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M?-Type Sharp Estimates and Weighted Boundedness for
Commutators Related to Singular Integral Operators Satisfying a
Variant of Hérmander’s Condition

Daging Lu and Lanzhe Liu

ABSTRACT: In this paper, we prove the M*-type sharp maximal function estimates
for the commutators related to some singular integral operators satisfying a variant
of Hormander’s condition. As an application, we obtain the weighted boundedness
of the commutators on Lebesgue and Morrey spaces.
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1. Introduction

As the development of singular integral operators(see [14,15]), their commuta-
tors have been well studied(see [4]). In [13], the authors prove that the commuta-
tors generated by the singular integral operators and BM O functions are bounded
on LP(R"™) for 1 < p < oo. Chanillo (see [1]) proves a similar result when sin-
gular integral operators are replaced by the fractional integral operators. In [§],
some singular integral operators satisfying a variant of Hérmander’s condition are
introduced, and the boundedness for the operators are obtained(see [8,16]). The
purpose of this paper is to prove the sharp maximal function inequalities for the
the commutators related to some singular integral operators satisfying a variant of
Hoérmander’s condition. As an application, we obtain the weighted boundedness of
the commutator on Lebesgue and Morrey space.

2. Preliminaries

First, let us introduce some notations. Throughout this paper, @) will denote a
cube of R™ with sides parallel to the axes. For any locally integrable function f,
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the sharp maximal function of f is defined by

#(p
f7( = s |Q|/ |f(y) — foldy,

where, and in what follows, fo = |Q|™! fQ x)dz. We say that f belongs to

BMO(R™) if f# belongs to L>°(R™) and define ||f||pao = ||f7]|Le-
Let M be the Hardy-Littlewood maximal operator defined by

M(f)(e) = sup o / F@)ldy.

For 1 > 0, let M, (f) = M(|f|")*/". For k € N, we denote by M* the operator M
iterated k times, i.e., M1(f) = M(f) and

MF(f) = M(M*1(f)) when k> 2.

Let ® be a Young function and ® be the complementary associated to ®, we
denote that the ®-average by, for a function f,

Il =it {3>0: gy [0 (F0) ar <1

and the maximal function associated to ® by

Mg (f)(x) = sup || f]|s.0-
reQ

The Young functions to be using in this paper are ®(t) = t(1 + logt) and ®(t) =
exp(t), the corresponding average and maximal functions denoted by || - || (09,0,
M 1ogry and || - ||expr,@s Meapr- Following [13], we know the generalized Hélder’s
inequality and the following inequalities hold:

o7 . @iy < 5llclllls o

11l Laogr).@ < Mrogr)(f) < CMP(f),
Ilf = falleapr.@ < ClIflBao
and
IIf = follexpr 2xq < Ckl|fl|lBMmoO-
The A, weight is defined by (see [7])

A, = {w e Ll (R"): sup <|Q| / (a:)da:) (rclﬂ/Qw(x)l/@l)dx)pl < oo},

1 <p<oo,
Ay ={we L} (R"): M(w)(z) < Cw(x),a.e.}
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and

A = 4.

p>1

Given a weight function w. For 1 < p < oo, the weighted Lebesgue space LP(w)
is the space of functions f such that

1/p
Wil = ([ r@Puteis) <.

Definition 2.1. Let ® = {¢y,...,0,,} be a finite family of bounded functions in
R™. For any locally integrable function f, the ® sharp maximal function of f is
defined by

m

1
MEDE =swp it 170 = Y ey mg - vy
where the infimum is taken over all m-tuples {c1,...,cm} of complex numbers and

xq is the center of Q. Forn >0, let

1/n
ME,(f)e) = sup inf ﬁ /Q F9) =S ¢i0;(wq — y)l"dy
j=1

Q>3x {c1,00s Cm,

Remark 2.2. We note that Mf ~f*ifm=1and ¢, =1.

Definition 2.3. Given a positive and locally integrable function f in R™, we say
that f satisfies the reverse Holder’s condition (write this as f € RHoo(R™)), if for
any cube @ centered at the origin we have

1
0< ilelgf(:v) < C@/Qf(y)dy.

