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Operators on Grill M-Space

Shyamapada Modak

ABSTRACT: In this paper, we shall obtain a new topology from non topological
space. We also discuss the various properties of such spaces.
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1. Introduction

The concept of grill is already in literature. Mathematicians like Choquet [5],
Chattopadhyay, Njastad and Thrown [3,4] have considered the concept on topolog-
ical space and using this concept they have developed the topics; Proximity spaces,
Closure spaces, the Theory of Compactifications and similar other extension prob-
lems. The notion of grill topological space as like ideal topological space[6,7] was
introduced by Roy and Mukherjee[9]. After that Al-Omari and Noiri[1] studied
the field in detail. A new type of generalization of topological space has been in-
troduced by Al-Omari and Noiri[2], and the space is called m-space. They studied
this space in front of ideal.

In this paper we have considered m-space and grill on m-space, and in-
troduced two operators. Ultimate we have obtained a topology, however m-space
need not a topological space. We have also discussed the properties of the new
topology.

2. Preliminaries
In this section we shall discuss some definitions and theorems:

Definition 2.1. [2] A subfamily M of the power set p(X) of a nonempty set X is
called an m-structure on X if M satisfies the following conditions:

1. M contains ¢ and X,

2. M is closed under the finite intersection.
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The pair (X, M) is called an m-space.

Definition 2.2. [2] A set A € p(X) is called an m-open set if A € M. B € p(X)
is called an m-closed set if X \ B € M. We set mInt(A) = W{U:U C A, U e M}
and mCl(A) =n{F:ACF, X\ FeM}.

Here we shall prove two theorems related to mInt(A) and mCI(A):

Theorem 2.3. Let (X, M) be an m-space. Then € mCI(A) if and only if every
m-open set U, containing x, U, N A # ¢.

Proof: Let © € mCI(A). If possible supposed that U, N A = ¢, where U, is an m-
open set containing 2. Then A C (X \U,) and X \ U, is an m-closed set containing
A. Therefore 2 € (X \ U,), a contradiction. Conversely supposed that U, N A # ¢,
for every m-open set U, containing x. If possible suppose that ¢ mCI(A), then
there exists F' subset of X which satisty A C F, X \ FF € M and x ¢ F. Therefore
x € (X\F). So for an m-open set X \ F containing z, AN (X \ F) = ¢, a
contradiction to the fact that U, N A # ¢. O

Theorem 2.4. Let (X,M) be an m-space and A C X. Then mInt(A) = X \
mCl(X \ A).

Proof: Let x € mInt(A). Then there is an U € M, such that © € U C A. Hence
x ¢ (X\U), e,z ¢ mCI(X\U),since X \ U is an m-closed set containing X \ U.
So z ¢ mCIl(X \ A)(from Definition 2.2), and hence z € X \ mCI(X \ A).

Conversely suppose that @ € X \ mCIl(X \ A). So x ¢ mCI(X \ A), then there is
an m-open set U, containing x, such that U, N (X \ A) = ¢. So U, C A. Therefore
x € mInt(A). Hence the result. O

A subcollection G (not containing the empty set) of p(X) is called a grill [5] on
X if G satisfies the following conditions:

1. Ae §Gand A C B implies B € G;
2. A,BC X and AU B € G implies that A € Gor B € G.

An m-space (X, M) with a grill § on X is called a grill m-space and is denoted as
(X, M, 9).
3. pg-Operator
In this section we shall obtain a topology with the help of pg-Operator.
Definition 3.1. Let (X, M) be an m-space and G be a grill on X. A mapping pg:
O(X) = p(X) is defined as follows: pg(A) = p(A) ={z e X:ANU € G for all
U e M(x)} for each A € p(X), where M(z) = {U € M: x € U}. The mapping ¢

is called the operator associated with the grill G and the m-structure M on X.
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Properties of ¢g:
(1). Let (X,M, G) be a grill m-space. Then ¢(¢) = ¢.

Proof: Obvious from definition. O

Corollary 3.2. Let (X, M, G) be a grill m-space. Then for G ¢ G, o(G) = ¢.

(2). Let (X,M,S) be a grill m-space. Then for A C X, ¢(A) C mCI(A).
Proof. Let & ¢ mCI(A), then from Theorem 2.3, U € M(x) such that UNA = ¢ ¢
G. Implies that ¢ p(A). Hence ¢(A) C mCI(A).

(3). Let (X,M,9) be a grill m-space. Then for A C X, mCl[p(A)] C ¢(A).

Proof: Let € mClp(A)] and U € M(z) then U Np(A) # ¢. Let y € U N p(A).
Then y € U and y € ¢(A). Therefore UN A € G, and hence x € p(A). Thus
mClp(A)] € p(A). o

Corollary 3.3. Let (X, M,G) be a grill m-space. Then for A C X, p(A) is an
m-closed set.

(4). Let (X, M, G) be a grill m- space. Then for A C X, ¢[p(A)] C ¢(A).

