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(C'—sets and decomposition of continuity in generalized topological
spaces

R. Jamunarani, P. Jeyanthi and M. Velrajan

ABSTRACT: In generalized topological spaces, we define uC'—sets and establish
some decomposition of continuity between generalized topological spaces. Moreover,
we prove that some of the results established in [3] are already established results
in topological spaces [10]. Some generalizations of these results are also given.
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1. Introduction

A nonempty family p of subsets of a set X is said to be a generalized
topology [5] if § € p and arbitrary union of elements of i is again in u. The pair
(X, u) is called a generalized topological space or simply, a space and elements of
w are called p—open sets. A C X is a u—closed set if X — A is a u—open set. If
X € pu, then (X, pu) is called a strong [7] space. In a space (X, u), if u is closed
under finite intersection, then (X, u) is called a quasi-topological space [9]. Clearly,
every strong, quasi-topological space is a topological space. For A C X, ¢, (A)
is the intersection of all p—closed sets containing A and i,(A) is the union of all
p—open sets contained in A. Moreover, X — ¢, (A) = i,(X — A), for every subset A
of X. Clearly, (X, p) is strong if and only if § is u—closed if and only if ¢, ({0}) = 0.

A subset A of a space (X, 11) is said to be a pa—open set [8]( resp. po—open set
[8], pr—open set [8], ub—open set [15], uS—open set [8]) if A C i,c,i,(A) (resp.
A Cepin(A), A Ciucu(A), A Cipep(A)Ueuin(A), A C cuipcu(A)). A subset A
of a space(X, u) is said to be a pua—closed set (resp. po—closed set, pm—closed
set, ub—closed set, pf—closed set) if X — A is a pa—open set (resp. po—open
set, pur—open set, ub—open set, uS—open set). We will denote the family of all
pa—open sets ( resp. po—open sets, ur—open sets, ub—open sets, uS—open sets)
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by a(u) (resp. o(p), m(p), b(u), B(u))-

A subset A of a topological space (X,7) is said to be a—open [14]( resp.
semiopen [12], preopen [13], b—open [1], B—open [2]) if A C ici(A) (resp. A C
ci(A), A Cic(A), A Cic(A)Uci(A), A C cic(A) ) where ¢ and 7 are respectively,
the closure and interior operators of the topological space (X, 7).

If 11 is a monotonic function defined on p(X) of a nonempty set X, then a subset
A of X is said to be u—regular [4] if A = u(A). More generally, A is said to be
pr—regular if A =1i,c¢,(A). A subset A of a space (X, p) is said to be b,—locally
closed set if A = UNS where U is a u—open set and S is a ub—closed set. A subset
S of X is said to be a ut—set [11] if i,c,(S) = i,(S). A subset S of X is said to
be a pB—set [11] if there is a p—open set U and a pt—set A such that S =UnN A.
The family of all uB— sets in a space is denoted by B(X, u). The following lemmas
will be useful in the sequel.

Lemma 1.1. If (X, ) is a quasi-topological space, then the following hold.

(a) If A and B are u—open sets, then AN B is a u—open set [15, Theorem 2.1].
(b) i, (AN B) =i,(A) Niyu(B) for every subsets A and B of X [9, Theorem 2.2].
(¢) cu(AU B) = cu(A) Ucu(B) for every subsets A and B of X [15, Theorem
Lemma 1.2. [11] Let (X,pn) be a quasi-topological space and A C X. A is a
u—open set if and only if it is both a um—open set and a pB—set.

Lemma 1.3. [11] Let (X, ) be a space and A C X. A is a uB—set if and only if
there exists a p—open set U such that H = U N ¢, (H).

2. puC—sets

Let (X, i) be a space and S C X. S is said to be a ut*—set if i,,¢,7,(S) =
i,(S). The family of all ut*—sets of a space (X, ) is denoted by t*(X, i). The
following Theorem 2.1 gives characterizations of ut*—sets. If M,, = U{M | M € pu},
then M, is the largest p—open set contained in X. Since i,¢,7,(X) =1,(X), X is
a ut*—set.

Theorem 2.1. Let (X, ) be a space and S C X . Then the following are equivalent.
(a) S € t*(X, p).

(b) S is a pp—-closed set.

(¢c) i,(S) is a pr—regular set.

Proof: (a)=-(b). Let S € t*(X,p). Then i,c,i,(S) = i,(S) C S and so S is a
uB—closed set.

