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Existence and multiplicity of solutions for class of Navier boundary
p-biharmonic problem near resonance

Mohammed Massar, El Miloud Hssini, Najib Tsouli

ABSTRACT: This paper studies the existence and multiplicity of weak solutions for
the following elliptic problem

A(p(z)|AulP72Au) = dm(z)|u|P~2u + f(x,u) + h(z) in Q, v = Au = 0 on 9.
By using Ekeland’s variational principle, Mountain pass theorem and saddle point
theorem, the existence and multiplicity of weak solutions are established.
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1. Introduction and main results

In this article, we are concerned with the following elliptic problem of p-bihar-
monic type

{ A(p(x)|AulP~2Au) = dm(x)|[ulP~2u + f(x,u) + h(x) inQ, (1.1)
u=Au=0 ond. '
where 2 € RY(N > 1) is a bounded smooth domain, p > 1, p € C(Q) with
infgp(z) > 0, f : @ xR — R is a Carathéodory function and m € C(Q) is
nonnegative weight functions.

The investigation of existence and multiplicity of solutions for problems involv-
ing p-biharmonic operator has drawn the attention of many authors, see reference.

In [4], Li and Tang considered the following Navier boundary value problem

A(AulP=2Au) = Af(w,u) + pglw,u) in 2, 12

uw=Au=0 on0Jf, '
where p > max{l, %} and A\, > 0. Under suitable assumptions the existence
of at least three weak solutions is established. In [6], Ma and Pelicer study a
multiplicity for the perturbed p-Laplacian equation

—Apu = Ag(@)|ulP"?u + f(z,u) + h(z) nRY,
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where ) is near A1, the principal eigenvalue of the weighted problem
—Apu = Ag(x)|[ulP?u  in RV,

they proved the existence of one or three solutions.

In the present paper, we study problem (1.1) that result was extended to the
p-biharmonic operator in bounded domains, with the weight functions. We were
inspired by Ma and Pelicer [6] in which problems involving the p-laplacian operator
is studied. Owur technical approach is based on Ekeland’s variational principle,
Mountain pass theorem and saddle point theorem. We assume that f satisfies the
following conditions

(F}) There exists a real a > 0 and a function b € L®")'(Q2) such that

|f(z,t)] < alt|]” ' 4+ b(x) a.einQ for allt € R,
with 1 < o < p.
(F) There exist o > 0 and S(z) € L*>(Q) satisfying
pF(z,u) — f(z,u)u > alul* + B(x) a.ein Q for allu € R,
where 1 < p <o <pand F(z,u) = fou f(z,s)ds.

We introduce the space X := W?22(Q)NW, P (), which is a reflexive Banach space
endowed with the norm

1/p
full = ([ psuras) " (s e 1 10),
Q
Consider the following problem

p—2 — p—2 :
{A(p|Au| Au) = Adm(z)|u|P7?u in Q, (1.3)

u=Au=0 onof.

Let A1 denote the first eigenvalue of problem (1.3). According to the work of
M.Talbi and N.Tsouli [10], since m € C(2) and m > 0, A\; is positive, simple,
isolated and is given by

A1 = inf {/ plAulPdr : u € X,/ m(z)|ulPdx = 1} . (1.4)
Q Q

Therefore
/ plAu|Pdz > )\1/ m(z)|ulPdz for allu € X. (1.5)
Q Q

Let ¢, normalized eigenfunction associated to A;, which can be chosen positive.
Let
Ao :=inf {\: X is an eigenvalue of (1.3) with A > A\ }. (1.6)
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The fact that \; is isolated implies that Ay < Ag. It can also be shown (see Lemma
2.1) that there exists A € (A1, A2] such that

/p|Au|pdz2X/ m(z)|ulPdx, (1.7)
Q Q

for all u € X with [, m(z)|¢, [P~ 2¢ udz = 0.
Definition 1.1. We say that u € X is a weak solution of problem (1.1) if

/p|Au|p72AuAg0dx—/m(x)|u|p72ug0d:c—/f(:c,u)cpdz—/h(:c)gadz:(),
Q Q Q Q

for all p € X.

