Vig;; = 0. Namely, R — O,
space is an n-dimensional differentiable manifold with Riemannian metric tensor
gij (det ||g;;]| # 0) and connection of Otsuki. The basic elements of the R — O,,
spaces are metric g;; and existence of a-priori Pj tensor (with respect to the lo-
cal coordinates ¢ of an n-dimensional differentiable manifold) which satisfies det
HP;H % 0, hence Q;- inverse tensor exists. The relation between tensor P} and an
inverse Q is given in the following way

a) PjQl =4, b)P;jgia = Pygij- (2.1)

a

In Otsuki spaces the covariant differential of the tensor T; is defined by
DT} = PiPIDTY = PP} (8kT,j’ + eIy - F’ngﬁ) da*. (2.2)

The Leibnitz formula does not hold for this differential. The differential D is
the basic covariant differential. The different coefficients of the connection are the
characteristic of the Otsuki spaces, and here are

8 |k = Th — Th #0. (2.3)

Tensor P} and the coefficient of the connection /Fz-k and ”Fé-k satisfy the fol-
lowing Otsuki’s relation

onP!+ T P — PITY =0. (2.4)

In Otsuki spaces it is possible to determine the covariant differentials D and D
with respect only to the co-resp. contravariant part of the connection. So

DI} =" Vi Tjda* = (94T] + T Ty = T3, ) da, (2.5)

holds. For this basic covariant differential the Leibnitz formula holds. The basic
covariant differential "D can be defined in the same way.

It is characteristic that the basic covariant differential ‘D is identical in the case
of contravariant indices with the basic covariant differential D , and similarly in
the case of covariant indices the basic covariant differential " D is identical with the
basic covariant differential D.
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In the following we shall use the relations

Dgi; = dgij— (’F&gm’ + Fﬁ%) da®, (2.6)
Egij = dgl] — ( szg7'j —|— ngg”) dl‘k = 0, (27)
Eg’ra = _giang (Eg”) 5 (28)
"Dg* = o0, (2.9)

[1,2,3].
The following two sections are quoted from [1].
2.1. The Frenet Formula with Respect to the Contravariant Compo-
nents of the Vectors
Let C : 2' = 2% (s) be curve in R — O,, at the point P such that s is the arc
€T

length parameter. In that point v} = ‘% are the components of the unit tangent
vector vg.

Theorem 2.1. If C : 2 (s) is the curve of an R — O,, space and v;, | =0,....,p—1
(p < n) are mutually orthogonal unit vectors which satisfy the relation

Evlj = —mvlj_l + m“vljﬂ + v/ Do, (2.10)

so that kg =0 and ifg=1,...,p— 1 then

fa = (90 (Dvi_s + Kg1v)5)) (2.11)

and vpy1 1s the unit vector orthogonal to all before and ko =0 , Kk, =0 holds then
the vector v, satisfies the relation, (2.10), too.

If we use Otsuki’s covariant differential D, then from the connection DJ =
PIDv® it follows that Dv® = Q¢ Dwv'. Applying this on (2.10), we get

Dvlj = Pl.j(—mlvli_l + Kip10] 1) + vquZD5g, (2.12)

with respect tol =0,....n—1; kg =0; Kk, =0.
Here, the equation (2.12) is the Frenet formula with respect to the contravariant
components of the observed vectors.

Theorem 2.2. If at the point M of the curve C' in the R — O,, space the mutually
orthogonal unit vectors vy, v1, ..., Un—1 Ssatisfying relations (2.10) and (2.11) so that
ko = 0 and k, = 0 hold then (2.12) is the Frenet formula of the curve C of the
R — O,, space. This formula is applied with respect to the covariant differential D
on the contravariant components of the observed vectors.

Remark 2.3. The relation (2.12) is the Frenet formula with respect to the covariant
differential D, too, applied on the contravariant components of the vectors.
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Now we can construct the first Frenet formula with respect to the basic covariant
differential = D such that o ‘
Dv} = k197,
where v; L vg. We shall apply the basic covariant differential "D to the tangent
vectors v}y and v}. Then, the belove theorem is given.

Theorem 2.4. From the connection between the basic covariant differentials ‘D
and D it follows that vi = U1 and the value of K1 is equivalent to the value of k7.

According to the characteristics of the covariant differential "D, we can state
the following,

Theorem 2.5. With respect to the basic covariant differential "D the Frenet for-
mula of the curve C' of the R — O, space is not different from the known formula
of the Riemannian space . If vg,v1,...,vn—1 are in point P of the curve C in a
suitable way constructed mutually orthogonal unit vectors, then

Dy} = Pg(‘“?”?-l + K’Zk+1vli+l)v (2.13)

is the Frenet formula with respect to the covariant differential applied on the con-
travariant components of the observed vectors.

2.2. The Frenet Formula with Respect to the Covariant Components of
the Vectors

According to the definition vo; = g;; % holds and wg; are the covariant compo-
nents of the unit tangent vector vg.

