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A New Sort of Separation Axioms
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ABSTRACT: This paper introduces go-D; and go-R;-spaces using go-sets and dis-
cusses thier properties comprehensively analyzing their relationship. It also derives
thier charactrizations interms of go-continuous and gq-irresolute functions.
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1. Introduction

Levine [6] offered a new and useful notion in General Topology called generalized
closed set. The investigation of generalized closed sets has led to several new
separation axioms weaker than 77. Some of these separation axioms have been
found to be useful in computer science and digital topology. After the introduction
of generalized closed sets there are many research papers which deal with different
types of generalized closed sets. Jafari et al. [4] have introduced g,-closed set and
studied their properties using #gs-open sets[10]. In this paper we have introduced
gaD-sets and associated separation axioms. We also introduced go-Ro and g,-R1-
spaces and discussed their properties.

2. Preliminaries

We list some definitions which are useful in the following sections. The inte-
rior and the closure of a subset A of (X,7) are denoted by Int(A) and CI(A),
respectively. Throughout the present paper (X, 7) and (Y, o)(or X and Y') repre-
sent topological spaces on which no separation axiom is defined, unless otherwise
mentioned.

Definition 2.1. A subset A of a topological space (X, T) is called
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(i) an w-closed set [7] (= g-closed ) if CI(A) C U whenever A C U and U is
semi-open in (X,T),

(i) a *g-closed set [9] if CI(A) C U whenever A C U and U is w-open in (X, 7) ,

(iii)a # g-semi-closed set [10](briefly # gs-closed) if sCl1(A) C U whenever A C U
and U is *g-open in (X, 7) and

(iv) @ Gao-closed set [4] if aCl(A) C U whenever A C U and U is ¥ gs-open in X.

The complement of *g-closed (resp w-closed, # gs-closed and Gu-closed)set is said
to be *g-open(resp w-open, * gs-open and G-open)respectively.

Definition 2.2. A function f: (X,7) — (Y,0) is called

(i) Go-continuous/8] if f~1(V) is Ga-closed in (X,T) for every closed set V in
(Y,0).

(ii) Go-irresolute[S] if f~1(V) is go-closed in (X,T) for every go-closed set V in
(Y,0)

Definition 2.3 (4). Let (X,7) be a topological space and E be subset of X.We
define go-Interior of E denoted by go-Int(E) to be the union of all gu-open sets
contained in E. Similary the go-Closure of E is defined to be the intersection of
all go-closed set containing E and is denoted as go-CIl(E). The class of all g,-open

sets and go-closed sets are denoted by GoO(X) and GoC(X) respectively.
3. goD-sets and associated separation axioms
In this section we introduce g,D-sets and g,-D;-spaces.

Definition 3.1. A subset A of a topological space X is said to be a g, D-set if there
are two go-open sets U,V such that U # X and A=U—-V.

Remark 3.2. FEvery g,-open set U other than X is a goD-set if A=U and 'V = ¢.

Example 3.3. Let X = {a,b,c}, 7 ={¢, {a}, X}. G.O(X) =1{¢,X,{a},{a,b},{a,c}}.
Then D,D(X) = {¢, X, {a}, {b},{c},{a,b},{a,c}} where D,D(X) represents the
collection of all g, D-sets.

Definition 3.4. A topological space (X, 7) is called

(i) a Go-Do-space if for any distinct pair of points x and y of X there exist a
gaD-set of X containing x but not y or a go D set of X containing y but not
x.

(ii)a Go-D1-space if for any distinct pair of points x and y of X there exist a goD
set of X containing x but not y and a go D set of X containing y but not x.

(1) a Go-Da-space if for any distinct pair of points x and y of X there exist disjoint
gaD sets D and E of X containing x and y rspectively.
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Definition 3.5. A topological space (X, 7) is called

(i) a go-To-space if for any distinct pair of points x and y of X there is a g-open
set of X containing one of the points but not the other.

(ii)a go-T1 -space if for any distinct pair of points x and y of X there exist a g, open
set of X containing x but not y and a go-open set of X containing y but not
x.