(b)=(c). Suppose that S is a pfS—closed set. Then i,c,i,(S) C S which implies
that i,¢,1,(S) C i,(S). Clearly, i,(S) C iucui,(S). Therefore, i,c,i,(S) = i,(S)
which implies that i,(S) is a pr—regular set.

(c)=-(a). Since 7,(5) is a pm—regular set, i,(S) = i,cuiu(S). Therefore, S €
(X, p). O

The following Theorem 2.2 gives some properties of ut*—sets.
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Theorem 2.2. Let (X, p) be a space and S C X. Then the following hold.
(a) If S is a pt—set, then S is a pt* —set.

(b) If S is a po—open set, then S is a ut—set if and only if S is a pt*—set.
(c) S €ant*(X,u) if and only if S is a pm—regular set.

Proof: (a)If Sisa put—set, then i, (S) =i,c,(S) and soi,c,i,(S) = ipcutpc,(S) =
ipcu(S) =i,(S). Therefore, S is a ut*—set.

(b) If S is a pt*—set, then i, (S) = i,c,ui,(S). Since S is a po—open set, ¢,i,(S) =
cu(S) and so i,c,(S) = iucuin(S) = i,(S). Therefore, S is a pt—set. Converse
follows from (a).

(c) If S is a pt*—set, then i,c,i,(S) = i,(S) C S. Since S is a pa—open set,
S = iucuiy(S) and so iyue,(S) = iucuiy(S) = S. Therefore, S is a pr—regular
set. Conversely, suppose S is a pum—regular set. Then S is a p—open set and
so S is a pa—open set. Since i,c,1,(S) = iucu (S) = S = i,(9), it follows that
Seant (X, u). O

The following Example 2.3 shows that the converse of 2.2(a) is false. Example
2.4 below shows that the concepts pa—open set and pt*—set are independent. Also,
it shows that a p—open set need not be a ut*—set. Example 2.5 below shows that
the union of two ut*—sets need not be a ut*—set.

Example 2.3. Let X = {a,b,c,d} and p = {0,{d},{b,c},{b,c,d}}. The family
of all p—-closed sets are {X,{a,b,c},{a,d},{a}}. Let A = {a,b}. Then i,(A) =10
and iyc,i,(A) = i,c,({0}) = i,({a}) = 0. Therefore, i,(A) = i,cuin(A) and so A
is a pt*—set. Now i,c,(A) = i,({a,b,c}) = {b,c} # i,(A). Therefore, A is not a
pt—set.

Example 2.4. Let X = {a,b,c,d} and u = {0,{c},{d},{c,d},{a,c,d}}. The
family of all p—closed sets are {X,{a,b,d},{a,b,c},{a,b},{b}}. Let A = {c,d}.
Then iycuiy(A) = ipcp({c,d}) = i,(X) = {a,c,d}. Therefore, A is a po—open
set. But i,c,i,(A) # i,(A). Therefore, A is not a ut*—set. Let B = {a,b}. Then
ipcpin(B) = i,c,({0}) = iu({b}) = i,(B). Therefore, B is a ut*—set. But B is
not a pa—open set. This also shows that a pu—open set need not be a ut*—set.

Example 2.5. Consider the space in Example 2.4. If A = {c¢} and B = {d},
then AU B = {c,d}, i,(A) = A, i,(B) = B. Here, i,c,in(A) = iuc,({c}) =
in({a,b,c}) = {c} = A = i,(A). Therefore, A is a pt*—set. Now i,c,i,(B) =
ipcu({d}) = i,({a,b,d}) = {d} = B = i,(B). Therefore, B is a ut*—set. Also,
ipcutyn({e,d}) =ipc({c,d}) = iy(X) = {a,c,d} #i,({c,d}). Therefore, AU B is
not a ut*—set.

Let (X, p) be a space and S C X. S is said to be a uC—set if there exist a
pu—open set U and A € t*(X, u) such that S = U N A. The family of all uC'— sets
in a space (X, u) is denoted by C(X, p). Since X is a ut*—set, every u—open set
is a uC— set. If (X, p) is strong, then every ut*—set is a uC'—set. The following
Example 2.6 shows that the condition strong on the space (X, i) cannot be dropped.
Example 2.7 below shows that a uC— set need not be a ut*—set and Example 2.8
below shows that a uC— set need not be a p—open set.
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Example 2.6. Consider the space in Example 2.4 which is not strong. If A =
{a,b}, then i,(A) = 0. iycpin(A) = iue,(0) = i, ({b}) = 0 = i,(A). Therefore,
A e t*(X,pn). But {a,b} ¢ C(X, ), since there is no open set containing {a,b}.