In this paper, we will study some singular integral operators as following(see
[16]).
Definition 2.4. Let K € L*(R"™) and satisfy

|K][r= < C,

[K ()] < Cla| ™",

there exist functions By, ...By, € Li, (R™ —{0}) and ® = {¢1,..., ¢, } C L=®(R"™)
such that |det[¢;(y:)]|> € RHoo(R™™), and for a fired § > 0 and any |z| > 2|y| > 0,

” [y°
K (z—y) - ;Bj(x)sbj(yﬂ S P
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For f € C§°, we define the singular integral operator related to the kernel K by
T(f) (=) = ; K(z—y)f(y)dy.

Let b be a locally integrable function on R™. The commutator related to T is defined
by
T(7)(a) = [ (ble) b)) K (e~ ) )y,

n

Remark 2.5. Note that the classical Calderon-Zygmund singular integral operator
satisfies Definition 2.4 (see [14,15]).

Definition 2.6. Let ¢ be a positive, increasing function on R™ and there exists a
constant D > 0 such that

©(2t) < Do(t) for t>0.

Let w be a weight function and [ be a locally integrable function on R™. Set, for
1<p<oo,

1/p
1

fllerewy = sup —/ F)[Pw(y)dy :

11| Lo (w) L R Q(z,@' (y)|Pw(y)

where Q(x,d) = {y € R™ : |x —y| < d}. The generalized Morrey space is defined by
LP#(R™ w) = {f € Lipo(R") : || fll o) < 00}

If p(d) = d", n > 0, then LP¥(R",w) = LP"(R"™ w), which is the classical
weighted Morrey spaces (see [11,12]). If o(d) = 1, then LP¥(R",w) = LP(R™, w),
which is the weighted Lebesgue spaces (see [7]).

As the Morrey space may be considered as an extension of the Lebesgue space,
it is natural and important to study the boundedness of the operator on the Morrey
spaces (see [2,5,6,9,10]).

3. Theorems and Lemmas
We shall prove the following theorems.

Theorem 3.1. Let T be the singular integral operator as Definition 2.4, 0 <
r<1andb e BMO(R"™). Then there exists a constant C > 0 such that, for any
feC(R") and & € R™,

Mg (T (1)) < Cllbllzaro (M(f)(#) + M*(T(f))(%)) -

Theorem 3.2. Let T be the singular integral operator as Definition 2.4, 1 < p <
oo, w € Ay and b € BMO(R™). Then T is bounded on LP(w).
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Theorem 3.3. Let T be the singular integral operator as Definition 2.4, 0 < D <
2", 1<p<oo,w€ A and b€ BMO(R™). Then T® is bounded on LP#(R",w).

To prove the theorems, we need the following lemmas.

Lemma 3.4. ([7], p.485) Let 0 < p < q < oo and for any function f > 0. We
define that, for 1/r=1/p—1/q

A llwre = il;po/\l{x € R": f(x) > MY, Ny (f) = S%prXEHLT’/”XEHLTv

where the sup is taken for all measurable sets E with 0 < |E| < oo. Then

1/ llwre < Npo(£) < (a/ (@ = p))/?[| fllwea.

Lemma 3.5. (see [13]) We have
1
=1 [ @g@)lde <|[fllezpr.ell9llLiogr).0-
Rl Jo

Lemma 3.6. (see [16]) Let T be the singular integral operator as Definition 2.3.
Then T is bounded on LP(w) for 1 < p < oo, w € Ay and weak (L', L") bounded.

Lemma 3.7. (see [16]). Let 1 < p < 00, 0 < 1 < 00, w € Ay and & =

{b1, b} C L°(R™) such that |det|p;(y;)]|*> € RHoo(R"™). Then, for any
smooth function f for which the left-hand side is finite,

My(f)@)Puw(ads < C | ME (7)) w()ds.
R™ Rn

Lemma 3.8. (see [2,5]) Let 1 < p < oo, w € Ay and 0 < D < 2™. Then, for any
smooth function f for which the left-hand side is finite,

||M(f)||LP*V’(w) < C||f||LP,<p(w).

