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Existence of solutions for a boundary problem involving
p(x)-biharmonic operator

Abdel Rachid El Amrouss and Anass Ourraoui

ABSTRACT: In this paper, we establish the existence of at least three solutions to a
boundary problem involving the p(x)-biharmonic operator. Our technical approach
is based on theorem obtained by B. Ricceri’s variational principle and local mountain
pass theorem without (Palais-Smale) condition.
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1. Introduction

The study of various mathematical problems with variable exponent have re-
ceived a lot of attention in recent years [1,14]. Fourth order equations appears in
many contexts. Some of these problems come from different areas of applied math-
ematics and physics such as Micro Electro-Mechanical systems, surface diffusion
on solids, flow in Hele-Shaw cells (see [9]). In addition, this type of equation can
describe the static from change of beam or the sport of rigid body, there are many
authors have pointed out that type of non linearity furnishes a model to study
traveling waves in suspension bridges (see [5,11]).

In this paper, we consider the following p(z)—biharmonic problem with a bound-
ary condition,

@ [ At al@ [l u=fow) + Agla,u) in 9,
Bu=Tu=0 on 09,

here € is a bounded open domain in RY with smooth boundary 9%, Ai(x)u =

A(] Au [P@®)=2 Aq) is the p(x)—biharmonic with p € C(Q), p(z) > 1, A € R,
a € L>(Q) such that inf,cqa(z) =a~ > 0.

Bu = Twu = 0 denotes the following boundary conditions:

(1) B = B;,T = T1, Navier boundary condition, i.e. Byu = Au = 0 and Thiu =
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u=0 on 00.

(2) B = By, T = T5, Neumann boundary condition, i.e Bou = % =0 and Tou =
@(| Au [P@=2 Au) =0 on 89 where v is the outward unit normal to 0.
Denote by F(z,t) fo z,8)ds fo x,s)ds , p~ := inf__gp(x) and

pt = SUp,cq p( ) Throughout thls paper we suppose the following assumptions:
(F) f,g€ C(AXR,R) such that | f(z,t)|,] g(z,t) |< CL+Co |t 1@~ (1.1)

V(x,t) € Q x R, where ¢ € C(Q),C1,Cs > 0 and 1 < ¢(z) < p*(x) Vz € Q,

with
N T N
p*(x) = N— 21;(2) Zf p(ﬂ?) < 2
oo if plx)>F
(F1) limpoo|F(2,t) — p(i) |t |P"] = —co uniformly for almost every x € Q.

(F) There exist g € 2,79 €]0,1] and to > 1 with B(xzg,2r¢) C € such that
F(z,t) > 0 for x € B(xg,2r9) CQ and t €]0,to],
F(z,t9) > Cy for x€ B(xo,r0)-

Where
2 4 | o |p (B(x0,270))
Cy = [(Z)P" (Bzo2ro)) (9N _ 1)y | ¢ 2=
=16 B el 2 B2
and
p~(B(wo,2r0)) = inf  p(x), p*(B(xo,2r0)) = sup  p(x).

z€B(z0,2r0) zE€B(x0,2r0)

(F3) There exist £ € R such that

v ovde > [ M) @) gy
| P> [ S5 6p .

(F3) There exist by > 0,9 > 0 such that

F(x,t) <bg | t]2®) Vo € Q,|t|<d, where go € C(Q) with p™ < go(x) < p*(z)
for z € Q.
(G1) There exist an open ball B(z1,7r1) C Q,08 € C(B(x1,71),R) with 1 < g(z) <
BT (B(z1,m1)) < p~(B(x1,71)), b> 0 and v > 0 such that

G(z,t) > bt |5+(B(9“’“)) for all x € (B(z1,r1)) and |t]<H.

With
BT (B(z1,m1)) = sup PB(z), B~ (Bzy,r1) = inf B(a).
z€B(x1,m1) z€B(z1,m1)
(Go) Timsup Mze2C@H)

t—0 |t [P~

In the case B = By and T' = T}, we claim the following theorem.
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Theorem 1.1. Suppose that assumptions (Fy), (Fa), (F3), (G1) and (F) hold.
Then, there exists A, > 0 such that for any X €]0, \.[, the problem (P) admits at
least three weak solutions.

The case B = By, T = T5, we have the following result.

Theorem 1.2. Under the assumptions (F1) ,(F3) ,(F5) (G2) and (F'). Then, there
exists A\ > 0 such that for any \ €]0, \i[, the problem (P) has at least three weak
solutions.