The corresponding energy functional of problem (1.1) is given by

I(u):%/Qp|Au|pdx—%/Qm(x)|u|pdx—/QF(x,u)dx—/ hz)udz, (1.8)

Q

it is well known that I € €'(X,R), with derivative at point u € X is given by

(I'(u), o) :/p|Au|p_2AuA<pdac—)\/m|u|p_2u<pdx—/ f(x,u)tpdx—/ hedzx,
Q Q Q Q

for every ¢ € X. Consequently, the critical points of the functional I correspond
to the weak solutions of the problem (1.1).

Let here recall the weak version of Mountain pass theorem (see [2], [3]) and the
saddle point theorem ( see [7]).

Theorem 1.2. let X be a real Banach space and I : X — R be a C' functional
satisfying the Palais-Smale condition. Furthermore assume that 1(0) =0 and that
the following conditions hold:

(1) there exits a number r > 0 such that I|sp, >0

(ii) there is an element e € X\ B, with I(e) < 0.

Then the real number c, characterized as

= inf I(~(t
¢i= Inf max (v(?))

where

[':={y€C([0,1], X) : 7(0) = 0,7(1) = e}
is a critical value of I with ¢ > 0. If ¢ =0, there exists a critical point of I on 0B,
corresponding to the critical value 0.

Theorem 1.3. Let X be a Banach space. Let I : X — R be a C! functional that
satisfies the Palais-Smale condition, and suppose that X =V & W, with V a finite
dimensional subspace of X. If there exists R > 0 such that

max [I(v) < inf I(w),
veV,||v[|=R (®) wew (w)

then I has a least a critical point on X.
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Now we are ready to state our main result.

Theorem 1.4. Assume that (Fy) holds. If in addition

lim F(z,tp;) =400, uniformly inz € Q, (1.9)

[t|—o0

then for any h € L(p*)/(Q), with (p*) = pf—:l, satisfying

/ h(z)p,dx =0, (1.10)
Q

problem (1.1) has at least three solutions when X is sufficiently close to A1 from
left.

Theorem 1.5. Assume that (Fy) and (Fy) hold. If in addition \y < X\ < X, then
for any h € L®)" | problem (1.1) has at least one solution.

2. Preliminaries and proofs of Theorems

Let denote V' = (p;) the linear spans of ¢, and

W = {u € X: / m(x)|p, [P 2o ude = 0} . (2.1)
Q
Then we can decompose X as a direct sum of V' and W. In fact, let © € X, writing
U= ap; +w,

where w € X, and a = Ay [, m(z)|o, [P~ 20 udz.
Since

/ plAg, [Pdr =1,
Q

/ m(@)|oy P2 wdz = 0.
Q

Therefore w € W, hence
X=VoeWw

We begin by establishing the existence of A for which (1.7) holds.

Lemma 2.1. There exists A € (A1, \a] such that

/p|Au|pdz2X/ m(x)|ulPdx, (2.2)
Q Q

for allu e W.
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Proof: Let

/\inf{/ p|Au|pdx:u€W,/m(z)|u|pdx1}.
Q Q

This value is attained in W. To see why this is so, let (u,) be a sequence in W,
satisfying [, m(z)|u,[Pde = 1 for all n, and [, p|Auy [Pdz — X. It follows that (uy,)
is bounded in X and therefore, up to subsequence, we may assume that

u, — uweakly in X  and wu, — w strongly in LP(Q).

From the strong convergence of the sequence in LP(2) we obtain

/m(x)|u|pdz: lim /m(z)|un|pdz:1
O n—r oo O

and
/ m(z)|¢, [P~ 2 p ude = lim m(z)|o1 [P 2o unde = 0,
so that u € W. By the weakly lower semicontinuity of the norm ||.||, we get

A< / plAu|Pdr < liminf/ plAu, [Pde = A,

and hence ) is attained at w.
Now we claim that A > Ay. It follows from (1.4) that A > A;. If A = Ay, by
simplicity of A; there is a € R such that u = ap;. Since u € W,

a/ m(z)|pq[Pdz =0,
Q

which implies v = 0. This contradicts the fact that [, m(z)|u[’dz = 1. So, choose

A =min{\, \o}. It is clear that )\ satisfies (2.2) and the proof of lemma is complete.
O

Lemma 2.2. Assume that (F1) holds. Then, for A < A1 the functional I is
coercive in X, and bounded from below on W. Moreover there exists a constant m
independent of X such that infy I(u) > m.

