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Existence of solution for a class of biharmonic equations

Najib Tsouli, Omar Chakrone, Omar Darhouche and Mostafa Rahmani

ABSTRACT: In this paper, We prove the solvability of the biharmonic problem

Ay = f(z,u)+h in Q,
u=Au=0 on 012,

for a given function h € L2(Q), if the limits at infinity of the quotients f(x,s)/s and
2F (x,8)/s? for a.e. € Q lie between two consecutive eigenvalues of the biharmonic
operator A?, where F'(z, s) denotes the primitive F(z,s) = [; f(x,t)dt.
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1. Introduction
In this paper, we study a class of biharmonic problem of the form

A%y = f(x,u) +h in Q,

(1.1)
u=Au=0 on 010,

where 0 € RV (N > 4) is a bounded smooth domain, A? denotes the biharmonic
operator defined by A%u = A(Au). Let further f: Q x R — R be a carathéodory
function such that

(R) my(x) = mzix|f(z, s)| € L*(Q) for each r >0, (1.2)

Is|

and h € L?(Q). We will also assume the conditions :

() A <l(z):= liminfM < limsupM =k(z) < N1
[s| =00 B |s|—o0 s
uniformly for a.e. x € Q, and
2F 2F
(F) Ai < L(z) = liminf@ < 1imsup@ = K(z) < A\ig1
[s| =00 B |s|—o0 s
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uniformly for a.e. a € Q, with strict inequalities A\; < L(z), K(z) < A\;j+1 holding
on subsets of positive measure where F(x,s) = fos f(z, t)dt and \; < i1 are two
consecutive eigenvalues of the problem A2y = Au in Q, u = Au = 0 on 0.

The conditions imposed on f are usually classified as non-resonant or resonant,
according as they yield the solvability of problem (1.1) for every h or not.

Many papers have been devoted to the obtention of resonant conditions of the
second order problem

{_Au:f(x,u)—i—h in Q, (1.3)

u=20 on 0%,
where h € LP(Q)), for some suitable p > 2 is given.
See for instance [6], [1] and the references given there.
To the best of our knowledge, the solvability of boundary value problem (1.1) has
not been studied till now. The main purpose of this paper is to extend some of
the results known in [1], concerning the Dirichlet problem (1.3) to the biharmonic
problem (1.1) with Navier boundary condition.
Our main result is the following :

Theorem 1.1. Under hypothesis (f) and (F), problem (1.1) is solvable for any
given function h € L*(Q)

The proof is based on variational method, we will use the well-known Rabi-
nowitz saddle point theorem [3].
The plan of this paper is the following : in section 2, we prove some preliminary
lemmas. In section 3 we give the proof of our main result.

2. Preliminary lemmas

From the conditions (R) and (f), it follows that there exist constants a, A > 0
and functions b € L?(Q), B € L'(2) such that :

(1) [f(z,s) <als|+b(x), 2€Q, seR,
(2)  |F(z,8)| < As* + B(z), x€9Q, scR,

hence the functional

I(u) :%/Q (Au)de—/QF(x,u)dx—/ﬂhu dx

is well-defined and of class C*' on the space H := H}(2) N H*(Q) with norm

1/2
Jull = 1)z = ( ] |upaz) ™,

where ||.|[z2 denote the usual norm in L?((2).
The derivative I'(u) € H* is given by

<TI'(u),w >:/Aqu de — | f(z,u)w dx—/hw dx
Q Q Q
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for all u,w € H.
Thus the critical points of I are precisely the weak solutions u € H of (1.1).
Let (uy,) C H be an unbounded sequence. Then, defining v,, by

Un
Un = )
[[n |
we have |lv,|| = 1 and , passing if necessary to a subsequence (still denoted by

(vn)), we may assume

v, — v weakly in H,
v, — v strongly in L*(Q), (2.1)
vp(x) — ov(z) ae in Q
and v, (7)| < z(z) a.e., where z € L?(Q).

Now, assuming (f), we obtain that the sequence (f|(‘;uﬁ)) is bounded in L?(Q).
Thus for a subsequence

f(,un)

[[unl

— f weakly in L?() (2.2)

Lemma 2.1. The function f above satisfies

(z)
v(z)

i

I(z) <

< k(@) if v(x) #0, (2.3)
f(z) =0 if v(z)=0, (2.4)
(

(
where v and 1, k are given in (2.1) and (f), respectively.

Proof: see [2, Lemma 4]. O

Lemma 2.2. Let ¥, (z) = 22@8n(@) = re 11, 1| — 400 then

llun I
L(z)v(z)? < liminf ¥,,(z) < limsup ¥,,(z) < K(z)v(z)? (2.5)
for a.e. x€Q, where v and K, L are given in (2.1) and (F), respectively.
Proof: see [1, Lemma 2]. O

The next result is a consequence of the equivalence between the unique contin-
uation and the strict monotonicity of the biharmonic operator.