Many authors consider the existence of multiple nontrivial solutions for some
fourth order problems [11,16]. In particular, Li and Tang [10] consider the p-
biharmonic equation. Using the modified three critical points theorem of B. Ricceri
they get at least three solutions. The p(x)—biharmonic operator possesses more
complicated nonlinearities than p—biharmonic, for example, it is inhomogeneous.
Recently, in[4] A. Ayoujil and A. R. El Amrouss interested to the spectrum of a
fourth order elliptic equation with variable exponent. They proved the existence
of infinitely many eigenvalue sequences and supA = +oo, where A is the set of all
eigenvalues. Moreover, they present some sufficient conditions for infA = 0.

The technical approach is based on the Ricceri’s variational principle and local
mountain pass theorem [3|, without Palais- Smale condition. One of the first result
in this direction was obtained by Shao-Gao Deng [6] for the p(x) — laplacien, here,
we borrow some ideas from that work. The purpose of this work is to improve the
results of [6] and extend them to the case of p(x)-biharmonic equation with Navier
and Neumann condition.

This article consists of three sections. In section 2, we start with some prelim-
inary basic results on theory of Lesbegue-Sobolev spaces with variables exponent
(we refer to the book of Musielak [13] , Mih&ilescu and R&dulescu [12]), we recall
Ricceri’s variational principle with some results which are needed later. In section
3, we give the proof of the main result.

2. Preliminaries
2.1. Variable exponent space and Sobolev Spaces

In order to deal with the problem (P), we need some theory of variable exponent
Sobolev Space. For convenience, we only recall some basic facts which will be used
later. Suppose that €2 SRN be a bounded domain with smooth boundary 9f2.
Let C1(Q) = {p € C(Q) such that inf gp(x) > 1}. For any p(x) € C; (),

N—p(z)
denote by pz(z) _ N—kp(z) Zf kp(ili) < N7
+oo if kp(z) > N.

Define the variable exponent Lebesgue space LP(*)(Q),

LPO(Q) ={u e L' Q) : [y | u [P® dz < oo} then LP(®)(Q) endowed with the
norm

4 )= inf{A > 0 / 1Y) g < 1)
o A

becomes a Banach space separable and reflexive space.
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Proposition 2.1. Set, p(u) = [, | u |p(x) dw, if u € LP®)(Q) we have :
(1) 1 yy> 1= ||p(x) ) <l I -
(2) |l < 1= 22 plw) 2 w17, -

Define the variable exponent Sobolev space W*P(®)(Q) by
WkP@ (Q) = {u e LP@(Q) : D% € LP@(Q),| a |< k},

where D%u = % with a = (a1, a9, ...,an) is a multi-index and | « |=
Eij\ilai.
The space WFP(®)(Q) with the norm || u ||= Sja<k | D ||y is a Banach

separable and reflexive space.

Proposition 2.2. (/2,7,13]). For p,r € C(Q) such that r(z) < pj(x) for all
x € Q, there is a continuous and compact embedding

WhrE) (Q) — Lr@(Q).
We denote by Wéc’p(z)(ﬂ) the closure of Cg°(Q) in WkPE)(Q).

Remark 2.1. 1)(W2P@)(Q)N W, 1P m)( Q)| - ) is a Banach space separable and
reflerive space.

2) Define || u [lo= inf{A > 0: [,[| 5% [P +a(z) | % [P@]dz < 1}, for all
u € W2PE)(Q) or W2PE)(Q)N Wol’p(w)(Q) then || u ||o s a norm on W2P(@)(Q)
and W2P®)(Q) N Wol’p(x)(Q), equivalent the usual one.

3) By the above remark and proposition 2.2 there is a continuous and compact

embedding of WP(*)() N Wol’p(w)(Q) into L") (Q), where r(z) < p*(x) for all
x €.
Proposition 2.3. Set p,(u) = [,[ Au [P@ +a(z) | u [P@]dz. For u,u, €
W2PE)(Q) we have,
N _
(D [ ullas 1=l < po(w) <|lu g
Gl ulla=1=[uwlf = pa(u) =] wllf
(3) | un [la= 0 < pg(un) — 0.
(4) || un lla= 400 & po(un) — +oo.