Proof: From (F'1), we have

Q

|F(z,u)|de < 3/ |u|"dz+/b(z)|u|dz
0 Ja Q
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By Hélder’s and Sobolev’s inequalities, it follows from (1.5) that

I(u) > 1/p|Au|pd:Efé/m(z)|u|pd:c
pJa P Ja

,S/Q|u|‘7dz—/Qb(z)|u|dz—/9h(x)ud:c

A

1 o
>l = Sl = Callull” = Collloy lul] = Callall gyl
1 A , .
= (1) Il = Cullull” = Callll gyl = Gl lull42:3)

where C1,Cs and C3 are the embedding constants of Sobolev. Since A < A1 and
o < p, I is coercive.
Similarly, let uw € W, by Lemma 2.1, for A < A1, we have

A o
) > <1§)||u||1701||u|| — Colfbllgpey el = |l o

>

W= Q=

A o
(1= 3 ) e = Callul” = Calbllgeyllll = Callllgeylhul24)

Hence I is bounded from below on W. Moreover, we can find a constant m
independent of A such that infy I(u) > m.
O

Lemma 2.3. Assume that (F'1) and (1.9) hold. Then, for A < Ay sufficiently close
to \1, there exist t— < 0 < tT such that

I(tte,) <m and It p,) <m,
where m 1s given by Lemma 2.2.

Proof: By definition of A; and (1.10), we have
I U TN s rq
(tpr) = plAp;[Pdz m(z)|p:[Pdx
P Jo P Ja

_/QF(x,t(pl)dx—t/Qh(x)‘Pldx

|t]P p Alt]P p
= - | plAeyPde =~ | plApy|Pdr — | Fz,tp,)do
P Jo pPA1 Ja Q

_ % (1 _ Ail) - /QF(x,tgol)d:I:. (2.5)

From (1.9), for ¢t > 0 large enough, we have

F(z,tT¢p)) >0, ae.z €,
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by Fatou’s Lemma, we get

1iminf/F(:z:,t+<p1)d:z: > /limian(x,t+<p1)dx
Q Q

t—+oo t——+oo

= / lim F(xz,tty,)dx
Q

t——+oo

+00,

so, there exists t > 0 such that
/ F(z,tT¢)dz > —m + 1. (2.6)
Q

For \; — % < A< A, (2.5) and (2.6) imply
I(tTg,) <m.

Similarly, we get I(t~¢,) < m, for some ¢~ < 0. O

Proof: (Theorem 1.4) First we show that I satisfies the (PS) condition in X,
that is for every sequence such that

I(up) = ¢, I'(uy) =0, (2.7)

possesses a convergent subsequence.
Let (u,) C X be a (PS) sequence. Since I is coercive, (uy) is bounded in X,
so up to subsequence, we may assume that u, — u weakly in X. Therefore

(I'(up), un, — u) = o0 (1). (2.8)

By Holder’s inequality, we have

/ m(2)|wn [P (U, — w)dz| < [|m)]s (/ |un|pd$> ’ (/ [y, — u|pd$) ’ .
Q Q Q
(2.9)
Since u, — u in LP(Q),
lim [ m(x)|un P~ 2un (u, —u)dz = 0. (2.10)

n— o0 O

Since (o — 1)(p*)’ < p*, un — u strongly in L(=D®)'(Q), and hence there exists
g € L=D®)(Q) such that

lun| < g a.e. inQ.
Thus
|f(@,un)| @) < 207 (a(p*>/|un|<o—1>(p*>/ + |b(:c)|(p*>')

o(r")’ (a(p*)/g(a—l)(p*)/ + |b(z)|(1’*)/) .

IN
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Since the right side of the last inequality belongs to L!(€2), it follows from Lebesgue
theorem that
fla,un) = fla,u) in LP(Q).

By using the fact that u, — u in L?" (Q), we deduce that

lim [ (f(z,un) + h)(up —u)dx = 0. (2.11)

Combining (2.8), (2.10) and (2.11) we obtain
lim | p|Aun, P2 Au, Alu, —u)ds = 0.
Q

n—oo

In the same way, we obtain

n— oo

lim [ plAulP2AuA(u, — u)dz = 0.
Q
Therefore, the Holder inequality imply that

0= lim [ (p|Aun|P 2 Au, — p|AuP~2Au)A(u, — u)dx

n—roo Q

=l 1/p
> lim [||un||p — (/ p|Aun|pdac> (/ p|Au|pdx)
Pt 1/p
= ([ oauras) ([ aulrac) ]
Q Q