(iii) a go-Ta-space if for any distinct pair of points x and y of X there exist disjoint
ga-open sets sets U and 'V of X containing x and y respectively.

Remark 3.6. (J)If (X,7) is go-T; then (X,7) is go-D; fori=0,1,2.
(#6)If (X, 7) is go-D; then (X,T) is go-Di—1 for i =1,2.

Theorem 3.7. For a topological space (X, T) the following hold.
(i)(X,7) is go-Do if and only if it is go-To
(ii) (X, 7) is go-D1 if and only if it is Go-Do

Proof: i)Necessity. Suppose that (X,7) is go-Zo. Then for any pair of points
x,y € X, x # y there exist a g,-open set of X containing any one of the points but
not the other. Since any g,-open set is a g, D-set, (X, 7) is a go-Do-space.
Sufficiency. Let (X, 7) be a go-Do-space. Then for each distinct pair z,y € X,
atleast one of x,y say x belongs to a g, D-set G where y ¢ G. Let G = U —V such
that U # X and U,V € G,O(X). Then « € U. For y ¢ G we have two cases:

a)y ¢ U

b)y €U and y € V. In case (a)xr € U but y ¢ U.

In case (b) y € V but « ¢ V. Hence X is go-Tp.

(ii)Sufficiency. Let (X,7) be a go-Dao-space. Then for any pair of distinct points
x,y € X there exist disjoint g, D-sets containing x and y respectively. Hence X is
ga'Dl

Necessity. Suppose that (X, 7) is a go-Di-space. Then for each pair of distinct
points z,y € X we have g, D sets G,H such that v € G,y ¢ Gy € H,x ¢ H. Let
G=U; — UQ,H =U; — U4, where Ul, UQ, U3,U4 € GaO(X)

By = ¢ H, it follows that either x ¢ Us or x € Us and = € U,;.We have two cases.
a)r ¢ Us.By y ¢ G. We have two subcases: (a1) y ¢ Up.By © € Uy — Uy, it
follows that z € Uy — (Uy U Us) and by y € Us — Uy we have y € Us — (U U Uy).
HenceU1 — (U2 U Ug) n U3 - (Ul U U4) = (b

(ag) Y € U; and Y € Us;. We have x € (U1 — Ug,y € Us. (U1 — UQ) NUy = gb

b)z € Us and « € Uy. We have y € Us — Uy,x € Uy.(Us — Uy) N Uy = ¢. Therefore
X is EQ-DQ. O

Theorem 3.8. If (X,7) is §o-D1, then it is §o-To

Proof: It followsfrom the Remark 3.6 and Theorem 3.7. O
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Example 3.9. Let X ={a,b,c}, 7 ={¢,{a,b}, X}. éaO(X) ={¢, X, {a}, {b},{a,b}}
The space X is go-Ty but not go-D1.

Definition 3.10. A point x € X which has X as a go-neighbourhood is called a
Ja-neat point.

Example 3.11. Let X = {a,b,c}, 7 = {¢,{a}, {b}, {a, b}, X}.

éaO(X) = {¢1 X7 {a‘}v {b}v {av b}}
The point {c} is a go-neat point.

Theorem 3.12. For a g,-Tp space (X, 7) the following are equivalent.
(i) (X,7) is ga-D1.

(i) (X, 7) has no go-neat point.

Proof: (i) = (ii). Since (X, 7) is go-D1, then each point x of X is contained in a
JgoD set G = U — V thus contined in U. By definition U # X. This implies that x
is not a g,-neat point.

(#3) = (4). If (X7) is go-To, then for each pair of points z,y € X, atleast one of
them x (say) has g,-neighbourhood U containing x and not y. Thus U which is
different from X is a g, D set. If X has no g,-neat point , then y is not a g,-neat
point. This means that there exists a g,-neighbourhood V of y such that V' # X.
Thus y € (V —U) but not x and V — U is a g, D-set. Hence X is g4-D;. O

Remark 3.13. A g,-Ty topological space is not go-D1 if and only if there is a
unique go-neat point in X. It is unique if x and y are both g,-neat points in X then
atleast one of them say x has a go-neighbourhood U containing x but not y. This is
a cotradiction since U # X.