Proof: From (2), ¢[p(A4)] € mCl[p(A)]. Again from (3), mCl[p(A)] C ¢(A). So,
elp(A)] S p(A). O

(5). Let(X,M,SG) be a grill m- space. Then for A, B C X and A C B, p(4) C
¢ (B).
Proof: Let z € ¢(A). Then for all U € M(z), UN A € . Again it is obvious that
UNB € § (from definition of grill). Hence x € ¢(B). ]

(6). If G1 and Gy are two grills on m-space (X, M) and G1C Gs , then ¢g,(A) C
Pga(A).
Proof: Obvious. O

(7). Let (X,M,S) be a grill m-space. Then for A, B C X, p(AUB) = p(A)U
¢(B)-
Proof: From (5), ¢(A4) U@(B) C ¢(AU B). For reverse inclusion, suppose that
x ¢ p(A)Up(B). Then there are Uy, Us € M(z) such that Uy NA ¢ G, UsNB ¢S
and hence (U1 NA)U(UsNB) ¢ 5. Now Uy NU; € M(z) and (AUB)N(U;NU:) C
(U1 N A)U(UznB) ¢ G, so, x ¢ o(AU B). Therefore p(AU B) C p(A) U p(B).
Hence the result. O

(8). Let G be a grill on m-space (X, M). If U € M, then UNp(A) = UNp(UNA),
for any A C X.

Proof: From (5), UN (U N A) C U N (A). For reverse inclusion, suppose
x € UNp(A) and V € M(z). Then UNV € M(x) and 2 € p(A), implies
(UNV)NAeSG So(UNA)NV €G. This implies that z € (U N A). Thus
xeUnNeplUnA). O
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(9). Let G be a grill on m-space (X, M) and A, B C X. Then [p(A4) \ ¢(B)] =
[p(AN B)\ ¢(B)).
Proof: Here, p(A) = ¢[(A
[6(A\ B) U o(B)](from (5)
p(A\ B) € ¢(A)(from (5)).
Hence [p(A) \ ¢(B)] = [#(A

\ B) U(AN B)] = [p(A\ B) Up(AN B)|(from (7))C

). Thus [p(A) \ @(B)] C [p(A\ B)\ ¢(B)]. Again,
This implies that [p(A\ B) \ ¢(B)] € [¢(4) \ #(B)].
\ B)\ #(B)]. O

Corollary 3.4. Let G be a grill on m-space (X, M) and suppose A, B C X with
B¢ SG. Then o(AUB) = p(A) = p(A\ B).

Proof: We know from (7), (AU B) = ¢(A)Up(B) = ¢(A) (from Corollary 3.2).
Again from Property5, (A \ B) C p(A). Also from (5), [p(A) \ ¢(B)]C ¢(A\ B).
This implies that p(A) C (A \ B), since B ¢ G. Thus p(A) = (A \ B). O

Let G be a grill on the m-space (X, M). We define a map CL : p(X) — p(X)
by CL(A) = AU p(B), for all A € p(X). Then we have:

Theorem 3.5. The above map CL satisfies Kuratowski Closure axioms.

Proof: From Propertyl, CL(¢) = ¢, and obviously A C CL(A). Now CL(AU B)
= (AUB)Up(AUB) = (AUB)Up(A)Up(B)(from Property7)= CL(A)UCL(B).
Again for any A C X, CLICL(A)] = CLIAUp(A)] = [AUp(A)]Up[AUp(A)] =
AU p(A)Ug[p(A)](from Property7) = AU p(A) (from Propertyd) = CL(A). O

If G is a grill on the m-space (X, M), then from Kuratowski Closure operator
CL, we get an unique topology on X which is given by following:

Theorem 3.6. Let (X,M,S) be a grill m-space. Then toqg ={V C X : CL(X \
V)= X \V} is a topology on X, where CL(A) = AU @(A).

We denote the closure of A with respect to the topology Tacg by Targ-cl(A)
Properties of the topology 7ag:

Theorem 3.7. (a). IfS1 and Gy are two grills on X with G1CGa, then Tatg2CTng1 -
(b). If G is a grill on a set X and B ¢ G, then B is closed in (X, Tag).

(¢). For any subset A of a m-space (X, M) and any grill G on X, ¢(A) is Toyg-
closed.

Proof: (a). Let U € 7a(g2. Then 7yge-cl(X \ U) = CL(X \ U). This implies
that (X \U) = (X \U) U pga(X \ U). Thus ¢pg,(X \ U)C (X \ U). Implies that
g1 (X \U)C (X \U)(from Proprerty6). So (X \U) = tagi-cl(X \ U), and hence
U e TMG1-

(b). It is obvious that, for B ¢ G, ¢(B) = ¢ . Then Tyg-cl(B) = CL(B) = BUp(B)
= B. Hence B is 7yg-closed.

(c). We have, CL(p(A)) = p(A) Up(p(A)) = ¢(A). Thus ¢(A) is Targ- closed.
Here we find a simple open base for the topology 7arg on X. O
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Theorem 3.8. Let (X, M, G) be a grill m- space. Then S(M,G) ={V\A:V eM
and A ¢ G} is an open base for Tyg.