The proof is similar to proof in [7] [Theorem 3.1].
Proposition 2.4. ([7]). For any u € LP™)(Q),v € L) (Q), we have

1 1
wodz |< (— + —) || w |[p) || ¥ gz,
\/Q 1< =+ ) Do 0 o
1 1 _
wherem-&-ﬁ—

We denote by X = W2r@(Q) 0 W™ (Q) when B = B;,T = T, and X =
W2P@)(Q) if B = By and T = Th.
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Definition 2.1. Let u € X, u is called weak solution of problem (P) if for all
veX,

/ | Au [P(*)=2 AuAvdx—i—/ a(z) | u [P@2 yodr = / f(x,u)vdw—i—)\/ g(x,u)vdz.
Q Q Q Q

We define ,
(u) = Jq p(lac) [| Au |P® +a(z) | u [P@]dz— [, F(z,u)dz and J(u) = — [, G(

where F(z,t) fo f(z,s)ds, G(z,t) fo (x,s)ds and p = I+)\J)\€]R

The following proposition will be used later,

Proposition 2.5. (1) Let L(u fQ Syl Au P@) ta(x) | u [P®)dx. Then the

functional L : X — R is sequentzally weakly lower semi continuous, L € C1(X,R).
(2) the mapping L' : X — X' is a strictly monotone, bounded homeomorphism and
is of type S4 , namely, u, — u and limsup,,_, . L'(up)(un — u) < 0 implies that
Uy — u, where — and — denote the strong and weak convergence respectively.

Proof: : (1) Since fQ | u [P®) dx € CY(X,R) then L is well defined and L €

C(X,R). By the contmulty and convexity of L, we deduce that L is sequentially
weakly lower semi continuous .
(2) Since L' is Fréchet derivative of L then L is continuous and bounded. We set

Up:{l‘EQZp(QT) Z2}a
Vp={zeQ:1<px) <2}
By the elementary inequalities, we have Vz,y € RV

|z =y "<2(a o=y P y)lz—y) if v>2

1 _ _ _ .
Ix—yl2éﬁ(lﬂcl+\yl)2 M 2a— |y 2y (z—y) if 1<y<2,

where .y denotes the usual inner product in R, Then for all u,v € X such that
u # v (L' (u) — L'(v),u —v) > 0, which means that L’ is strictly monotone. Let
(un)n be a sequence of X such that

Uy, —u in X
and

lim sup(L/ (up,), up — u) < 0.

n—00

It suffices to show that

/(| Au, — Au |p<x) +a(z) | up —u |”(9”)) — 0, (2.1)
Q
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by the monotonicity of L’ , we claim that
(L' (up) — L' (u),uy, —u) > 0.
Since u, — u in X then

lim sup(L(u,) — L(u), uy, —u) = 0.

n—oo

Put
X (@) = (| Au P72 Auy— | Au P72 Aw).(Au, — Au),

£0(2) = (| tn P2t |0 PO ) (1 — ).
By the compact embedding of X into LP(*)(Q),
Uy — u in LPP(Q),
| U, |p(r)—2 Un —| ‘p(z)—2 w in L‘I(I)(Q),

where ﬁ + Tlx) =1 for all x € Q. It follows that,

/Q £, (x)dx — 0,

using (2.1) and (3.3), then we have

limsup/ X (z)dx = 0.
Q

n—oo

Thanks to the above inequalities,

/U | Auy, — Auyg [P®) da < " / X (2)dz,

P UP

/ | Uy — ug, |P@) da < or" / ¢, (x)dx.
Up

Up

It results that

/ (| Auy — Au ) P@ +a(z) | up —u [P® dz— 0 as n — oco.

P

Besides, in V},, put d,, =| Au,, | + | Au |, we have

/ | Ay, — Au P& dg <

p

pt-1

By Young’s inequality,

d/ | Auy, — Au [P@) dx
Vp
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From (2.4) and since x,, > 0, one consider that

OS/ Xpdr < 1.

