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On the Spectrum of 2-nd order Generalized Difference Operator A?
over the Sequence space c¢g
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ABSTRACT: The main purpose of this article is to determine the spectrum and

the fine spectrum of second order difference operator A2 over the sequence space

co. For any sequence (z1)3° in co, the generalized second order difference operator

A2 over cg is defined by Ai(z) = Z?:O(—l)i (f)a}k_, =z — 2T _1 + Tp_o, with

zp = 0 for k < 0.

Key Words: Second order Difference operator; Spectrum of an operator; Se-
quence spaces.

Contents
1 Introduction, Preliminaries and Definitions 235

2 Main Results 238

1. Introduction, Preliminaries and Definitions

Let X and Y be Banach spaces and T : X — Y be a bounded linear
operator. By R(T), we denote the range of T, i.e.

R(T)={yeY :y=Tx; z€ X}.

By B(X), we denote the set all bounded linear operators on X into itself. If
X is any Banach space and T' € B(X) then the adjoint T of T is a bounded linear
operator on the dual X* of X defined by (T*¢)(z) = ¢(Tz) for all $ € X* and
x € X with ||T]| = |7
Let X # {0} be a normed linear space over the complex field and T : D(T) — X
be a linear operator, where D(T') denotes the domain of 7. With T, for a complex
number A, we associate an operator Ty = (T — M), where I is called identity
operator on D(T') and if T has an inverse, we denote it by T;l ie.

T =(T-A)"!

and is called the resolvent operator of T. Many properties of T and T’y 1 depend
on A and the spectral theory is concerned with those properties. We are interested
in the set of all A’s in the complex plane such that 75 ' exists/ 75 ' is bounded/
domain of Ty !'is dense in X. For our investigation, we need some basic concepts
in spectral theory which are given as some definitions and lemmas.
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Definition 1.1. [12, pp. 371] Let X and T be defined as above. A regular value
of T is a complex number \ such that

(R1) Ty exists;

(R2) T, " is bounded;

(R3) Ty " is defined on a set which is dense in X.

The resolvent set p(T,X) of T is the set of all reqular values of T'. Its com-
plement o (7T, X) = C\ p(T, X) in the complex plane C is called the spectrum of T.
Furthermore, the spectrum p(7', X) is partitioned into three disjoint sets as follows.
(I)Point spectrum o,(T,X): It is the set of all A € C such that (R1) does not
hold. The elements of o, (T, X) are called eigen values of T'.

(IT) Continuous spectrum o.(T,X): It is the set of all A € C such that (R1)
holds and satisfies (R3) but does not satisfy (R2).

(III) Residual spectrum o, (T, X): Tt is the set of all A € C such that (R1) holds
but does not satisfy (R3). The condition (R2) may or may not hold.

Goldberg’s classification of operator T) :[9, pp. 58-71] Let X be a Banach
space and Ty = (T'— AI) € B(X), where X is a complex number. Again, let R(T»)
and Ty ! denote the range and inverse of the operator T respectively. Then the
following possibilities may occur:

(A) R(Ty) = X;

(B) R(Ty) # R(Ty) = X;

(C) R(T») £ X;

and

(1) Ty is injective and T ' is continuous;

(2) T is injective and Ty ' is discontinuous;

(3) T, is not injective.

Taking the permutations (A), (B), (C) and (1), (2), (3), we get nine different states.
These are labelled by A1, As, As, By, Ba, B3, C1,Cy and Cs. If )\ is a complex num-
ber such that T\ € A; or T € By, then A is in the resolvent set p(T, X) of T on X.
The other classifications give rise to the fine spectrum of 7'. We use A € Bao (T, X)
means the operator Ty € Ba, i.e. R(T)\) # R(T\) = X and T is injective but T;lis
discontinuous. Similarly others.

Lemma 1.2. [9, pp. 59] A linear operator T has a dense range if and only if the
adjoint T* is one to one.

Lemma 1.3. [9, pp. 60] The adjoint operator T* is onto if and and only if T has
a bounded inverse.