Example 2.7. Consider the space in Example 2.J. If A= {c,d}, then i,(A) = A
and i,cuiy(A) = iucu(A) = iu(X) = {a,c,d} # i,(A). Therefore, A is not
a pt*—set.  Also, {c,d} = {c,d} Nn{a,c,d} where {c,d} is a p—open set and
ipcutp({a,e.d}y) = incp({a,c,d}) = i,(X) = {a,¢,d} = i,({a,c,d}). Therefore,
A ={c,d} is a pC—set.

Example 2.8. Consider the space in Example 2.4. {a} is not a u—open set.

Here {a} = {a} N{a,c,d} where {a,c,d}is a p—open set and since i,c,i,({a}) =

ipc,({0}) =i, ({0}) = 0 =i ({a}), {a} is a put*—set. Therefore, {a} is a pC—set.
The proof of the following Lemma 2.9 is similar to Theorem 3.8 of [16].

Lemma 2.9. [16, Theorem 3.8[Let (X, i) be a quasi-topological space and A, B C
X. If either A or B is a po—open set, then i,c,(ANB) =i,c,(A) Niyeu(B).

Let (X,u) be a space. For k,v € {u, a, 7, o, b, f} and kK # v, define
D(k,v) ={B C X | ix(B) =i,(B)}. The following Theorem 2.10 gives a property
of puC—sets. Example 2.11 below shows that the inclusions in Theorem 2.10 are
proper.

Theorem 2.10. Let (X, u) be a quasi-topological space. Then B(X,u) C C(X,u) C
D(p, ).

Proof: Since every ut—set is a pt*—set, B(X,u) C C(X,u). Let S € C(X, p).
Then S = U N A where U is a p—open set and A is a put*—set . Now i,,¢,1,(5) =
tpcuty(UNA) =i, (0, (U)N1,(A)) = ducpin(U)Nige,in(A), by Lemma 2.9 and so
tpCpin(S) = iuc,(U)Nigepiy(A) = i,c,(U)Niy(A). Also, in(S) = SNiyeuiy(S) =
SNiue,(U)Niy(A) =UNANiue,(U)Niy(A) = U Niy(A) = iu(S). Therefore,
S € D(u, ). O

Example 2.11. Consider the space in Ezample 2.5. Now {b} = {b,c} N {b}
where {b,c} is a p—open set and, since i,cui,({0}) = e (0) = iu({a}) =0 =
i, ({0}),{b} is a pt*—set. Therefore, {b} is a pC'—set. Again, {b} is not a pt—set,
since i,c,({b}) = 1, ({a,b,¢}) = {b,c} # 0 =1i,({b}). If S = {a, b}, then i, (S) =0
and 50 it ({a,b}) = iuc,(0) = i,({a}) = 0. Also, ia(S) = S Niye,in(S) =0 =
i,(S) and so S € D(u, ). Since there is no open set containing {a,b}, {a,b} is
not a pC—set.

The following Theorem 2.12 gives a decomposition of y—open sets in a quasi-
topological space. Examples 2.13 shows that the concepts pa— open set and puC—
set are independent.

Theorem 2.12. Let (X,pu) be a quasi-topological space and A C X. Then the
following are equivalent.

(a) S is a p—open set.

(b) S is both a pa—open set and a puC—set.
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Proof: (a)=(b). Suppose that S is a u—open set. Clearly, S is both a pa—open
set and a puC—set.

(b)=(a). If S is both a pa—open set and a pC—set, then S C i,¢,i,(S) and
S =UNA,Uisapu—openset and A is a pt*—set. Therefore, S C i,c,i,(UNA) =
ipcn(UNiy(A) = iuen(U) Nigeyin(A) = iue,(U) Niy(A). Since S C U, S C
UnNiye,(U)Ni,(A) =UNiu(A) =i,(UNA) =1i,(S). Hence S is a p—open set. O

Example 2.13. (a) Consider the space in Example 2.3. If A = {b,d}, then
ipcpin(A) = iuc,({d}) = i,({a,d}) = {d} and so A is not a poe—open set. Since
A is a ut*—set and {b,d} = {b,d} N {b,c,d}, where {b,c,d} is a p—open set, we
have {b,d} is a pC—set.