Remark 3.14. From the above dicussions we have the following figure which gives
the relationship between the different spaces.
1'§a‘T2 2'§Q_T1 3'§Q_TO 4'§Q_DO 5-§a‘D1 6-§o¢'D2

1 > 2 3
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4. g.-R;-spaces

Definition 4.1. For a point x of a space (X, T) the go-Kernel of x is defined to
be the intersection of all go-open sets containing the ponit x and is denoted by

ga-Ker({z})

Definition 4.2. For a subset A of a space (X, T) the go-Kernel of A is defined to
be the intersection of all g,-open sets containing A and is denoted by go-Ker(A).

Definition 4.3. A topological space (X,T) is said to be a go-Ro space if every
GJa-open set contains the go-closure of each of its singletons.

Lemma 4.4. Let (X, 7) be a topological space and x € X. Then go-Ker({A}) =
{2 € X : GuCl({z}) N A+ 0}

Proof: Let z € go-Ker({A}) and go-Ci({z})NA = ¢. Hence x ¢ X —g,-Cl({z})
which is a g,-open set containing A. This is not possible since = € g,-Ker({A}).
Hence go-Cl({z}) N A # ¢. Let go-Cl({z}) N A # ¢ and = ¢ go-Ker({A}). Then
there exist a g,-open set U containing A and = ¢ U. Let y € g,-Cl({z}) N A.
Hence U is a g, neighbourhood of y with # ¢ U which is a contradiction. Hence
x € go-Ker({A}). Hence the result. O

Lemma 4.5. Let (X, 7) be a topological space and x € X.Then y € go-Ker({z})
if and only if x € go-Cl({y})

Proof: Suppose that y ¢ g,-Ker({z}). Then there exists a g,-open set V con-
taining x but not y. Therefore we have z ¢ §,-Cl({y}). Conversely suppose that
x ¢ go~Cl({y}). Then there exists a g,-closed seten set F containing y but not x.
Therefore we have y ¢ go-Ker({z}). O

Lemma 4.6. For any points x and y in a topological space (X, T) the following are
equivalent.

(1)ga-Ker({z}) # ga-Ker({y}.
(11)9a-Cl({x}) # Ga-Cl({y})-

Proof: (i) = (ii). Suppose that g,-Ker({z}) # go-Ker({y}) then there exists a
point z in X such that z € go-Ker({z}) and z ¢ go-Ker({y}). It follows from z €
go-Ker({z}) that {z} Ngo-Cl({z}) # ¢. This implies that « € g,-Cl({z}).By z ¢
Go-Ker({y}), we have {y} N go-Cl({z}) = ¢. Since z € §o-Cl({2}),gu-Cl({z}) C
9a-Cl({z}) and {y} N Ggo-Cl({z}) = ¢. Therefore go-Cl({z}) # go-Cl({y}).

(i) = (i) Suppose that Go-Cl({z}) # ga-Cl({y}). Then there exist a point z € X
such that z € g,-Cl({z}) and z ¢ §o-Ci({y}). Then there exist a g,-open set
containing z and therefore x but not y. i.e y ¢ go-Ker({z}). Hence go-Ker({z}) #

Ja-Ker({y}).
O
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Theorem 4.7. A topological space(X,T) is a go-Ro space if and only if for any =
and y in X,go-Cl({z}) # go-Cl({y}) implies §o-Cl({x}) N Go-Cl({y}) = ¢

Proof: Necessity. Suppose that (X,7) is go-Ro and z,y € X such that g,-
Cl({z}) # Ga-Cl({y}). Then there exist z € §,-Cl({x}) such thatz ¢ §,-Cl({y})
(or z € Go-Cl({y}) such that z ¢ Go-Cl({z}). There exist V € G,O(X) such
that y ¢ V and z € V, hence x € V. Therefore, we have x ¢ g,-Cl({y}). Thus
2 € X — §o-Cl({y}) € GoO(X), which implies that §o-Cl({z}) C X — Go-Cl({y})
and go-Cl({z}) N ga-Cl({y}) = ¢.The proof for other part is similar.