Now we can construct the mutually orthogonal wunit vectors
(1=0,...,n—1) as above, such that

"Dy j = —k;*0]_, + K540],, — T, D6, (2.14)
holds with the remarks x§* =0, k" =0 and if [ =0,...,n — 2 then

(gij /bvl ] + HZ‘*@l—lj + @H_lj — 5[7‘E5§)
,Evl i+ lizk*ﬁl_li — @lq553>)1/2.

*k

Rif1 = (2.15)

We can now formulate the following

Theorem 2.6. From the relation U, i = g;;0,j it follows that the value of k™ is
equal to the value of k; and v; = v; holds.

Theorem 2.7. Ifin the point M of the curve C in the R—QO,, space the mutually or-
thogonal  unit  wvectors — Vg, ...,Un_1 are  constructed  so  that v,
(p=1,....,n —1) satisfies

1

Kok
KP

Upl =

' . *ok i KT
( Dvy_y1 i+ Kk,7 00, o +vp-17DE; |
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with k§* = 0, Ky =0 then

'Dv, i =P} (=r* vy + REvl ) — vprDETQY, (2.16)

is the Frenet formula with respect to the covariant differential 'D applied on the
covariant components of the observed vectors.

If we make above calculations with respect to the covariant differential ”ﬁ,
according to equation (2.9) and the fact that in the case of covariant indices the
basic covariant differentials D and "D are not different, it follows that this case
is not different from the observation of Riemannian space. We can only say the
following.

Remark 2.8. The relation
Duy i = P} (—K5 vyt i+ K5 041 1) (2.17)

is the Frenet formula with respect to Otsuki’s covariant differential D applied on
the covariant components of the vectors.
Here

Kt = (97 (Dvy i+ Ky vp_1 @) (Duy j + Ky vy 1 j))1/2, (2.18)
or using the  Dv i =" Dvi+ vrﬁéz we get
ket = (g" (/ﬁvp i+ Ky vy iUy 7‘5(5?)

(/Evp JA Ry vy J A+ quﬁ6g))1/27 (2.19)

[1,2].

3. Mannheim Curves on Riemann-Otsuki Space R — O3 with the
Otsuki Covariant Differential

In this sections, we will define the Manheim curves in Riemann-Otsuki space
R—0s3. We will get the necessary and sufficient conditions for the Mannheim curves
in Riemann-Otsuki space R — Os.

Definition 3.1. Let X (s) and X*(s) be regular curves in R — Os.
{Ué (s),v] (s),v} (5)} and {véj (s*), 017 (s*), 037 (5*)} are Frenet frames, re-

spectively on these curves.

If there exist a corresponding relationship between the space curves X (s) and
X* (s*) such that the binormal lines of X (s) coincides with the principal normal
lines of X* (s*) at the corresponding points of the curves. Thus (X, X*) is called
Mannheim pair.
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Theorem 3.2. Let (X, X*) be a Mannheim pair in R — O3 and X, X* are given
(I,X), (I,X*) coordinate neighbourhood respectively. If\ = QVD6] then d(X (s),X* (s*)) =
const.

Proof: From Definition 3.1 we may write
X*(s*) = X (5)+ A(s) V] (s). (3.1)

Let us assume arclength parameters of X and X* as s and s*, respectively. Then
we get

0 (57 S = X () 4 X (5)od () 44 (5) (v 9)) (32
D) (s) = P/ (—kav}) +v5Q4 D4, (3.3)
G (5% S = ()4 X (5) vd () + A (5) (P (—mand) +05@4DS]) (3.0

*J (% ds* j j i ! . a j
vy (s¥) ;5 =) (s) = A(s) P kav] (s) + X w2 5 (s)+ A (s)v5 QZD&%. (3.5)

Then using linear dependency of v}7 (s*) and vJ (s), we get <ij (s*),0) (s)> =

0 and from (3.5) we have

*J % . dS* . . . i .
905 (s*) v (s) = = Gi; 0} () v (8) — gijA (s) P! kavy () v3 ()
+ ) (s) gijvg (s) U% (s) + A (s) gijvgnggDéi, (3.6)
then we write ) '
A (s)+A(s) QD) =0, (3.7)
As) = ——2
Q4 D3}

From the hypothesis we recall that A’ (5) = Q2 D&]. Therefore

’

A
Q4 Dd,

= const.

A(X (), X" (57) = [ X" (s") = X ()| = |[7ed ()| = ] = |

O

Theorem 3.3. There exists a curve denoted by X such that (X, X*) be a Mannheim
pair in R — Os.

Proof: Since v (s*) and vJ (s) are linearly dependent, from (3.1) we have
X (s) = X*(s%) — vl (s%). (3.9)

Then, one can find a X curve for all values of A\, where )\ is a nonzero constant.
O
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Theorem 3.4. Let (X, X™*) be a Mannheim pair in R — Os. The torsion ko of X
satisfies the following equation

ki

= S phaat
i "29;

where we denote the curvature and torsion of X* with ki and k3, respectively.