Let P, Q be two nonempty subsets of the space w of all real or complex sequences
and A = (ank) be an infinite matrix of complex numbers a,j, where n, k € Ny. For
every © = (x) € P and every positive integer n, we write

Ap(z) = Z Ak Th-
k=1
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The sequence Ax = (A, (x)), if it exists, is called the transformation of 2 by the
matrix A. Infinite matrix A € (P, Q) if and only if Az € Q whenever = € P.

Lemma 1.4. [20, pp. 129] The matrix A = (an) gives rise to a bounded linear
operator T € B(co) from ¢y to itself if and only if

(i) The rows of A are in €1 and their {1 norms are bounded,
(ii) The columns of A are in cy,
The operator norm of T is the supremum of {1 norms of the rows.

Lemma 1.5. [20, pp. 126] The matrix A = (an) gives rise to a bounded linear
operator T € B({1) from £y to itself if and only if the supremum of {1 norms of the
columns of A is bounded.

Let w be the set of all sequences of real or complex numbers. Any subspace
of w is called a sequence space and we write £, ¢, cg and ¢; for the the set of lin-
ear spaces that are bounded, convergent, null and absolutely summable sequences
respectively and for any sequence x = (z) with the complex terms, normed by

o = sup o,

where k € Ny = {0,1,2,...}, the set of non negative integers. Now, we define a
second order difference operator A? : ¢y — ¢o by A?(z) = {A%(z)}, where

Ai(m) = Z(—l)i (j) Th—i = T — 2Tj—1 + T2, (1.1)

=0

with xx = 0 for kK < 0, where x € ¢y and k € Ny. It is easy to verify that the
operator A? can be represented by the matrix

1 0 0 0
-2 1 0 0
A2 — 1 -2 1 0
0o 1 -2 1

The study of spectrum and fine spectrum of different operators carries a promi-
nent and significant position in analysis. Various authors have their vigourous
contributions in the study of spectral theory. In the existing literature, there are
many articles concerning the spectrum and the fine spectra of an operator over
different sequence spaces. For example; the fine spectrum of the Cesaro operator
on the sequence space ¢, for 1 < p < oo has been studied by Gonzalez [10]. The
fine spectrum of the integer power of the Cesaro operator over ¢ was examined by
Wenger [19] and then Rhoades [16] generalized this result to the weighted mean
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methods. Reade [15] studied the spectrum of the Cesaro operator over the se-
quence space ¢g. Okutoyi [14] computed the spectrum of the Cesaro operator over
the sequence space bv. The fine spectra of the Cesaro operator over the sequence
spaces co and bv, have been determined by Akhmedov and Bagar [1,2]. Akhmedov
and Basar [3,4] have studied the fine spectrum of the difference operator A over
the sequence spaces ¢o and bv, where 1 < p < co. Altay and Basar [6,7] have deter-
mined the fine spectrum of the difference operator A over the sequence spaces cg, ¢
and /p,, for 0 < p < 1. Furkan and Kayaduman (8] studied the fine spectrum of the
difference operator B(r,s) over the sequence spaces ¢; and bv. The fine spectrum
of the difference operator A over the sequence spaces £1 and bv was investigated by
Kayaduman and Furkan [11]. Srivastava and Kumar [17,18] have examined the fine
spectrum of the generalized difference operator A, over the sequence spaces ¢y and
¢1. Recently, Panigrahi and Srivastava [13] studied the spectrum and fine spectrum
of the generalized second order difference operator A2, on ¢y and Akhmedov and
Shabrawy [5] studied the fine spectrum of the operator A, over c.

2. Main Results

In this section, we compute the spectrum, the point spectrum, the contin-
uous spectrum, the residual spectrum and the fine spectrum of the operator A% on
the sequence space c¢g.

Theorem 2.1. The operator A? : co — ¢q is a linear operator and

H A? H(Cotco): 4. (2.1)

Proof: Proof of this theorem follows from the Lemma 1.5 and with the fact
that

1+|—2/+1=4.

Theorem 2.2. The spectrum of A% on the sequence space co is given by

U(A2,CO):{QEC: 1-a|<3 } (2.2)

Proof: The proof of this theorem consists of two parts.
Part 1:
In the first part , we have to show that

U(AQ,Co)g{QGC:|1—O¢|§3}.

