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Biharmonic 8-Curves According to Sabban Frame in Heisenberg Group
Heis?
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ABSTRACT: In this paper, we study biharmonic curves accordig to Sabban frame
in the Heisenberg group Heis®. We characterize the biharmonic curves in terms of
their geodesic curvature and we prove that all of biharmonic curves are helices in
the Heisenberg group Heis®. Finally, we find out their explicit parametric equations
according to Sabban Frame.
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1. Introduction
Harmonic maps f : (M, g) — (N, h) between manifolds are the critical points

of the energy

2

where v, is the volume form on (M, g) and

E(f)=1 /Me<f>vg, (L1)

e () (@) = 5 1 () e nr s

is the energy density of f at the point x € M.

Critical points of the energy functional are called harmonic maps.

The first variational formula of the energy gives the following characterization of
harmonic maps: the map f is harmonic if and only if its tension field 7 (f) vanishes
identically, where the tension field is given by

7 (f) = traceVdf. (1.2)

As suggested by Eells and Sampson in [6], we can define the bienergy of a map

I by
1

B2 =3 [ Ir (P o, (13)
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and say that is biharmonic if it is a critical point of the bienergy.
Jiang derived the first and the second variation formula for the bienergy in [7,8],
showing that the Euler-Lagrange equation associated to Fs is

T2 (f) = =3 (7(f)) = —A7(f) — traceR" (df, 7 (f)) df (1.4)
= 0,

where g/ is the Jacobi operator of f . The equation 75 (f) = 0 is called the bihar-
monic equation. Since J7 is linear, any harmonic map is biharmonic. Therefore, we
are interested in proper biharmonic maps, that is non-harmonic biharmonic maps.

This study is organised as follows: Firstly, we study biharmonic curves accordig
to Sabban frame in the Heisenberg group Heis?. Secondly, we characterize the
biharmonic curves in terms of their geodesic curvature and we prove that all of
biharmonic curves are helices in the Heisenberg group Heis?. Finally, we find out

their explicit parametric equations according to Sabban Frame.

2. The Heisenberg Group Heis?

Heisenberg group Heis® can be seen as the space R? endowed with the following
multipilcation:

1 1
(f7yvz)(xay7z) = (§+x,y+y,2+z—§§y+§x@) (21)
Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent Lie

group.
The Riemannian metric g is given by

g = da® + dy® + (dz — zdy)?.
The Lie algebra of Heis® has an orthonormal basis

0 0 0 0

e =—, €= —+T—, €3 = —, 2.2
YT o P dy xaz 37 0z (22)
for which we have the Lie products
[61,62} = €3, [e2’e3] = [63,61] =0
with
g(elvel) = g(GQ’eQ) = 9(93763) =1
We obtain
vel e = VGQeQ = Ve3e?> =0,
1
veleQ = *vegel = 563,
1
Veleg = Ve3el = 7562,

1
V9263 = V63e2:§e1.
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The components {R;;x} of R relative to {e1, ey, es} are defined by
Riji = R(ei,e;)e;, Riju = R(ei ej,e;,€) =g (R(eie))e, e).

The non vanishing components of the above tensor fields are

3 1 3
Ri21 = J€a, Riz1 = —7e3, Rizn = —jey,
1 1 1
Ro3a = —2€3 Ry33 = 1€1, Ra33 = 1€2;
and
_ _3 _ _1
Ri212 = —%, Rizi3 = Ragaz = 7. (2.3)

3. Biharmonic 8-Curves According To Sabban Frame In The
Heisenberg Group Heis®

Let v : I — Heis® be a non geodesic curve on the Heisenberg group Heis®
parametrized by arc length. Let {T,N,B} be the Frenet frame fields tangent to
the Heisenberg group Heis® along v defined as follows:

T is the unit vector field v/ tangent to -y, N is the unit vector field in the
direction of V4T (normal to 7), and B is chosen so that {T, N, B} is a positively
oriented orthonormal basis. Then, we have the following Frenet formulas:

VTT = KJN,
VN = —kT+7B, (3.1)
VrB = —7N,

where £ is the curvature of v and 7 is its torsion,

g(T,T) = Lg(N»N):lvg(BaB):lv
g(T,N) = g¢g(T,B)=g(N,B)=0.