Ve

If [, xpdz = 0 then [, | Au, — Au [P®) dz = 0. Or else, we take d =

(fvp X, dz)= > 1 and the fact that ﬁ < 2, inequality (2.6) becomes

1
/ | Auy, — Au PO dz < 7(/ Xnd*dx +/ 6@ d),
v d-Jy, Q

p P

< / (xdz)t (1 + / 57 ).
V. Q

p

Note that, [, 6@ dz is bounded, which implies

/ | A, — Au [P dz — 0 as n— oo.
v,

P

Similarly we can have

/ |y —u |P®) dz — 0 as n — oo.
Vp

Hence, it result that

/ (| Aup — Au P@) ta(z) | u, —u [P)dz — 0 as n — oco. (2.7)
v,

P

Finally, (2.1) is given by combining (2.5) and (2.7). It remains to show that L’
is is a homeomorphism. In view of strict monotonicity of L’ which implies the
injectivity of L’. Moreover, L’ is a coercive. Indeed, since p~! > 1, for each u € X
such that © > 1 we have

Consequently, thanks to a Minty-Browder [15], L’ is surjective and admits an in-
verse mapping. It suffices to show the continuity of (L')~!. Let (f,,), be a sequence
of X’ such that f,, — f in X’. Let u,, and u in X such that

(L) (fn) =un and (L')7'(f) = u.

By the coercivity of L', one deducts that the sequence (u,) is bounded in the
reflexive space X. For a subsequence, we have u,, — @ in X, which implies

lim (L'(u,) — L'(u),up, —u) = lim (f,, — f,u, —u) = 0.

n—oo
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Since L’ is of (S4) type and continuous, it follows that
up, —u in X and L'(u,)— L'(W) = L(u) in X'

Moreover, since L’ is an injection, we deduce that u = u. O

Proposition 2.6. let o(u) = [, G(z,u)dz, then o is a C* in L1®)(Q) and o’ are
weakly-strongly contmuous i.e u, — u implies o' (uy) — o' (u).

Proof: : by (1.1) we have, G(z,t) < A(x) + B | t |9*), where A € L'(Q) , A(z) >
0, B > 0. Then Nemytskii operator properties implies that o is a C* in L1(*)((Q).
By the continuous embedding of X into L®)(Q), we have o is also C' in X and

for u,v € X

o' (u)v = /Q gz, wyvdz.

Let (un)n C X be asequence such that u,, — w. Since there is a compact embedding
of X into L4(®)(Q), there is a subsequence, noted also (uy,),, such that u, — u in
L1®)(Q). According to the Krasnoselki’s theorem, the Nemytskii operator

Ny LI0(Q) — LT (@)
u = f( u)

q(x)
is continuous. Hence, Ny(u,) — Ng(u) in L9@=1(Q). Using Holder’s inequality
and the continuous embedding of X into L4(*)(Q), we obtain

) =o' @) | = | [ (o) = gl w)ads
2 Ny () = Ny |_or | 0(2) [l

C || Ny(n) = Ny(@) |_ator |10 o

IN

IN

Thus, o' (u,) — o'(u).

2.2. Ricceri’s variational principle

Definition 2.2. Let G a bounded subset of X and p € R. G is called a block of I
with type p if I(u) < p¥Yr € G and I(x) = p Vz € O0G. Where 0G = éW\G and
éW is the closure of G in X in the weak topology.

Definition 2.3. Let D a bounded open subset of X and ¢ < b is called Ricceri
box of I with the type (c,d) if

C—1an<1an—b
8D
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Definition 2.4. Let Y be a Banach space, Gy and G be two bounded open subset
of Y with Go C G and ¢ : Y — R a functional. (Go,G) is a valley box of ¢ if

su < inf ¢.
G(Pd) 3G¢

Theorem 2.1. (see [6,8]) Assume that I, J : X — R are sequentially weakly
lower semi continuous and G is a Ricceri block of I with type p. Let

_ p—1(z)
AT @) — il
GW

then for each X €]0, .| , the restriction of I + A\J to G achieves its infimum at
some T4 € G, s0 x4 is a local minimizer of I + A\J.

Remark 2.2. i) let u. € X a strictly local minimizer of I, then for ¢ > 0 small
enough, we have infypy ey I > I(ux) i.e B(ux,€) is a Recceri box of I.

it) In fact, by proposition 2.6) in [8], I, J: X — R are sequentially weakly lower
Semt continuous.

Proposition 2.7. [8] Suppose that G is a Ricceri box of I with type (¢,b) and
I: X — R continuous. Then for every p €]c,b] we have I7*(] —o0,p[) NG is a
Ricceri block of I with type p.

By Proposition 2.5, Remark 2.2 and Theorem 2.1 we obtain the following result,

Proposition 2.8. [6] Suppose that I,J : X — R are continuous. For some r > 0,
uy € B(ug,7), I(uo) = infp,mI = co; infopy,nl = b > co and uy is a
strictly local minimizer of I and I(u1) = ¢1 > co. Then for ¢ > 0 small enough
and p; > c1,p9 €Jco, min{b,c1}[ and YA €]0,A\[, I + AJ has at least two local
minima uy, ui in B(ug,r). Where uly € I71(] — 00, po[) N B(ug,7),uf & B(uy,e€)
and uf € I7Y(] — o0, py[) N B(ug, 7).