Sufficiency. Let V € GoO(X) and let z € V. We prove that §,-Cl({z}) C V.ie
y¢VyeX-—V. Then x # y and & ¢ §,-Cl({y}). This shows that g,-
Cl({z}) # §a-Cl({y}). By asumption g,-Cl({z})NGo-Cl({y}) = ¢. Hence y ¢ go-
Cl({z}) and therefore g,-Cl({z}) C V. Hence X is g-Rp. O

Theorem 4.8. A topological space (X, T) is a go-Ro space if and only if for any
points x and y in X,go-Ker({x}) # go-Ker({y}) implies that go-Ker({x}) N o -
Ker({y}) = ¢.

Proof: Suppose that (X,7) is a go-Ro space. Then by Lemma 4.5 for any points
xand y in X if go-Ker({o}) # Ga-Ker({y}) then go-Cl({z}) # Gu-Cl({y}). We
prove that go-Ker({z}) Nga-Ker({y}) = ¢. Assume that z € go-Ker({z}) N ga-
Ker({y}). By z € go-Ker({z}) and Lemma 4.6 it follows that z € g,-Cl({z}).
By Theorem 4.7 go-Cl({z}) = §o-Cl({2z}). Similarly we have g,-Cl({y}) = Ga-
Cl({z}) = go-Cl({z}). This is a contradiction. Therefore we have go-Ker({z}) N
Ga-Ker({y}) = o

Conversely let X be a space such that for any points x and y in X,go-Ker({z}) # Ja-
Ker({y}) implies go-Ker({z}) N ga-Ker({y}) = ¢. If ga-Cl({z}) # ga-Cl({y}),
then by Lemma 4.6 go-Ker({z}) # go-Ker({y}). Hence go-Ker({z})Ngo-Ker({y}) =
¢ implies go-Cl({z}) N Go-Cl({y}) = ¢. Because z € Go-Cl({z}) implies that
x € go-Ker({z}). Therefore go-Ker({z}) Nga-Ker({z}) # ¢.By hypothesis, we
have go-Ker({z}) = go-Ker({z}). Then z € go-Cl({z}) N go-Cl({y}) implies
that go-Ker({z}) = goa-Ker({z}) = ga-Ker({y}). This is a contradiction. Hence
Jo~Cl({z}) N Ga-Cl({y}) = ¢. By Theorem 4.7 (X, 7) is a go-Ro space. O

Theorem 4.9. For a topological space (X, 1) the following are equivalent.
(i)(X,T) is a go-Ro space.
(it)For any A # ¢ and G € G4O(X) such that ANG # ¢ there exists F € GoC(X)
such that ANF # ¢ and F C G.
(iii)Any G € Go,O(X),G = | {F € G,C(X): F C G}.

(iv)Any F € GoC(X),F = N{G € G,O(X) : F C G}.
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(v) Forany x € X, Ga-Cl({z}) C Ga-Ker({y}).

Proof: (i) = (ii) Let A be a nonempty set of X and G € G,O(X) such that
ANG # ¢. There exists 2 € ANG. Since # € G € GoO(X),ja-Cl{z} C G. Let
F = §o-Cl({z}). Then F € G,C(X),F C G, and ANF # 6.

(i1) = (iii). Let G € GoO(X). Then G D J{F € GoC(X) : F C G}. Let x be
any point of G. There exists F' € G,C(X) such that z € F and F C G. Therefore
we have z € F C |J{F € GoC(X) : F C G} and hence G = |J{F € G.C(X) :
F C G}.

(iii) = (iv) Let F € G4C(X) then F© € G,0(X) By(iii) F¢ = |J{H € G,C(X) :
H C F¢} then F = (J{H € GoC(X) : H C F})° = N{H® € G,O(X) : H® D
F}={G e G,0(X): FCG}.