Now we give a new frame different from Frenet frame. Let oo : [ — S?—Ieisi“ be
unit speed spherical curve. We denote o as the arc-length parameter of v . Let
us denote t (o) = o’ (o), and we call t (o) a unit tangent vector of a. We now set
a vector s (o) = a (o) x t (o) along «. This frame is called the Sabban frame of «
on the Heisenberg group Heis®. Then we have the following spherical Frenet-Serret
formulae of « :

Vta = t,
Vit = —a+Kgs, (3.2)
Vis = —ng4t,
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where k4 is the geodesic curvature of the curve o on the Sfieisg and

g(t,t) = 1, g(o,a)=1, g(s,s) =1,
g(tva) = g(t,s):g(a,s):().

With respect to the orthonormal basis {e1, e,, e;}, we can write

a = o1e; + azes + azes,
t = tie; +1tres +1t3e3, (33)
S = Ss1€e1 + Sgpez + Szes.

To separate a biharmonic curve according to Sabban frame from that of Frenet-
Serret frame, in the rest of the paper, we shall use notation for the curve defined
above as biharmonic 8-curve.

Theorem 3.1. a: [ — 8%6133 s a biharmonic 8-curve if and only if

kg = constant # 0,
1
1+ Hz = —[Z — 53] + Kg[—ausss), (3.4)
1
Ky — ng = asss3+ Kg[i —al.
Proof: Using (2.1) and Sabban formulas (3.2), we have (3.4). O

Corollary 3.2. a: [ — S%Ieisg s a btharmonic 8-curve if and only if

kg = constant # 0,
1
Ltmy = —[ = s3] + mgl—asss)],
1
/12 = —a353—ﬁg[1—a§].

Lemma 3.3. All of biharmonic 8-curves in S?{eisg are helices.

Theorem 3.4. Let v : I — S%Ieisg be a unit speed mon-geodesic biharmonic
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S-curve. Then, the parametric equations of ccare

sin? ¢ i \/1+’€§

(o) = — cos - —cosp)o + My + Ma,
(\/1+ K2 —singpcosp) S @
2 1+ k2
v (o) = sin” sin|( o - cosp)o + M)+ Mz, (3.5)

(y/1+ K2 —singpcosyp)
(4/1+ K2 —singpcos p)o + My
2(4/1+ k2 —sinpcos p)?

sin 2[ (¥ M5 cos v)o + My

2% (0) = cosypo —sintp

—sin4<p sin ¢
4(\/@ — sin p cos ¢)?
/ 2
M 1+ kK
+ 2 sin3cpsin[(7g —cos)o + My] + My,

(y/1+ K2 —sinpcosp) sin ¢

where My, Mo, M3, My are constants of integration.

Proof: Since « is biharmonic, « is a 8—helix. So, without loss of generality, we
take the axis of « is parallel to the vector e3. Then,

g(t,e5) = ts = cos g, (3.6)

where ¢ is constant angle.
So, substituting the components ¢, to and ¢3 in the equation (3.3), we have the
following equation

t = sin p sin pe; + sin ¢ cos pes + cos pes. (3.7)
The covariant derivative of the vector field ¢ is:
Vtt = (tll =+ tgtg)el + (tl2 — tltg)eg + téeg. (38)

Frrom above equation we have

W1+ K2
(——— —cosp)o + My, (3.10)

p(o) = g

where Mj is a constant of integration.

Thus (3.9) and (3.10), imply

t = singsin[(———— —cosp)o + M]e; (3.11)

+ sin ¢ cos
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Using (2.1) in (3.11), we obtain

[(,/l—i-ng [(,/1—1—/@3

t = (sinpsin - —cos p)o + My], sin ¢ cos - —cosp)o + My],
sin ¢ sin
G2 /14 K2
cos ¢ + sin p(— i 4 cos|( ! cos p)o + M{B.12)

sin ¢

(y/1+ K2 —singcos ¢)
1+ K2
+Ms) cos[(+—

- —cosp)o + My]).
sin ¢

where My, My are constants of integration.
Integrating both sides, we have (3.9). This proves our assertion. Thus, the
proof of theorem is completed. O

We can use Mathematica in above theorem, yields
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