Theorem 2.2. [6] Let Y be a reflexive Banach space. Assume that
1) ¢ € CY(Y,R), the mapping ¢’ : Y — Y* is of type S..

2) (Go, G) is a valley box of ¢ with Gy, G being connected and 0 € G.
3) There exist e € Gy and r > 0 such that

lel>r, inf ¢ > max{¢(0), p(e)}.

OB(0,r)

Then, the functional ¢ has at least a critical point uy € G with ¢(ug) = ¢, where
¢ = infyepsup,co 1) ¢(7(£)) and I' = {y € C([0,1], G) : 7(0) = 0;7(1) = e}.

Corollary 2.1. Under the same assumption as in previous theorem, furthermore,
if J: Y s ReClandJ :Y =Y are weakly strongly continuous. Then, for
each X €]0, [, T+ \J has still a mountain pass type critical point uz € G.



188 ABDEL RacHID EL AMROUSS AND ANASS OURRAOUI

3. Proof of the main result

The critical point of the integral functional ¢ = I+ \J is solution of the problem
(P). Define
Joy 5511 A [P0 +aa) | u [p@)]da

A= in
1 ueX\{0} fQ ﬁ | U |P(I) dx

)

Proof: |[proof of Theorem 1.1] The proof is divided into four steps,

step(1):
We show that vy = 0 is strictly local minimizer of I. By (1.1) and assumption (F3),
we may find ¢; € C(Q) with p™ < ¢i < ¢1(z) < p*(x) such that

F(z,t) <es|t|"®, VzeQ, VteR. (3.1)

We can assume that || u ||< 1 is small enough, thus

M) = [ sl Al vale) | u P de] =y [ fu]n
Q Q

p(x
1 pr ar
2 EHUHG —calfullat
Since g; > pT then there exists € > 0 such that Yu € B(0,¢) \ 0 we have I(u) >
0= I(Uo).
step(2):

We show that the functional I has a global minimizer v; # 0. Set H(z,t) =

F(x,t) — p)(‘;) |t [P . Then, from (F;) we conclude that, for every M > 0, there is

Rpr > 0 such that

H(z,t) < —M, V|t|> Ry, almost every x € Q. (3.2)
We have T is coercive, or else there exist K € R and (u), C X such that

| wn ||a— 00 and I(u,) < K.

Un
lunlla
for v € X, we have v, — v in X, v, — v strongly in LP®)(Q), v, (z) — v(z) for
almost every = € ). Now, using 3.2, we obtain

Putting v, = i.e || vn |la= 1. Then for subsequence, we may assume that

Kzz(un):/ L Au P ta@) | un |P(”)]da:f/ F(w, un)dz.
o p(x) Q
1 1 -
> — 1| Aup, P +a(z) | un p(z)d:va/— Un P d:vf/Hm,undm
> [ sl A P (o) [ POYe =0 [ s [ H ()
1 - 1 -
> L unZ—/\/—unPdm—i-M, 3.3
o Il un || @ | un | 1 (3-3)

where M; € R. Dividing 3.3 by || u,, |2 and passing to the limit, we conclude

1 _
T_Al/‘vlp deO,
p Q
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hence, v # 0. Therefore | Q' |> 0 such that Q' = {x € Q \ wv(x) # 0}, then
| un(z) |— 400 for almost every = € Q'. On the other hand,

=
N Ry
[lu|>1] p(z) [Ju|>1]
< )\1/|u|p(*)dac
——[| Au |P@) +a(z) | u [P da. 3.4
[ Sl Au P +alo) [P ldn. (3.4
Where,
Julzl={ze\|u|>1} ; [lul<l]={zeQ\|u|<1}.