Equivalently, we need to show that if a € C with |1 —a| >3 = a ¢ 0(A?, ).
Let a € C with |1 —a| > 3. Now (A? — al) = (an) is a triangle and hence has an
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inverse (A% — al)~! = (bnx) where

1
(C=oN 0 0
o o 0
bu)=| b2 war w0 :
boo  ba Ty Gw
where bog, b3g, b31.... etc. are as follows
b — 22 2
T M —a)R 2(1—a)?’
_ 22 2
T A —a)p 21 —a)?
23 22

Similarly, b3y = 1w — —a)

In general, for k € Ny one can calculate

1 2
bop = ——, bpp1=——
kk 1_a7 k,k—1 (1_06)2,
b B 22 2
PR T M) 21— )
23 22
brpa = _
k,k—3 (1 — O[)4 (1 — 04)3’
24 23 23 22
br je—a +

Since |1§—a| > UE—QP it is clear that for each k € Ny, [b,| < co. Next to show
that (A% —al)™! € (co, ), i-e.,

e the series Y, |bni| is convergent for each n € Ny and sup,, >~ [bni| < 00,
e lim,, o |byr| = 0 for each k € Ny.

Therefore, first we prove that the series Y~ |bnk| is convergent for each n € Ny.
Let

k
Sk = Z |bxj| = |bro| + [br1| + |br,2| + ... + bkk| = [brk| + bk 1]+ |0k e—2| + -
=0
- [ a e e - mal e er - el
Sl —al (1 - a)? (1—a)p 2/(1-a«a)? 1—a)* (1—a)3l 77
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Now,
. 1 2 92 23 92
11,§nSk=§{’1—a‘+](1fa)2 +((17a)3—2!(17a)2 b }
1 2 2 2 2 13 1 92 |2 9 14 1 9 5
SE{‘l—a‘Jr‘l—a‘ +‘1—a‘ +§‘1—a‘ Jr‘l—oe‘ +25‘m‘ +}
T X X NN N e P R PR
= % {|52| + |52|2(Zn2(¢)) + |52|3(Zn3(¢)) + |B2|4(Zn4(i)) + }
i>1 =1 —
=3 {4 (1ot + (3) 70+ (2) 160t + .}
1 3 3 2 3 3
< 11—« {1+’17a‘+’17a‘ +‘17a’ +}
:ﬁ < 0.

where 3, = 12— and ny;) denote the coefficients of |8,|* for k > 2.

As per the assumption, ‘%’ < 1, hence limy, S, < oo. Now, (Si) is a sequence

of positive real numbers and is convergent, this implies the boundedness of (Sk).
Secondly, limy, e [byk| = 0, this follows from the fact that 25 > 25 for
each k € Ng. Thus, (A% — al)~! € B(cp) with |1 —«af > 3.
Now, we show that domain of the operator (A% — al)~! is dense in ¢y equiva-
lently the range of (A% —al) is dense in ¢, which implies the operator (A% —al)~!
is onto. Hence we have

U(AQ,CO)Q{aeC:|1—a|§3}. (2.3)
Part 2:

Conversely, to show {a eC:|1—al] <3 } C 0(A?,¢p). Consider o # 1 and
|1 —a| < 3, clearly (A% — al) is a triangle and hence (A? — o)~ exists, but
sup;, Sk is unbounded.

= (A% —al)™ ¢ (co,c0) with |1 —af < 3.

Again 1 # o € C with |1 — «| = 3 which implies limj, Sy = co. Thus supy, S, is
unbounded.
= (A% —al)™' ¢ (co,co) with |1 —al =3.
Finally we prove the result under the assumption aw = 1. We have

o 0 0 0
-2 0 0

0
(A27OZI): 1 -2 0 0
0 1 -2 0
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which is not invertible. Hence
{aG(C:|1foz|§3 } C o(A2, cp). (2.4)
Combining (2.3) and (2.4) we conclude the proof. O

Theorem 2.3. Point spectrum of the operator A? over ¢y is given by
op(A% o) = 0.