(b)Let X = {a,b,c,d} and pn = {0,{b,c,d},{b}}. The family of all p—-closed sets
are {X,{a},{a,c,d}}. Here, i,¢,i,{b, c} = {b,c,d} and so {b, c} is a pa—open set.
Since {b,c,d} is the only p—open set such that {b,c} = {b,c,d} N {b,c} and {b,c}
is not a ut*—set, {b,c} is not a pC'—set.

3. b,—locally closed sets, b — t—sets and b — B—sets

The following Theorem 3.1 gives a decomposition of y—open sets and Ex-
ample 3.2 below shows that the concepts ub—open set and D(u,b)—set are inde-
pendent. Theorem 3.3 below gives a characterization of b,—locally closed set.

Theorem 3.1. Let (X, i) be a space and A C X. Then the following are equivalent.
(a) A is a u—open set.
(b) A is both a ub—open set and a D(u,b)—set.

Proof: (a)=(b). Suppose that A is a p—open set. Then clearly (b) follows.
(b)=(a). Suppose that A is both a pub—open set and a D(u,b)—set. Then i,(A) =
ip(A) = A. Therefore, A is a p—open set. O

Example 3.2. Let X = {a,b,c,d} and p = {0,{c},{d},{c,d},{a,c,d}}. The fam-
ily of all p—closed sets are {X,{a,b,d},{a,b,c},{a,b},{a}}. Here, c,i,{a,b,d}

= {a,b,d} and i,c {a,b,d} = {d}. i,cu{a,b,d} Ucyiyf{a,b,d} = {a,b,d}. There-
fore, {a,b,d} is a pb—open set. Since i,,({a,b,d}) = {d}, {a,b,d} & D(p,b). Thus
{a,b,d} is a ub—open set but {a,b,d} & D(u,b).

(b) If A = {a}, then A is not a pub—open set and so iy(A) = 0 = i,(A) which
implies that A € D(u,b).

Theorem 3.3. Let (X, ) be a space and H C X. Then H is a b,—locally closed
set if and only if there exists a u—open set U such that H = U N¢y(H).

Proof: Let H be a b,—locally closed set. Then H = U N I where U is a y—open
set and F' is a pb—closed set. Since H C U and H C F, we have H C ¢,(H) C
o(F)=Fand HCUNe(H) CUNe(F)=UNF =H. Hence H =U N¢p(H).
Conversely, suppose H = U N ¢,(H) for some p—open set U. Since ¢,(H) is a
pub—closed set, H is a b,—locally closed set. O
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Theorem 3.4. Let (X, p) be a space and A C X. Then the following hold.
(a)A is a b,—locally closed set.

(b) cv(A) — A is a ub—-closed set.

(¢) AU (X — cp(A)) is a ub—open set.

(d) A Cip(AU(X — cp(A))).

Proof: (a)=(b). Since A is a b,—locally closed set, by Theorem 3.3, there exists
a p—open set U such that A = U Nep(A). Now cp(A) — A =cp(A) —(UNepy(A4)) =
a(A)NX —Unea(A) =aA)N(X -U)UX —a(d) =ad)n(X -U)
which is a pub—closed set.
(b)=(c). Since ¢,(A) — A is pb—closed, X — (c,(A) — A) is a ub—open set. Now
X—(ep(A)—A) = X—((cp(A)N(X—A)) = AU(X —c(A)). Therefore, AU(X —cp(A))
is a ub—open set.
(¢)=(d). Since A C AU (X —cp(A4)), A Cip(AU (X —cp(A))).

O

Let (X, ) be a space. Subsets A and B of X are said to be u—separated
[6] if ANe,(B) =0 and BN, (A) = 0. We know that b(y) is a generalized topology.
Since X is a puo—open set, it follows that X € b(u) and so (X,b(p)) is a strong
space. In addition, if b(u) is closed under finite intersection, then (X,b(p)) is a
topological space. The following Theorem uses this fact and discuss about the
union of two b, —locally closed sets.

Theorem 3.5. Let (X,u) be a quasi-topological space such that (X,b(u)) be a
topological space and A and B be b,—locally closed sets. If A and B are p—
separated sets, then AU B is a b,—locally closed set.

