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1. Introduction

In this paper we consider optimal control problem for systems of difference
equations in the standard Bogolyubov form. The presence of small parameter
allow us to average such systems and reduce the initial nonautonomous problem to
more simple autonomous one.

The averaging method was studied by many authors. N. Bogolyubov [3] devel-
oped a general averaging approach for system of ordinary differential equations.
Further this method was applied to systems of functional-differential equations,
difference equations, stochastic systems [2,9].

Optimal control problems for systems of differential and difference equations
are particularly important for applied goals. Methods have been developed to
investigate them. For more details see [4,5,6,7,10,11]. Fundamental results in
application of averaging method to optimal control problems were obtained by V.
Plotnikov [11]. In work [10] authors propose a new scheme of averaging for optimal
control problem.

This work is devoted to the application of averaging method to optimal control
problems for systems of difference equations. We investigate relationship between
optimal controls of the averaged and the original systems and prove that the optimal
control for the averaged system is e-optimal for the original problem.
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Statement of the problem.
Let us consider the optimal control problem for system of difference equations:

A(En = Tn+l — Tp = Efn(xnu un)7 (1)

with a given initial condition xy € D.

Here ¢ > 0 is a small parameter, x,, € D is a phase vector, D is a domain in
R% w, € U C R™ is a control vector, f, is a continuous vector-function on the
domain, n € Z.

Controls u, are called admissible if the following conditions are satisfied:

1) up €U forallne Z.

2) for every u,, there exists a constant ug € D such that | u, —ug |< ¢,,, where

(o]
¢, does not depend on u, and Y ¢, < cc.
n=1

We introduce F' to denote the set of all admissible controls. For every admissible
control u, we denote the solution of system (1) by @, (u,).

Our aim is to find an admissible control v = u, which minimizes the func-
tional

Je(u) = @ (2] (u)),

where ®(z) is a given function, T > 0 is a certain constant, and [.] is an integer
part of a number.
Denote

J. = uinnefF Je(up).

We associate the system (1) on [O, g] with averaged system

AYn = Ynt1 — Yn = €fo(Yn, Un), (2)
where yg = xo,
N—1
foly,w) = Jim =37 fuly,u), (3)
n=0
and -
J-(u) = B{yp (). (4)

Let @} () be an optimal control for averaged problem (2).
In this work we prove that the control @} (e) is n—optimal for system (1), i.e.,
for any 1 > 0 there exists €9 > 0 such that, for all 0 < € < g¢ the inequality

| Je(tn(e)) = Je |<

is true.
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2. Preliminaries

To obtain the main result we need two lemmas. The first one is a discrete version
of the known Gronwall-Bellman inequality [1,8], the second one is a generalization
of averaging method for difference equations in the case where right sides depend
on functional parameters.

Lemma 2.1. (Discrete version of Gronwal -Bellman inequality). Let {y,} and
n
{a,} be non-negative sequences and C > 0 is a constant. If y, < C+ > apys,

k=0
then
n

yn < Cexp(d_ ap).
k=0

Lemma 2.2. Suppose that the following conditions are satisfied in the domain
Q={zeDCR’ ne
Z, ueUCR™}:

1) fu(x,u) is bounded and satisfies the Lipschitz condition with respect to x and
u with a constant M ;

2) a solution y = yn(uy,), yo(ug) = xo of the averaged system is defined for all
admissible u,, and belongs to the domain D together with a some p—neighborhood;

3) the limit (3) exists uniformly in x € D and uw € U.

Then for any n > 0 and T > 0 there exists eo(n,T) > 0, such that for any 0 < & <
€o and integer n € [O, [%H the estimate

| T (un) — Yn(un) |<n (5)

holds for every admissible control.

Proof: First we find a sequence {¢y} such that for all z € D and admissible
control u,, the estimate

2

1Y ) — foleuo)] 1< oy )

3
Il
s

holds. Note that

N —oc0

Indeed, condition (3) implies the existence of sequence {ay}, that converges to 0,
such that for all x € D, uw € U it follows
1 Nl

1Y Ul — foleuo)] [< ax. (7)

n=1
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Thus we have

1 N-1 1 N-1
N | [fo(, un) = folz,wo)l |= | > [l un) = fulz,uo)
n=1 n=1
+fn(17 Uo) fo(z, uo)l |
N— N—
+ Z Un ) = falarwo)] |+ Z [, 0) = fo, wo)] |
%NZ —u0|+aN§%igan+aN.
N &~ N &

It remains to denote
M oo
N = N Z sDn + apy.
n=1

Hence for any admissible u,, in system (1), we can consider the next system

Ayn = Efo(ynauo)u Yo = To (8)

as the averaged one.