Proof: By considering X is a nonzero constant in equation (3.5), we have

. ds* . S / ;
vyl (s) ;5 = v} (s) — AP/ kvt (8) + A v2 5 (s) + A (s) v5QL DY,
*J 0 % ds* j j i,.J ! a j
vy (s%) o = v (s) — )\anggjv{ (s)+ A (1 — gj) vy (s). (3.10)
Note that \ is a constant, so without loss of generality we may assume \ = 0,

then recalling (2.12) we get

o (%) 5 = (5) = AP magio] (5). (3.11)

Then we can write above equation such that 6 is the angle between vg and Ugj
at the corresponding points of X and X*, respectively,

_ ds* . ,
vy” (s¥) js = cosOuv} (s) + sinbv] (s),
_ ds* : ,
vy (s%) ;S = —sinfv) (s) + cosbuv] (s). (3.12)

From (3.11) and (3.12), we obtain

5 . i, ds
cos = et sinf = — AP/ kag; pt (3.13)
If we differentiate of (3.9) with respect to s, we get
j TPEANRY ds” *j ok i, k) ds”
v} () = (1 + AP jﬁlgj) vy’ (8) =z AP k3 g5v57 (s) I (3.14)
From (3.12), we have
vl (s) = cosOuvil (s°) —sin vy’ (s*),
vl (s) = sinfv} (s)+ cosbuvy’ (s*). (3.15)
Taking into consideration equation (3.14) and (3.15), we get
*7 % 4 ds* . % % i %] dS*
cosf = (1 + AP Jﬁlg]) e sinf = A\P;” k395057 (s) I (3.16)
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From (3.13) and (3.16), we can write

cos?0 =1+ AP kigl,  sin®0 = —\g? P! ko PV k3. (3.17)
Then, if we consider equation (3.17), one can obtain
kj*
kQ == Jil
AP} K3 g;

O

Corollary 3.5. Let (X, X*) be a Mannheim pair in R — Os. Then product of the
torsions ko and k5 at the corresponding points of the Mannheim curves are not
constant where ko and k3 are the torsions of the curves X and X*, respectively.
Then Schell’s theorem for Mannheim curves in R — Oz is not valid.

Theorem 3.6. Let X and X*are given (I,X) and (I,X*) coordinate neighbour-
hoods respectively and (X, X*) be a Mannheim pair in R—Os. Then the relationship
between the curvature and the torsion of the curve X* is

ks — AkT =1, (3.18)
where A\, i are non-zero real numbers.

Proof: If we considering equation (3.16) , we can write

cos _ sinf
1+ Ag;Pi*jH’{ )\g;»Pi*jn; ’

then, we can easily show that
ks — AkT = 1.

O

Corollary 3.7. Let (X, X*) be a Mannheim pair in R — Os. Then , there is exist
a linear relationship between k] and k% . Namely, Bertrand’s theorem is valid for
the Mannheim curves.

Theorem 3.8. Let (X, X*) be a Mannheim pair in R — O3. Then the follow-
ing statements hold for the curvatures and the torsions of the curves X and X*,
respectively:

df
i)k =— —
dsP] g’
Pk} sin6 i —PiJkQ‘COSOi
ZZ) ko = — ds ds
2 — > )
Py
i) ket = Plkysin® ds
1 — Pi*j ds*’
Plkycosf d
i) ks = L 5 cosf ds

P ds*

7



ON MANNHEIM CURVES IN RIEMANN-OTSUKI SPACE R — O3 87

Proof: i) If we derive the equation <vg, vy > = cos ), we have

o . o | dp
<Pi]/11v} + vSQZD(S{),vOJ> + <v6, P riv + UOGQZbD*6i> =— sde—7
s

by considering vfj and v% are linearly dependent, using (3.15) and (2.12) , we obtain

ds
dsP]g;

by =

By using the <v{,vfj> =0, <v%,v§j> =0 and <v%,v§j> = 0, we can easily
show that the proofs of (i), (ii¢) and (iv) holds. O

Corollary 3.9. Let (X, X*) be a Mannheim pair in R— Os. Then the relationship
between the curvatures and the torsions of the curves X and X* is given by

. 2
P’ ds \ 2
*2 *2 % 2

Theorem 3.10. A curve is a Mannheim curve in R — Os if and only if

K = AR (k2 k).

where ki and k3 is the curvatures and the torsions of the curve X*, respectively,
and X\ is a nonzero constant.

Proof: By differentiating the equation (3.9) with respect to s*, we have

 ds PP AREY] ®j * i *j
v} T (1 +)\Pijmlgj) vy’ — AP k5 g5u,7. (3.19)

Then, if we differentiate (3.19) with respect to s* and both sides of the equation
(3.19) is multiply with vj, then we get

K= AP gy (ki — k3?).

Remark 3.11. If Otsuki’s covariant differential D applied on the covariant com-
ponents of the vector. The above all calculating holds as the same of Riemannian
case.
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