Lemma 3.9. Let 1 < p < o0, 0 <np<oo,wée A, 0< D <2" agnd & =
{61, b} © L(R™) such that |det|p;(y;)]|* € RHoo(R"™). Then, for any
smooth function f for which the left-hand side is finite,

My ()] Loy < CHME (Dl (-

Proof: For any cube Q = Q(xo,d) in R", we know M(wyg) € Ay for any cube
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Q = Q(z,d) by [3]. If z € Q°, by Lemma 3.7, we have, for f € LP¥(R", w),

/ | My () () [Pw(y)dy
_ /R M ()P )xe )y

< [ MwPMteg) ey
< 0 [ IME)@P M xg) )y
= (/ \ME, (F)@)[PM (wxo)( dy+Z/k+lQ\2k M (f )(y)l”M(wa)(y)dy>
# p P w(Q)
< c( g, wrat dy+z g MO |2k+1Q|dy>
M(w)(y)
= </ |M§n yiwly dy+z/k+1Q y)|pmdy>
= (/ |M§n yFey) dy+z/k+1Q |M§ W 2%3 dy)
< oM, wair"’f (251d)
S C(”‘]\[j}?E ppw(w)z
< ClME (DI o 0y (),
thus
1/p 1 1/p
and
| My ()| zoe () < CHIMG (D] Lo ()
This finishes the proof. O

Lemma 3.10. Let T be the singular integral operator as Definition 2.4, 1 < p <
oo, w € Ay and 0 < D < 2™. Then

||T(f)||LPV‘P(w) < C||f||Lp,¢(w).

The proof of the Lemma is similar to that of Lemma 3.9 by Lemma 3.6, we
omit the details.
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4. Proofs of Theorems

Proof of Theorem 3.1. It suffices to prove for f € C§°(R") and some constant
Cp, the following inequality holds:

1/r
(rclﬂ /Q ‘Tb(f)(w) - Co‘Td:c) < C||bllBmo (M2(f)(5c) + MQ(T(f))(;Z')) 7

where @ is any a cube center~ed at xg, QO = ZJ 1959 (vo—x) and g; = fRn (xo—
Y)(b(y) — ba@) f2(y)dy. Let T € Q. Write, for fi = fx,q and fo = X2q)e

T*(f)(z) = (b(x) = ba)T(f)(x) = T((b = b2q) f1)(x) — T((b = bag) f2) (2)-

1/r
b
(IQI/ T (1)) = Cof d‘”)

< (a / (00 -1 )+ (% [ r@-parwra)
+C <@ /Q IT((b— b2) f2)(x) — Oolrd:c>1/r
= L+1D +I3.

For I, by Holder’s inequality and Lemma 3.6, we obtain

Lo< |Q|/ — baoIT(f) (@)lde
< C”b - b2Q||€$;DL72Q||T(f)||L(logL),2Q
< O|pllBmoM*(T(f)) (%),

For I, by Lemma 3.4, 3.5 and 3.6, we obtain

I

IN

o (g [ 0 b @I o)

Q
1 [IT((0 = b20) f1)xqll£r
ClQ' ! |QT$T_11 o

ClQITHIT((b — b2g) fi)llwer
ClQITHI(b — b2g) fullze

C
@/QQ [b(z) = beq| f (x)]dax

Cllb = b2glleapr,20! fllL(10gL),2Q
Clbl|Bro M?(f)(2),

IN

[VANVAN

IN

IN A



136 DaQING LU AND LANZHE LIU

For I3, we have

L < |Q|/|T — bag) o)) — Co)lda

m

c
= @/Q/ (K (e~ ) = > Bs(o — 1)6;(z0 — 2))(b(y) — baq) fo(y) | dyda
. 2
c S |3:—:1:0|‘5
Sl ———|b(y) — b d
< @l </d|d 2 o)~ gl )y ) o
< R TE b(y) — b
< CZ (2kdyn+o /2H1Q| (y) — b2l f(y)|dy
< CY g de ——(250)"1b = bso ey 211011l togr) 210
k:l

< C||bllsmoM?(f) (%) Z k2 ko

< ClbllBaoM?(f)(7).

These complete the proof of Theorem 3.1.
Proof of Theorem 3.2. By Theorem 3.1 and Lemma 3.6-3.7, we have

T )|y < IMe (TP o) < CIME (TP Lo o)
Cllbll zaro (IMP*(T(f ) Lo w) + 1M () o))
CllolBao (1T (F)ll rw) + 1l rw))

C1bl|Barollf || e (w)-

IA N IA

This completes the proof of the theorem.
Proof of Theorem 3.3. By Theorem 3.1 and Lemma 3.8-3.10, we have

T (F)|zrewy < IMA(T () Lrew) < C||M§T(Tb(f))||mv(w)

ClIbllsaro (1M (T () Lee ) + 1M oo ()
ClIbll Baro (1T ()l rew) + 1 f 1 Lre(w))
ClIbl|Baro |l fllLe-e(w)-

IA A CIA

This completes the proof of the theorem.
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