Lemma 2.3. (see/[}]) Let m : Q — R be a L°(Q) function satisfying A; < m(x) <
Aig1, with A; < m(x) and m(z) < A\iy1 on subsets of positive measure. If v € H is
a weak solution of

{ A%y =m(x)v in 9,

v=Av=0 on 082, (2.6)

then v = 0.
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3. Proof of the theorem 1.1

First we need to study the functional I : H — R defined in the introduction.
Throughout this section we will assume that conditions (f) and (F) hold.

Proposition 3.1. The functional I satisfies the Palais-Smale condition (PS).

Proof: : Let (u,) € H be such that

[ (un)| <C (3.1)

| < I'(up),v>|= ‘/Q Au,Av dx — Qf(x,un)v dx — /Q ho d:c‘ <enllvl] (3.2)

for all v € H, where C is a constant and &,, — 0 as n — 4o00. In order to show that
(un) has a convergent subsequence, it suffices to show that (u,) remains bounded
in H.

Suppose by contradiction that ||u,| — 400 as n — 4o00. Then , as we observed in
the previous section, (a subsequence of) v, = m is such that

v, — v weakly in H,
v, — v strongly in L*(Q),

vp(z) — wv(x) ae. in Q

and v, (7)| < 2(z) a.e , where z € L*(9).
Moreover, we have

! |(|uu|T) —+ f weakly in L2(Q) (3.3)

where f satisfies )
I(x) < {)((g < k(z) if v(x)#0, (3.4)
fl@x)=0 if v(z)=0 (3.5)

Let us define

I it () #0,
m(z) =
A= %()\1 + )‘i-i-l) , if ’U(m) =0.
Then f = m(z)v(z) and, by (3.4) and (3.5) we have

l(z) <m(x) <k(z) if v(x)#0 (3.6)
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so that A; < m(x) < A\iy1 in view of (f).
Now, we use (3.2) with v = u,, and we divide by |u,||* to obtain at the limit

/ 7f(z,un)vn de — 1
o lunll

/va de =1 (3.8)

Consequently

so that v # 0, necessarily.
On the other hand, for any w € H, we have that

|<I’(un w > | ‘/A A fxun / ‘ E|| w| 0
Upn AW — >~ <n
o fluwall lunll " Tl [lwnll

from which using (3.3) and the fact that v,, — v weakly in H, we obtain

/AvAw = / fw, forall we H.
Q Q

Using Lemma 2.1, we see that v € H is a weak solution of the problem

{ A2 =f=mv in Q, (3.9)

v=Av=0 on 0N
Now, we will distinguish three cases : (i) m(x) = A; (il) m(x) = \j41 and (iii)

Ai <m(z) < A1 with A; < m(x) and m(x) < A\j41 on subsets of positive mea-
sure. We will see that each case leads to a contradiction.

case(i) : If m(z) = X;, then by multiplying (3.9) by v, integrating, and using

(3.8) we obtain :
/Q(Av) :/\z—/Qv =1 (3.10)

On the other hand, from (3.1) we obtain
2 (uy, 2 (x, uy, 2
[[n | o |luall [unll Jo

/ 2F(z,uy) 1 (3.11)

[[n |

So that

Therefore, combining (3.10), (3.11) and Fatou’s lemma yields

2F (2, un 2F (2, up,
/’U = hm/ (=, Z > / 1iminf($712) (3.12)
Q [Junll 0 [[wn|

Using Lemma 2.2 we get
)\i/ v? > / L(z)v?
Q Q
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But then, since L(z) > \;, we obtain L(x) = \; a.e. in Q which contradicts (F).

Case(ii) : Similarly to the case (i), if m(x) = A1 we obtain

1= )\iJrl/ ’U2
Q

2F n ) 2F (x, up
)\iJrl/ v? = lim Ll;) < / hmsup(zil;)
Q o llunll Q [[wa]

)\i+1/v2 S/K(m)v2
Q Q

by Lemma 2.2 , and as K(x) < A\;+1, we conclude that K(x) = A\j41 a.e. in Q
which again contradicts (F).

and

so that

Case (iii) : Since v # 0, this case can not occur in view of Lemma 2.3.