= lim [lfunl [P = [funl P~ Jul| = [ll?~ [l + [l ]
= Tim ([Junl”~" = llul [P~ (| unl] = [[ull) = 0,

hence ||uy|| = ||ul|. By the uniform convexity of X, it follows that w,, — u strongly
in X and [ satisfies the (PS) condition.
Next, let
AE={ueX u=+to, +w, t>0 weW}. (2.12)

Let (u,) C AT such that I(u,) — ¢ < m and I'(u,) — 0 as n — oo. Then u,, — u
strongly in X. Noting that 9A*T = W. So, if u € AT, it follows from infy I > m
that

I(up) = c=I(u) > m,

which is impossible. Therefore v € A", and hence I satisfies the (PS). + for all
¢ < m. Similarly, I satisfies the (PS). - for all ¢ < m.
In view of Lemma 2.3 for A < A; sufficiently close to A; , we have

— oo < infl < m. (2.13)
A+
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By Ekeland’s variational principle in A+, there exists a sequence (u,) C At such
that
I(uy,) — 1/{1+f1 and I'(u,) — 0.

Since I satisfies the (PS). a+ for all ¢ < m, there exists ut € AT such that
I(u*) = infy+ I. Similarly, we find = € A~ such that I'(u~) = infs- . Hence I
has two distinct critical points vt and u~.

Now, we prove the existence of the third solution. To fix ideas, suppose that
I(ut) < I(u™) and Putting

Juw) =Iu+u)—I(u"), e=ut—u".

So, J(0) =0, J(e) <0. We can find r > 0 such that B(u—,r) C A~, thus
inf  I(u) > I(u~) and hence ‘ ir|1f J(u) > 0. Let

llu—u]|=r full=r
= inf max I((t 2.14
¢ = Inf max I(7(t)), (2.14)
where

I'={yeC([0,1],X):7(0) =u", v(1) =uT}.

Since J also satisfies the (PS) condition and J' = I, it follows from the Mountain
pass theorem 1.2 that c¢ is a critical value of I. Noting that all paths joining u~ to

* pass through W, so ¢ > m. Therefore the third solution is obtained, and the
proof of theorem is complete. O

Proof: (Theorem 1.5) The proof will be divided in some steps.

Step 1 (the growth of F ).
We prove that for some Cy, Cy > 0,

| Platonds = il - Ca. (2.15)
Q

From (F3), we have

-i(F@“”)gawwp2uﬂ@wup2m (u>0).

du |ulp
Noting that Fl(uz"p“) — 0 as u — oo, thus after integration from u > 0 to 400, we

see that

Fla) > —2fup + 2@
p—H p

Since this inequality holds for u < 0, we get

t
| retepis = A o paes s [ s
Q
o [
> [ Joirdo - Z118ll0
Z Cl|t|ﬂ _
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and (2.15) follows.
Step 2 (the Palais-Smale condition). Let (u,) be a sequence satisfying (2.7), we
note that

(I'(up)yun) — pl(u,) = /QpF(x,un)dx —/Qf(:c,un)undx—l— (p— 1)/Qhund$

a/Q|un|”d:C+/Qﬁ($)d:E+(p—1)/Qhundac

aCs|lun||* = Cal[b]| ey [[un]| + Cs. (2.16)

Y

Y

From the boundedness of (I'(u,), u,) — pI(uy), we deduce that (u,,) is bounded in
X. By a similar argument as in the proof of Theorem 1.4, we conclude that (u,,)
possesses a convergent subsequence in X.

Step 3 (the saddle point theorem). Using again Lemma 2.1, we get

1/p|Au|pdzf—/m ulPdz
f—/ |u|"dx7/ (z)|u|dzf/ﬂh(x)udx

1 A i
> 2 (1= 3) Il = Callull” = Calllyllul = Callllg 1l

I(u)

Y

Since A < X,

11112&/ I(w) > —o0. (2.17)

On the other hand, by (2.15) we see that

A=\
Iten) < = (252 el - Callill + Cllllgry liteall + Co

It follows from A > Ay and 1 < p < p that

lim I(v) = —o0. (2.18)

veV,||v|| =00
By (2.17) and (2.18), there exists R > 0 such that

max I(v) < inf I(w).
veV|jvl|=R weWw
Hence, I satisfies the hypotheses of Theorem 1.3, and there exists a critical point
of I, that is a solution of (1.1). O
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