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Inextensible Flows of Spacelike Curves on Spacelike Surfaces according
to Darboux Frame in M3
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ABSTRACT: In this paper, we study inextensible flows of spacelike curves on ori-
ented spacelike surfaces in M? We give necessary and sufficient conditions for inex-
tensible flows of spacelike curves on oriented spacelike surfaces in M?
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1. Introduction

Construction of fluid flows constitutes an active research field with a high indus-
trial impact. Corresponding real-world measurements in concrete scenarios com-
plement numerical results from direct simulations of the Navier-Stokes equation,
particularly in the case of turbulent flows, and for the understanding of the com-
plex spatio-temporal evolution of instationary flow phenomena. More and more
advanced imaging devices (lasers, highspeed cameras, control logic, etc.) are cur-
rently developed that allow to record fully timeresolved image sequences of fluid
flows at high resolutions. As a consequence, there is a need for advanced algorithms
for the analysis of such data, to provide the basis for a subsequent pattern analysis,
and with abundant applications across various areas.

This study is organised as follows: Firstly, we study inextensible flows of space-
like curves on oriented spacelike surfaces in M3. Finally, we give necessary and
sufficient conditions for inextensible flows of spacelike curves on oriented spacelike
surfaces in M.

2. Preliminaries

The Minkowski 3-space M provided with the standard flat metric given by

(,) = —da? + da3 + dsr:?),,
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where (1,22, 3) is a rectangular coordinate system of M3. Recall that, the norm
of an arbitrary vector a € M3 is given by |a|| = v/(a,a). 7 is called a unit speed
curve if velocity vector v of v satisfies |la|| = 1.

Denote by {T, N, B} the moving Frenet—Serret frame along the spacelike curve
7 in the space M3. For an arbitrary spacelike curve « with first and second curva-
ture, x and 7 in the space M, the following Frenet—Serret formulae is given

T = &N
N = kT+7B (2.1)
B = 7N,
where
(T, T) = 1,(N,N)=-1,(B,B) =1,
(T,N) = (T,B)=(N,B)=0.

Here, curvature functions are defined by x = k(s) and 7 = 7(s).
Torsion of the spacelike curve -~y is given by the aid of the mixed product
/ 7 "
__ b
2

A surface M in the Minkowski 3-space M3 is said to be space-like, time-like
surface if, respectively the induced metric on the surface is a positive definite
Riemannian metric, Lorentz metric. In other words, the normal vector on the
spacelike (timelike) surface is a timelike (spacelike) vector [9].

If the surface M is an oriented spacelike surface, then the curve a(s) lying on
M is a spacelike curve. Thus, the equations which describe the Darboux frame of
a(s) is given by :

T = k4P + kyn,
P = —k,T+7yn, (2.2)
n = k,T+7,P,

where T, P,n satisfy the following properties:

< T,T>=1 <nn>=-1, <P P>=1,
< Tn>=<T,P>=<n,P>=0.

In this frame T is the unit tangent of the curve, n is the unit normal of the
surface M and P is a unit vector given by P =n x T.
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3. Inextensible Flows of Spacelike Curves on Spacelike Surface
according to Darboux Frame in M3}

Let « (u,t) is a one parameter family of smooth spacelike curves in M.
The arclength of « is given by

r1o
s(u) = / ga du, (3.1)
0
0
where
1
O Oa Oa\ |2
— ==, = . 3.2
’8u ’<8u’6u>‘ (32)
0 . . .
The operator 75 is given in terms of u by
S
9 _10
ds vou’
where v = 3 and the arclength parameter is ds = vdu.
U
Any flow of « can be represented as
0
a% = APT + APP + APn, (3.3)

where AP, AP AP are smooth functions.
Letting the arclength variation be

s(u,t) = /vdu.
0

In the M3 the requirement that the curve not be subject to any elongation or
compression can be expressed by the condition

—s(u,t) = %du =0, (3.4)
0

for all u € [0,1].