Proof: Suppose = € cg and consider A2z = ax for x # 6 in ¢y, which
gives a system of linear equations:

To = QX
—2x0 + 1 = axq
To — 2T1 + To = axg
T1 — 229 + T3 = axs (2.5)

On solving above system of equations, it is clear that « = 1 and zg = 0,27 =
0,22 = 0, .... which contradicts our assumption.
Again suppose xy, is the first non zero entry of = (z1) and from the above

system of equations z1 = 2=, similarly we get x5 = [% - ﬁ]
on. Proceeding this way, we can get (A? — al)z = 0 has a solution for o # 1 and

Tro—1 # 0, which is a contradiction. Thus o, (A%, ¢o) = 0. O

To and so

Theorem 2.4. Point spectrum of the dual operator (A?)* of A% over cf = {y is
given by

op((A2)*,0) = {aec: 1—al<2 } (2.6)

Proof: Suppose (A2)*f = af for 0 # f € {1, where

1 -2 1 0 ...

0o 1 -2 1 ... ;0
o _ | 0 0 1 =2 ... _ !
(A%)" = 0 0 0 ) and [ = s

Consider the system of linear equations

fo—2fi+ fo=afy
fi—2fc+fa=afi
fo—2fs+ fa=afs
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2
1—af

Since > 1, we have

2 1
| /x| "M =al '(karl - 5fk+2)

1
> | o1 — 5fk+2

1
> | fegr] — ’§fk+2

It is clear that for each & € Ny, f = (0,0,...f%, fx+1,0,...) is an eigen vector
corresponding to A satisfying |1 — «| < 2. On the basis of similar techniques one
can show |fo| > |fi| > |f2|--- = | fx|.-- 1.e. |fol = |fxl, for k € Ny, this implies that
supy, | fr| < oo provided | fy] < 0.

Conversely, it is trivial to show that if sup,, |fi| < oo, then |1 — af < 2. O

Theorem 2.5. Residual spectrum of the operator A% over cq is given by

UT(AQ,CO):{aEC:|1—a| <2 } (2.8)

Proof: For |1 —a| < 2, the operator A2 — ol has an inverse. By Theorem 2.4 the
operator (A?)* —al is not one to one for a € C with |1 — a| < 2. By using Lemma
1.2, we have R(A? — al) # ¢y. Hence

(A% cp) = {ae(C:|1—a| <2 }

Theorem 2.6. Continuous spectrum of the operator A% over cy is given by
UC(AQ,CO):{aGC:2<|1—a|§3}. (2.9)

Proof: The proof of this theorem follows from Theorems 2.2, 2.3, 2.5 and the fact
that
o(A% o) = (A%, co) U, (A% o) Ua (A%, cp).

Theorem 2.7. If « satisfies |1 — a| > 2, then (A? — al) € Aj.

Proof: Suppose o € C with |1 — «| > 2, which implies « # 1. Therefore, the
operator (A% — al) is a triangle and hence has an inverse (A% — al)~!. This
implies the operator (A% — al)~! is continuous with |1 — a| > 2,

Now, let

(A’ —alz=y = o= (A%-al) 'y,
=  ap=((A%—al) '), ke N,.

For every y € ¢, we have a corresponding = € ¢y such that (A? — al)z = y. This
shows that the operator (A2 — o) is onto. O
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Theorem 2.8. If a # 1 and o € 0,.(A%,¢p), then a € Cao(A?, ).

Proof: By Theorem 2.4, the operator (A?)* — al is not one to one. Combining
Lemma 1.2 with Theorem 2.4 we have the operator A2 — ol does not have dense
range, which implies A2 — af € C.

For the second part, since o # 1 the operator A? — ol has an inverse. As
a € 0,.(A?, cp), this implies that |1 — a| < 2, hence the operator (A% — al)~! is
discontinuous with |1 — a| < 2. Therefore, (A2 — af)~! € 2. This completes the
proof. O

Theorem 2.9. If a € 0.(A% ¢y), then a € Baog(A?, cp) .

Proof: For a € 0.(A% ¢y), by Theorem 2.2 (Part 2) the operator (A? —al)~! is
discontinuous, which implies (A% — al)~! € 2.

Furthermore, for a € 0.(A? ¢g) the operator ((A%)* — al) is one to one. By
Lemma 1.2 R(A2% — o) = ¢p. This completes the proof. O
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