Proof: Since A and B are b,—locally closed sets, A = GNcy(A) and B = HNey(B)
where G and H are p—open sets in X. Put U = GN(X —¢,(B)) and V = HN(X —
cu(A)). Then UNey(A) = (GN(X —cu(B)))Nep(A) = (GNey(A))N (X —cu(B)) =
AN(X —cu(B)) = A, since A C X —¢,,(B). Moreover, UN¢y(B) C UNc,(B) = 0.
Similarly, we can prove that V N¢p(B) = B and V Nep(A) = 0. Since U and V are
u—open sets, (UUV)Nep(AUB) = (UUV)N(ep(A)Ucp(B)) = (UNep(A)U (VN
c(A)) U ((VNe(B))U (U Ney(B))) = AU B. Therefore, AU B is a b,—locally
closed set. O

The following Lemma 3.6 is essential to prove Theorem 3.7 below which is in
turn used to prove Theorem 3.8 below which gives a decomposition of p—open sets.
Example 3.9 below shows that the notions pa—open set and b, —locally closed set
are independent.

Lemma 3.6. Let (X, ) be a quasi-topological space. Then the following hold.
(a)er (V) = cu (V) for every po—open set V.
(b)ir(F) = i,(F) for every po—-closed set F.

Proof: (a) By Theorem 2.5(b) of [15], ¢x(V) = V U cuipn(V) = ¢uipn(V), since

V € o(p). Therefore, ¢ (V) = ¢, (V).
(b) The proof follows from (a). O
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Theorem 3.7. Let (X, 1) be a quasi-topological space and A C X. If A is both a
by —locally closed set and a po—open set, then A is a pB—set.

Proof: Let A be both a b, —locally closed set and a o —open set. Then by Theorem
3.3, there exists an pi—open set U such that A = U N ¢y (A) and so by Lemma 3.6,
A=UN(c(A)Ner(A) =UN(co(A)Neu(A)) =UNcy(A). By Lemma 1.3, A is
a uB—set. O

Theorem 3.8. Let (X, u) be a quasi-topological space. Then the following are
equivalent.

(a) A is a u—open set.

(b) A is both a pa—open set and a b,—locally closed set.

Proof: (a)=(b). Suppose that A is a u—open set. Since u C a(p), Ais a pa—open
set. Since A is a p—open set and A = AN X, where X is a ub—closed set, A is a
b, —locally closed set.

(b)=-(a). Suppose that A is both a pa—open set and a b, —locally closed set. Since
a(p) C o(p), Ais a po—open set. Since A is a b,—locally closed set, A is a pB—set
by Theorem 3.7. Since a(u) C m(u), A is a ymr—open set. Then by Lemma 1.2, A
is a y—open set. O

Example 3.9. (a) Consider the space in Example 3.2. Here, {a,d} is a b,—locally
closed set, since {a,d} = {a,c,d} N{a,b,d} and {a,d} is not a pa—open set since
ipcptpda,d} = {d}. Thus, {a,d} is a b,—locally closed set but not a poe—open set.
(b)Let X = {a,b,c,d} and p = {0,{b,c,d},{b}}. The family of all u—closed sets
are {X,{a},{a,c,d}}. Here, i,c,i,{b, c} = {b,c,d} and so {b,c} is a pa—open set.
Since {b,c,d} is the only p—open set such that {b,c} = {b,c,d} N {b,c} and {b,c}
is not a pb—-closed set, {b, c} is not a b,—locally closed set.

A subset A of a space (X, i) is said to be a b —t—set [3] if i,(A) = iu(cp(A)).
A is said to be a b — B—set [3] if A = U NV, where U is a y—open set and V
is a b — t—set. A is said to be a b — o—open [3|(resp., b — m—open [3]) set if
A Ccu(ip(A)) (resp., A Ciy(cp(A))). The following Remark 3.10, shows that the
above notions are already defined notions in topological spaces.

Remark 3.10. (a) By Theorem 3.8 (a) and (b) of [15], i,co(A) = cpin(A) =
ipcuty(A) and cpin(A) = iyeu(A) = cpipc,(A) for every subset A of X in a quasi-
topological space. If (X, u) is a quasi-topological space, then the family of all b —
t—sets (resp., b — B—sets, b—semiopen sets, b—preopen sets) coincides with the
family of all ut*—sets (resp., pC'—sets, ufi—open sets, pa—open sets).

(b) If (X, 7) is a topological space, then the family of all b—t—sets (resp., b— B—sets,
b—semiopen sets, b—preopen sets) coincides with the family of all a*—sets (resp.,
C—sets, B—open sets, a—open sets). Hence Theorem 3.11(a) below is nothing but
Proposition 3.1 of [10]. Theorem 3.11(c) is stated in Remark 3.2 of [10].
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Theorem 3.11. [3, Proposition 3.1] Let (X, 7) be a topological space and A, B C
X. Then the following hold. .