Definition 3.1. Let M be an oriented spacelike surface and o lying on M in

0
Minkowski 3-space M. The flow 8—(;

2 |0
ot | Ou

on M are said to be inextensible if
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Lemma 3.2. Let M be an oriented spacelike surface and a lying on M in Minkowski

3-space M. The flow aa—? =APT + APP +A3®n is inextensible if and only if

0 OAP
a—z - 8u1 = —AYvky + AT vk, (3.5)
Oa

Proof: Suppose that be a smooth flow of the spacelike curve «. Using definition

ot

of a,, we have

Oa o
2 _
v _<6u’3u>' (8:6)

0

0
0 and En commute since and are independent coordinates.
u
Further differentiation of (3.6) gives

0, _ 9 [0a Oa
ot ~ ot \ou ou/"

On the other hand, changing ; and %, we have
u

o0 _ (00 0 da
Yor ~ \owau o’/
From (3.3), we obtain

v [O0a O , g D D
’Uat—<8u,8u(.A1T+.A2P+A3n) .
By the formula of the Darboux, we have

AP
ou

v T <5‘A?

- ou

5% =< - AQDU/QQ + .A?UK,L> T + <A?1mg +

+ A?v@) P

A’D
+ <A1®Ulin + APvT, + a&ug ) n>.

Making necessary calculations from above equation, we have (3.5), which proves
the lemma. O

Theorem 3.3. Let M be an oriented spacelike surface and a lying on M in

0
Minkowski 3-space M. The flow 8—(; is inextensible if and only if

D
aaAul = ADvk, — AT vk, (3.7




INEXTENSIBLE FLOWS OF SPACELIKE CURVES 13

0
Proof: Assume that ga be inextensible.

ot

0
By Definition 3.1, the flow a—? is inextensible if and only if

u

7 D
gs(u, t) = %du = / (8;[”1 — ADvkg + A?vmn> du = 0. (3.8)
0 0

Substituting (3.5) in (3.8) complete the proof of the theorem. O
We now restrict ourselves to arc length parametrized curves. That is, v = 1
and the local coordinate w corresponds to the curve arc length s. We require the

following lemma.

Lemma 3.4.

oT OAZ OAD
5 = (A?ng + 652 +A§?Tg> P+ (.A?/{n +AD T, + 8;) n, (3.9)
oP OAY
5 = - (A?ng + 852 +A§3rg) T + ¢n, (5.10)
on OAZ
5 = <A?/<;n+fl2®7g+ a; )Twp, (8.11)
opP
h =(—= .
where < 5 ,n>
Proof: Using definition of «, we have
o 00a 0
Tl %(AIDT +APP + AT ).
Using the Darboux equations, we have
oT AP A
5 = ( 881 — APk, +A§3nn> T + <A?ng + 852 +A?7g> P
OA?
+ (A?Iin + AT, + 853 ) n. (3.12)
Thus, we rewrite (3.12) as follows:
oT OAY OA?
i (.AlDlig + Tj Jrf[?rg) P+ <A?/~$" +.AQDT9 + 833> n

Considering (3.12), we have
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OAY

APky + =2 + AP7, + <T,

Os

OAZ
—A?ﬁn —A?Tg — 3 4 <T

Os
on
w+< at> — 0.

Then, a straightforward computation using above system gives

Is sl 53

opP OAY
ot (A?Hg 852 DTg) T+ym,
0 OAY
a%l - (A?nn + AP, + 353 ) T — YP,
opP
h =( = .
where 1) <6t ,n>
Thus, we obtain the theorem. O

The following theorem states the conditions on the curvature and torsion for
the flow to be inextensible.