(iv) = (v). Let x be any point of X and y ¢ go-Ker({z}). There exists V €

G,O(X) such that € V and y ¢ V. Hence g,-Cli({y}) NV = ¢. By (iv)
(NG € G,O(X) : §o-Cl({y}) € G}) NV = ¢. There exists G € G,O(X) such
that z ¢ G and g,-Cl({y}) € G. Therefore g,-Cl({z}) NG = ¢ and y ¢ Gao-
Cl({z}). Consequently we get go-Cl({z}) C go-Ker({z}).

(v) = (i). Let G € G,O(X) and = € G. Suppose y € Jo — Ker({x}),then z € J,-
Cl({y}) and y € G. This implies that g,-Cl({z}) C go-Ker({z}) C G. Therefore
(X, 7) is a go-Ro-space. |

Theorem 4.10. For a topological space (X, T)the following are equivalent.
(i)(X,T) is a go-Ro space.

(ii) x € §o-Cl{y} if and only if y € go-Cl({zx}), for any points x and y in X.

Proof: (i) = (i7). Assume that X is go-Ro. Let x € §o-Cl{y} and D be any
Ja-open set such that y € D. By hypothesis € D. Therefore every g,-open set
containing y contains x. Hence y € go-Cl{z}.
(#9) = (i).Let U be a go-open set and z € U. If y ¢ U then = ¢ §,-Cl{y} and
hence y ¢ Go-Cl({z}). This implies that g,-Cl{z} C U. Hence (X, 7) is a go-Ro
space. 0
Theorem 4.11. For a topological space (X, T)the following are equivalent.

(i)(X,T) is a go-Ro space.

(i5)If F is go-closed then F = g,-Ker(F).

(150)If F is go-closed and x € F then go-Ker({z}) C F.

() If v € X then go-Ker({z}) C go-Cl({z}).
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Proof: (i) = (ii)Let F be a gq-closed set and x ¢ F. Thus X — F is g,-open
and contains x. Since (X,7) is a go-Ro space.go-Cl({z}) € X — F.Thus g,-
Cl({z}) N F = ¢ and by Lemma 4.4 = ¢ §,-Ker(F).Therefore g,-Ker(F) = F.
(#4) = (#1). If A C B implies go-Ker(A) C go-Ker(B). Therefore by (ii) it follows
that go-Ker({z}) C go-Ker(F)=F.

(791) = (iv). Since x € Go-Cl({z}) and go-Cl({x}) is go-closed by (iii) go-Ker({z}) C
Ga-Cl({2}).

(iv) = (i).We prove the result using Theorem 4.9. Let z € g,-Cl({y}). Then by
Lemma 4.5 y € go-Ker({z}). Since z € g,-Cl({y}) and g,-Cl({z}) is g-closed
by (iv) we get y € go-Ker({z}) C go-Cl({z}). Therefore z € §,-Cl({y}) implies
Y € Go-Cl({z}).Conversely let y € §o-Cl({z}). By Lemma 4.5 = € g,-Ker({y}).
Since y € Go-Cl({y}) and go-Cl({y}) is a ga-closed set by (iv) we get © € go-
Ker({y}) C go-Cl({y}). Thus y € go-Cl({z}) implies x € §o-Cl({y}). Therefore
by theorem 4.10 we prove that (X, 7) is a g,-Ro space. O

Theorem 4.12. For a topological space (X, T) the following are equivalent.
(i)(X,7) is ga-Ro.

(it)For any F' € GoC(X), © ¢ F implies F C U and x ¢ U for some U €
G.O(X).

(iii) For any F € Go,C(X), = ¢ F implies F N o -Cl({z}) = ¢

(iv) For any distinct points © and y in X, either §o-Cl({z}) = gu-Cl({y}) or
9a-Cl({z}) Nga-Cl({y}) = ¢

Proof: (i) = (ii) Let F € GoC(X) ,z ¢ F. By (i) ga-Cl({z}) C X — F. Set
U=X —Go-Cl({z}) then U € G,O(X),F CU and z ¢ U.

(ii) = (iii) Let F € GoC(X), z ¢ F. There exist U € GoO(X) such that F C U
and z ¢ U. Since U € GoO(X),U NGo-Cl({z}) = ¢, F N §o-Cl({z}) = ¢.