(a) A is a b—t—set if and only if it is a b—semiclosed set.

(b) If A is a b—closed set, then it is a b — t—set.

(c) If A and B are b — t—sets, then AN B is a b — t—set.

The following Theorem 3.12 shows that the above Theorem 3.11 is valid, if
topology is replaced by generalized topology.

Theorem 3.12. Let (X, 1) be a space and A, B C X. Then the following hold.
(a) Ais a b—t— set if and only if it is a b — o—closed set.
(b) If A is a ub—-closed set, then it is a b — t—set.

Proof: (a) Suppose that A is a b—t—set. Then i,(A) =i,c,(A) and i,¢,(A) C A.
Therefore, A is a b — o—closed set. Conversely, if A is a b — o—closed set then
ipcy(A) € A and duep(A) C i,(A). Since A C ¢p(A), 1u(A) C iuep(A). Hence
i, (A) = i.cp(A). Therefore, A is a b — t—set.

(b) Let A be a ub—closed set. Then A is a b — o— closed set. Therefore, A is a
b — t—set. O

By Remark 3.10(b), (a) of the following Theorem 3.13 is nothing but Proposition
3.2(a) of [10] and (b) is nothing but Proposition 3.4 of [10]. Moreover, this results
hold for any generalized topological space as stated in Theorem 3.14 without proof.

Theorem 3.13. [3, Proposition 3.2] Let (X, T) be a topological space and A C X.
Then the following hold.

(a) A is a t—set then it is a b — t—set.

(b) If A is a B—set, then it is a b — B—set.

Theorem 3.14. Let (X, pn) be a space and A C X. Then the following hold.
(a) If A is a pt—set, then it is a b — t—set.
(b) If A is a uB—set then it is a b — B—set.

By Remark 3.10(b), the following Theorem 3.15 is nothing but Proposition 3.5 of
[10]. The generalization of this theorem for quasi-topological spaces is established
in Theorem 2.12 above.

Theorem 3.15. [3, Theorem 3.1] Let (X, T) be a topological space and A C X.
Then the following are equivalent.

(a)A is a open set.

(b)A is b—preopen and a b — B—set

By Remark 3.10(b), the following Theorem 3.16 is nothing but Proposition
3.2(c) of [10]. Moreover, this results hold for any generalized topological space as
stated in Theorem 3.17 without proof.

Theorem 3.16. [3, Proposition 3.3] Let (X, ) be a topological space and A C X.
Then the following are equivalent.

(a)A is regular open.

(b)A is b—preopen and a b — t—set.
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Theorem 3.17. Let (X, u) be a space and A C X. Then the following are equiva-
lent.

(a)A is a pm—regular set.

(b)A is both a b — w—open set and a b — t—set.

4. Decomposition of (u, ;')—continuity

Let (X, u) and (Y, u') be two spaces. A mapping f : X — Y is said
to be (u,p')—continuous [5] (resp. (pa, p’)—continuous, (uB, p’)—continuous,
(uC, p')—continuous, (ub, u')—continuous, (D(u,b), u')—continuous, (ubLC, u')—
continuous ) if for each /' —open set V, f~1(V) is a yu—open set (resp. ua—open
set, pB—set, pC'— set, ub—open set, D(u,b)—set, b,—locally closed set) in X. The
following theorems give decompositions of (u, p)—continuity.

Theorem 4.1. Let (X,u) and (Y,u') be two spaces where (X,u) is a quasi-
topological space and f: X —'Y be a function. Then the following are equivalent.

(a) fis (p, 1')—continuous.
(b) [ is (ua, u')—continuous and (uC, p')— continuous.

Proof: The proof follows from Theorem 2.12. O

Theorem 4.2. Let (X, u) and (Y, ') be two spaces and f: X =Y be a function.
Then the following are equivalent.

(a) f is (u, 1')— continuous.
(b) f is (ub, u')—continuous and (D(u,b), i')—continuous.

Proof: The proof follows from Theorem 3.1. O

Theorem 4.3. Let (X,pn) and (Y,pu') be two spaces where (X, u) is a quasi-
topological space and f: X — Y be a function. Then the following are equivalent.

(a) fis (p, 1')—continuous.
(b) [ is (poy, ') —continuous and (ubLC| p')— continuous.

Proof: The proof follows from Theorem 3.8. O
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