Theorem 3.5. Let M be an oriented spacelike surface and o lying on M in

0
Minkowski 3-space M3. If 8—? 1s inextensible, then the following system of partial
differential equations holds:

Ox 0 AP 0 OAZ
aitg—/‘@nw = o5 (AD Kg) + D5 22 + 5 D5 (A3 79)+~A?5n79 +'A297'_«2;+T;Tg,
Ok, 0 82.,473 OAY
Wergz/; = F(A?H")Jr@ (AT Ty) + + AP K,y + Bp —Z 7, + AT
Proof: Using (3.9), we have

d oT d aA OA3

&E = 5 |:( 2 +‘A3 Tg>P+(.A?KJn +\A2 Tg 833 )n:|

= | (A?&n + AT+ &8433 ) Kn— (Algffg 8:942 + Az Tg) kg] T

82A 0
Al Kg s 22 + Os

DAY
(A3 Tg) + AP KnTg + AY Tg 853 Tg) P

(@t
(o

L9 AT A3
‘Al K)n (AQ ) + 8523 + .A(lD RgTg + 87827'!] + A?T?]) n.
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On the other hand, from Darboux frame we have

0 0T 0
ag = a(/ﬂ?gP + :‘inn)

(kg AT K B Tg Kn | AL b + ATy + s ]

Ok, Okg
* WW] nt [ ot W]

Thus,
0 0 0 0?A7 OAP
SRt = (AT Kn) + 5o (ADTy) + S+ APy, + ST, ADT
and
Ok ) AP 0 OA
aitg - Kln’(/J = a(‘AlDKJq) + 8822 + %(.A?’DTQ) +.AlDI‘€nTg + A?Tg + 87837'9.
Thus, we obtain the theorem. O
Corollary 3.6.
, A3 Okin ) ) O*A3
_ (.A{Dngrg —+ 98 ——Tg+ Aj Tg)—i—% =— (g(ﬂ?mn) + s (A%)Tg) + BT;’)—l—mgzb.
Proof: Similarly, we have
don 0 D D OAZ
asat—as|: (‘Al K‘/n+tA27—g+ a T — wP
0 0 D?A3
— - (5P + 45 (A7) + 2 ) + rglT
OAY oy
—|—[—I<;g (.A;Dh:n + _AQDT a53 > 88]
0AY
—[kn (.Alglin +APT, + a—; + Tgw)]n.
On the other hand, a straight forward computation gives
0 0on D GAD o 2 Okn
aios (““1 FoTg + gg Ta T AT | + )T
OAY or
[(.Aﬂmgmn + 55 + A3 KT, ) + E]P
OAY
<A®nn + AP T+ 2 o+ ¢rg>
Combining these we obtain the corollary. O

In the light of Theorem 3.5, we express the following lemmas without proofs:
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Lemma 3.7.

AP or
oL tin AT KinTg + L =~k (““?Fm + AP Ty +

8A§?) o

D
A Kgkn + 95 ) " s

ot

Corollary 3.8. Let M be an oriented spacelike surface, o lying on M and the flow

O
— s inextensible in Minkowski 3-space M. If o is a geodesic curve, then

ot

L _aAQD
ds 0s

07y

ot~

Kp — .A3Dl€n7'g —

Proof: By using k, = 0 in Lemma 3.7, we get above equation. This completes the
proof. O

Corollary 3.9. Let M be an oriented spacelike surface, a lying on M and the flow

e
— s inextensible in Minkowski 3-space M. If o is a principal line, then

ot

o OAD  OAD or
%ng 883 + 852 K + 8—; = fA?ngnn — /igfl?nn,

Proof: Substituting 7, = 0 in Lemma 3.7, we get above equation. This completes
the proof. O

Corollary 3.10. Let M be an oriented spacelike surface, a lying on M and the

e’
flow — is inextensible in Minkowski S-space M. If o is a asymptotic line, then

ot
OAZ oy
D 3
Kg <A279+ 98 > gzo.
Proof: By using k,, = 0 in Lemma 3.7, we get above equation. This completes
the proof. O
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