Proof: Let U € 7og and « € U. Then (X \ U) is Tovg-closed so that CL(X \ U)
= (X'\U), and hence o(X \U) C (X \U). Then = ¢ ¢(X \ U) and so there exists
V € M(z) such that (X\U)NV ¢ G. Let A = (X \U)NV, then ¢ A and
A¢G Thusz e (V\NA) =V\[(X\U)NV]=V\(V\U)CU,V\AecpM,G).
It now suffices to observe that S(M,SG) is closed under finite intersections. Let
i\ A, Vo \ B € f(M,9), that is Vj, Vo e Mand A, B¢ G. Then V1NV, € M
and AUB ¢ G. Now, (V1 \ A)N(V2\ B) = (VinV2)\ (AU B) € (M, §), proving
ultimate that 5(M, G) is an open base for Ty(g. O

Corollary 3.9. For any grill G on an m-space (X, M), MC 5(M,G) C Tag-

4. ¢ ,-Operator

An important result in topological space (X, 7) is:
Int(A) = X \ CI(X \ A)[8]. This is the relation between interior and closure
operators. Same relation also hold in m-space(Theorem 2.4). In this section we
are interested to find out the similar result with the help of g and v, operators.

Definition 4.1. Let (X, M, G) be a grill m- space. An operator ¢, : p(X) — M is
defined as follows for every A € p(X), ¥,(A) = {z € X: there exists a U € M(z)
such that U\ A ¢ G} and observe that 1 ,(A) = X \ p(X \ A).

Several basic facts concerning the behavior of the operator 1, are given bellow:

Theorem 4.2. Let (X, M,G) be a grill m-space. Then following properties hold:
(i). If AC X, then ¢ ,(A) is M-open in (X, M).

(). If AC B, then ¢ ,(A) C ¥, (B).

(iii). If A, B € p(X), then (AN B) = ,(A) N, (B).

(). If U € Tog, then U C z/JSD(U).

(1), FAC X, then ¥,(4) € 0, (,(A).

(vi). Let A C X, then ¢ ,(A) = 50( (A)) if and only if p(X \ A) = ¢[p(X \ A)].
(vii). If A¢ G, then ¢ ,(A) = X\(p(

(viii). If A C X, then ANy, (A) = Tg-int(A) (where Tyg-int(A) denote the
interior operator of (X, ij[g))

(iz). If AC X and G ¢ G, then ¢ ,(A\ G) = 1, (A).

(x). fACX and G ¢ G, then ¥ ,(AUG) =1, (A).

(zi). If A,BC X and (A\ B)U(B\ A) ¢ G, then ¢,(A) = ¥,(B).

~—

Proof: (i). Obvious from definition.

(ii). Obvious from Property5.

(iii). Tt is obvious from (ii), ¥, (A N B) C ¢ ,(A) and ¢,(A N B) C 9 ,(B).
Hence ¢,(ANB) C ¥,(A) N, (B). Now, let x € 1,(A) N1, (B). There exists
UV € M(z) such that U\ A ¢ Gand V\ B ¢ G. Let G =UNV € M(z) and
we have G\ A ¢ G and G\ B ¢ G(from definition of grill). Thus [G \ (AN B)] =
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[(G\NA)U(G\ B)] ¢ G (from definition of grill), and hence x € 9,(A N B). We
have shown that ¢,(A) N1, (B) € ¢,(AN B). Hence the prove is completed.
(iv). If U € Tag, then X \ U is 7org-closed which implies (X \ U) C (X \ U) and
hence U C [X \ (X \ U)] = 4, (U).
(v). This follows from (i) and (iv).
(vi). This follows from the facts:

L 0 (4) = X\ o(X\ A).

2. G, (A)) = [X \ g[X \ (X \ (X \ A))]] =
(vii). We know from Corollary 3.4, p(X \ A)

X\ p(X).

(viii). If 2 € AN, (A), then v € A and there exists a U € M(x) such that
U\ A ¢ G. Then by Theorem 3.8, [U \ (U \ A)] is a Tyg -open neighbourhood
of z and x € Tyg-int(A). Conversely suppose that x € Tyrg-int(A), there exists
a basic Tyg-open neighbourhood V' \ G of « where V' € M(z) and G ¢ G, such
that x € V'\ G C A which implies that V' \ A C G and hence V '\ A ¢ G. Hence
r € AN, (A).

(ix). ¥, (A\G) = [X\@[X\ (A\G)]] = [X\p[(X\ A UG = [X\ p(X\ A)](since
G ¢9)" v, (4.

(). B (AUG) = X\ p[X\ (AUG)] = X\ p[(X\ 4)\ G)] =X \ (X \ A)(from
(5)= 1, (4).

(xi). Assume (A\ B)U(B\ A) ¢ G. Let A\ B=G; and B\ A = G2. Observe
that G1, G2 ¢ G (from definition of grill). Also observe that B = (A \ G1) U G.
Thus 6, (4) = $,(A\ G1) — $,[(A\ G1) U Ga] — t,(4)(from (ix) and (x)). O

[X\ plp(X \ A)]].
= p(X) it A ¢ G. Then ¢, (A) =

Corollary 4.3. Let (X,M,§) be a grill m-space. Then U C v, (U) for every
UeM.

Proof: This follows from the fact MC 7g. O
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