Now for solutions ., (u,) and y, (ug) of systems (1) and (8) we apply the analog
of the first Bogolyubov theorem for difference equations.
From estimate (6) it follows that for any n > 0 and T > 0 there exists ¢g =
go(n, T) > 0 such that for all 0 < e < g9 and n € [0, [L]] the estimate

N3

9)

| xn(un) - yn(uO) |§

holds. Here gy does not depend on u,,.
Next, we evaluate the norm of the difference between solutions of systems (8)
and (2) for n € [0, [Z]]. Represent systems (2) and (8) in the form

n—1

yn(un) = w0+ Y [folys(ur), ur)], (10)

k=0

n—1

Yn(uo) = o+ [folyr(uo), uo)]. (11)

k=0

Subtracting (11) from (10) and adding to and subtracting from the right side of
the equality the function fo(yr(uo),ur), we obtain:
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n—1
Yn(tn) —yn(uo) = € [folyr(ur), ur) — fo(yr(uo), ur)]
=0
+e S [fo(yr(uo), ur) — fo(yx(uo),uo)] -
k=0

x>
—

Hence, using Lipschitz condition, we get

n—1 n—1
| Yalun) = g (o) = M S | yelun) — y(uo) | +eM S g — ug
k=0 k=0
n—1 00
< eM Y| yrun) —yk(uo) | +eM >y
k=0 k=0

According to the Lemma 2.1, we observe that for all integers n € [O, [%H the
following estimate is true

| Yo (tn) = yn(uo) |< MY~ oy exp(2MITY), (12)
k=0

Now, we choose €1 < g, such that for all e < ey asn € [O, [%H the inequality

N3

| Yn(un) — yn(uo) [< (13)

holds.
Finally from (9) and (13), we obtain estimate (5) in the lemma. This completes
the proof of the Lemma.

a

3. Main result

Let us now state and prove the main result of this work.

Theorem 3.1. Assume that in the domain QQ = {:v €EDCRneZuelUC Rm}

1) the function f,(x,u) is bounded by a constant K. Furthermore, it is Lipschitz
with respect to x and w with the constant M ;

2) the solution y = yn(un), y(uog) = xo of the averaged system (2) is defined
for all admissible u,, and it belongs to the domain D together with some
p—neighborhood;

3) the limit (3) exists uniformly in x € D and u € U;



180 IRYNA VOLODYMYRIVNA KOMASHYNSKA

4) the function ®(x) satisfies Lipschitz condition with constant L in the domain
D;

5) there exists an admissible control u?(g) for system (2).
Then for any n > 0 there exists & = £(n) such that the following statements hold
a) J. > —oo forany 0 < e <é.

b) | Je(uz(e)) = Je |< .

Proof: We prove this theorem in two steps.
i) We prove statement (a) by contradiction. If (a) is not true, then there exists a
sequence {&,}, such that €, — 0 as p — oo and

Je, — —o0. (14)

According to the definition of infimum for each €, there exists a sequence of ad-
missible controls ul>™ such that J. (ul;™) — —oo as m — oo. The controls ul™
are admissible.
Hence there exist solutions 2™ and y2™ for systems (1) and (2) respectively. Note
that

J, ).
]

€p

s

(™) = B

%
Since an optimal control exists for system (2), J., (y»™) > J., > —oo there. Now,
we fix some 0 < 7y < &. Thus, there exists natural number po such that

YIS L| 2y

[1] - yl[jg} |< Lng.

| e, (uh™) = e, (uh™) |=] @ wp’m]) — P y’f’"

T T
& Z]
for e, < &p,-
Therefore

Je, (™) = Je, (ul ™)+ Je, (™) = Jep (u™) > e, (Ui ™) — Je, (ub ™)+ Je,, > Je, — L.

This contradicts the hypothesis in (14).
1) Now let us prove statement (b). Note that

Jo < Je(up(e)) = Je + [Je(up(€)) — Je(a, ()]
We estimate the difference
| Je(3(2)) — T (9)) =] B 229 ( () — B ypz (@ (0))) |

where 1] (@ (e)) is a solution of system (1) for the optimal control @} (e) of the
averaged system, and y;r1(@%(¢)) is the optimal control of system (2).
Since the function @ is Lipschitz, it follows that

| @ gz (@) — B gz @) 1< L | ey (@) — yx)(@h() |
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Using Lemma, 2.2, for an arbitrary 1, < § and all sufficiently small ¢ we obtain

J. < J.+ Ln,. (15)

From the definition of infimum, for chosen n; > 0 there exists an admissible control
un' () such that B
Je(ugt(€)) < Je +my-

Hence we obtain the estimate
Je = Je(tip(€)) < Jo(u () < Je(uit(e)) + Je +my — Je(u ().
Using Lipschitz condition for the function ® we have

| Tl (€)) = Je (it () 1< L]yl (€)) — g (€)1 < .

Thus -
Ja S Ja +771 +L771'

Hence, it follows from (15) that

| Je = Je |< (L+ 1) (16)

Now, we consider the difference
| Je(ty(e)) = Je |=] Je(up () = Je + Je = Je |<| Je(p(e) = Je | + | Je = J= |-
It is easily seen from the optimality criterion that
| Je(ay, () = J2 |< Loy

From the last estimate and inequality (16) we have

| Je(@n(€)) — Je [<

where 7 = n,(2L + 1). The theorem is proved.
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