It is clear that f“u <17
inequalities 3.4 we deduce

z) | u, [P®) dz is bounded. From (F}) and the above

1
K > / —— | Au [P ta(z) | u [P®]de — / F(z,u,)dx
p(x) Q
1 n [P
= / —— | Auy, P9 4a(z) | uy [PD)dz — )\1/ [ un | dr — | H(z,up)dz
p(x) Q Q
1 . . | wy [P
= ——[| Aup, [P ta(z) | up, [PO]da — )\1/ -
/ p(x )H | (@] " [lun|>1] p(x)
—)\1/ |un | /H (,up,)d
[lun|<1] p
| un, |p
> )\ dx — H(z,u,)dx + H(x,up)dx — +o0,
[lun|<1] p(x) [9) Q\Q

which is a contradiction. Hence [ is coercive and has a global minimizer v;. When
the assumption (F3) holds, taking wy € C§°(B(xg,2r9)) such that 0 < wy < tq for
all x € B(xo,2r9), wi(x) =t for © € B(xg,79) and | Aw;(x) |< %‘) then wy € X.
On the other hand,

2
I(w) < / 1200 g +\a|w/ o [P da /F(ac,wl)dx
B(z0,2r0)\B(zg,r9) 10 B(zo, 2TO)P( ) Q
< Co | B(zo,70) | —/ F(z,wi).dz
Ja
Since

/ F(z,wy)dz > / F(z,w1)dz > Cy | B(xo,70) |,
Q

B(zg,r0)
we obtain I(w;) < 0 then I(vy) < 0= I(vg). So vy # 0.
step(3):
We show that ¢ has two local minima. Since I is coercive there is g > 0 large
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enough such that vo,v1 € B(0,79) and  infyp,n) L > I(vo) > I(v1). By
proposition 2.8, given any € > 0, p; €]I(v1),0[ and py > 0 then VA €]0, \.[, ¢ has
at least two local minima ug € B(0,€) N I7(] — 00, ps[), w1 € I71(] — 00, py[) and
Ul §7§ B(O, 6).
The minimizer ug # 0. In fact, when (G1) holds, taking w € C§°(B(x1,71)) such
that 0 < w < 1 and w(x) = 1 for € B(wx1, 5 ), then, it is easy to see that for
A €]0, A[, when ¢ > 0 is small enough, we get tw € B(0,e) N I~ (] — 00, py]) and
I(ug) + AJ(uo) < I(tw) + AJ(tw) < 0. In particular, ug # 0.

step(4):
¢ has a mountain pass type critical point YA €]0, \.[. We take r; > 0 such that
B(0,71) € X and B(0,r1) D I7*(] — 00, p1[) U B(0,€). Since I is coercive, there
exists ro > 71 such that

inf I > sup I,
0B(0,r2) B(0,r1)

then (B(0,7r1), B(0,72)) is a valley box of I. Since I(v;) < 0 = I(vg) and by step
1), we have that for some ¢y > 0 with eg >|| v1 ||o , infop(c,0) I > 0. We apply the
Corollary 3.1, then ¢ admits a mountain pass point us. Consequently, ug, u; and
ug are at least three nontrivial solutions of the problem (P). O

Proof: [proof of Theorem 1.2] It was the same steps of the previous proof.
step(1):
To show that vy = 0 is strictly local minimizer of I, we follow the same procedure
as in step (1) in the previous proof.
step(2):
We show that the functional I has a global minimizer v; # 0. Similarly in step(2)
in the last proof of Theorem 1.2, one shows the coercivity of I and then I has
a global minimizer v,. We use the condition (F}), we obtain I(§) < 0 and then
I(v1) < 0=1I(vg). So vy #0.
step(3):
We show that ¢ has two local minima. The same way as In step 3 in the last proof
of Theorem 1.2, ¢ has at least two local minima uy and u; # 0. Moreover, the
minimizer ug # 0. Indeed, by assumption (Gs), taking ¢, — 0 such that

infaeq G(:C, tn)

— 400.
| tn [P7

Let w, = t,( i.e w,(z) € X). For all A €]0, \.[, by 3.1, we get

ow,) < |ta|P / @dxf/F(x,tn)dxf)\/G(m,tn)dx
o p(z) Q Q
- . - G(x,ty
S |tn |p Kl +03/ |tn |(I1(.L) —A | tn |p / L)dx
Q Q |tn |p
- - - Gz, ty
<t [P [ 1 Ky A £ [P /mdmo, (3.5)
Q n
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and
wy, € B(0,e) NI (] — 00, py)-
Thus,
o(ug) < @(wy,) <0=p(0), so ug#0.
step(4):

As in step(4) of the theorem 1.1, ¢ has a mountain pass type critical point us.
Consequently, ug, u; and us are at least three nontrivial solutions of the problem

(P).

10.
11.
12.
13.
14.
15.

16.

O
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