Since neither one of cases (i), (ii), (iii) can occur, this shows that any (PS) sequence
must be bounded, so that the functional I satisfies the Palais-Smale condition. O

Now, let us consider the decomposition of the space H as H =V & W where
V' is the subspace spanned by the eigenfunctions corresponding to Ai, ..., \; and
W=Vt
We define the two functionals A and B as follow :

A@) = ||o])? /Q L), Vo €V,

Bw) = [l [ K@ vo e W,

We recall the two useful inequalities [5]:

/(Av)2 S)\i/v2, Yo e V.
Q Q

/ (A’LU)2 Z )\i+1 / ’LU27 Yw e W
Q

Q
and the characterization of the first eigenvalue A; of A? on H defined by

Alzinf{/ |Auf*dx : we€ H and /|u|2dz:1}.
Q Q

They will be used in the proof of the the next proposition following the same ideas
as in [1].

Proposition 3.2. There exists § > 0 such that :
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(a) B(w) > d|jw|?, Yw e W;
(b) I(w) = 400 as [|w| = 400, weW;
(c) A(v) < —6|v||?, Yo eV;

(d) I(v) = —oc0 as ||v]] = +o0, veEV.
Proof: (a) First, since ||w[|? > Aij1]|w||32, for all w € W, we have
B(w) > / (N1 — K(x))w? >0, Ywe W. (3.13)
Q

By contradiction if (a) does not hold, then there exists a sequence w,, € W such
that ||w,|| =1, B(wy,) — 0, and for further subsequence w,, — w € W weakly and
w, — w strongly in L?(Q2), so that

B(w) < liminf B(w,) =0
by the weak lower semicontinuity of the convex functional B on W. Therefore, we

get B(w) = 0. We claim that w = 0. Indeed , since B(w) = 0, by (3.13) we get
w = 0 on the set

O = {.’L‘ cN : K(.’L‘) < )‘H—l}'

On the other hand

0= B(w) = [lw]|* - /Q K (z)w? > [[w]|* = A [lw]|7> > 0

hence ||w||* = Xiy1||w||?. which shows that w is an eigenfunction associated to
Ait1. Therefore, since w = 0 on the set Qi of positive measure, using the unique
continuation principle we get w = 0.

But, then we have w,, — w = 0 in L?(2), hence

B(wy) =1 —/QK(x)wi —1

which contradict B(w,) — 0. O

(b) Let 0 < & < 611 where § is given above. By (F) there exists b. € L'(2) such
that

2F (x,8) < (K(x) +¢)s* + be(x)
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for a.e. x € Q and all s € R. Therefore, we obtain for all w € W,

2(w) = ol =2 [ Flow) -2 [ ho
> Jul - [ (@) + ot -2 [ o [0,
= B(w)fs/ﬂw272/9hwf/9bg

> llwl® —ellwlZ2 = 2[h] 2wl z2 — bel| e
g
> Ollwl® - A,—I\wll2 = Cifw] = C2
1+1
3
> (0= 3 )llwl® = Crflw] -
1+1

where § — == > 0 and |l.llz1 denote the usual norm in L*(2). It follows that
I(w) = +o0 as ||w] — +o0, weW. O

(c) Since [[v]|* < \||v]|32 for all v € V, we have
Av) < / (N — L(z))v* <0, YoeV.
Q

Similarly to (a), we prove that A(v) = 0 implies v = 0, by showing first that v =0
on the set Qp = {xr € Q@ : \; < L(z)} of positive measure and that v is an
eigenfunction associated to A;. Then by contradiction, we obtain v,, € V such that
|lvn]l =1 and A(v,) — 0, where we may assume that v, — v € V in H since V is
of finite dimension. Therefore we obtain A(v) = 0 so that v = 0 and consequently
Jo L(x)v2 — 0, but then , it follows that

Av,) =1— / L(z)v? =1
Q
which contradict A(v,) — 0. O

(d) Let 0 < € < 0Aq, fixed. By the assumption (F) we get
2F(z,5) > (L(z) — £)5* — b ()
for all a.e. z € Q and all s € R, which implies
21(v) < A(v) +ellvllZs + 2llhllz2[lvllz + (bl

< —@=)lel? + Cillell + Co
1

for all v € V.. Since § — 5= > 0 it follows that I(v) — —oo as [[v|| = 400, vE V.
a
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Now we are in position to prove our main result.

Proof of Theorem 1.1.
We write the functional I as :

I = gl = [ (Plo.)+ huo

1
= SlulP+NG@), wen,

where N(u) = — [, (F(z,u) + hu)dz

Note that I is weakly lower semicontinuous, as the sum of the weakly lower
semicontinuous functional 1|.|[* and the weakly continuous functional N. There-
fore, since I is coercive on W by Proposition 2(b), the infimum g := iII/IVfI > —00

is attained. Now, let o < 3, by Proposition 2(d), there exists R > 0 such that
I(v) <« for all v € V with |jv]| > R.

Finally, since I satisfies the Palais-Smale condition by Proposition 3.1, we can use
the saddle point theorem of P. Rabinowitz [3] to conclude the existence of a critical
point @ € H of I with I(a) > S. O
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