(#4i) = (iv) Suppose that go-Cl({z}) # go-Cl({y}) for distinct points z,y € X.
There exists z € go-Cl({z}) such that z ¢ §,-Cl({y}) (or z € go-Cl({y}) such
that z ¢ Go-Cl({z})). Thete exists V € GoO(X) such that y ¢ V and z € V.
Hence x € V. Therefore we have z ¢ §,-Cl({y}). By (iii) we get go-Cl({x}) N Ga-
Cl({y}) = ¢. The proof of the other part is similar.

(iv) = (i) Let V € GoO(X) and = € V. For cach y ¢ V,z # y,z ¢ §o-Cl({y}).
This shows that go-Cl({y}) # ga-Cl({z}). By (iv) ga-Cl({z}) N ga-Cl({y}) = ¢
for each y € X —V and hence go-Cl({z}) N (U cx_v 9a-Cl({y})) = ¢. On the
other hand since V € G,O(X) and y € X — V, we have §,-Cl({y}) € X — V and
X =V =(Uyex_v 9a-Cl({y})). Therefore we get (X — V)N ga-Cl({z})) = ¢ and
hence g,-Cl({z})) C V. This shows that (X, 7) is a go-Ro. O

Definition 4.13. A topological space (X, 7) is said to be go-Ry if for z,y in X
with go-Cl({z}) # go-Cl({y}), there exist disjoint g,-open sets U and V such that
Ja-Cl({x}) is a subset of U and go-Cl({y}) is a subset of V.
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Remark 4.14. FEvery go-Ri-space is go-Ro. Let U be a g,-open set such that
x € U. By the definition of g,-R1-space there exist disjoint g,-open sets U and V
such that go-Cl({z}) C U, go-Cl({y}) C V. Hence by Theorem 4.7 X is §o-Ro.

Theorem 4.15. A topologicalspace (X, T) is go-R1 if and only if for z,y € X,
go-Ker({z}) # ga-Ker({y}), there exist disjoint go-open sets U and V such that
ga'Cl({x}) CU and ga'Cl({y}) cV.

Proof: It follows from Lemma 4.5 O

5. Applications

Theorem 5.1. If f: (X,7) — (Y,0) is ga-irresolute surjective function and E is
a goD set in Y then the inverse image of E is a g, D-set in X.

Proof: Let E be a g, D set in Y. Then there are g,-open sets U and V in Y such
that E=U —V and U # Y. Since f is g,-irresolute, f~*(U), f~1(V) are g,-open
sets in X. Since U # Y. We have f~1(U) # X. Hence f~1(E) = f~1(U) - f~1(V)
is a g D-set. O

Theorem 5.2. If f: (X,7) — (Y,0) is ga-irresolute bijective and Y is g, — D1
then X is go — D1 .

Proof: Suppose that Y is a g, — D1 space. Let x and y be any pair of distinct
points in X. Since f is injective and Y is g, — D1 , there exist g, D sets G and H
of Y containg f(x) and f(y) respectively such that f(x) ¢ G and f(x) ¢ H. By
Theorem 5.1 f~1(G), f~1(H) are g, D-sets in X containing x and y respectively.
This implies that X is a g, — D;. O

Theorem 5.3. A topological space (X, T) is go — D1 if and only if for each pair of
distinct points x,y € X, there exist a go-irresolute surjective function f : (X,7) —
(Y,0) where Y is a go-D1 space such that f(x) and f(y) are distinct.

Proof: Necessity. For any pair of distinct points of X if we consider the identity
function then it satisfies the required condition.

Sufficiency. Let x and y be any pair of distinct points in X. By hypothesis there
exists a go-irresolute, surjective function f of a space (X, 7) onto a g,-D;-space
(Y,0) such that f(z) # f(y). Therefore, there exist disjoint g,D-sets G and H
in Y such that f(z) € G and f(y) € H. Since f is g,-irresolute and surjective
by Theorem 5.1 f=Y(G), f~1(H) are disjoint g,D-sets in X containing x and y
respectively. Therefore X is a g,-D1 space. O
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