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abstract: In this paper, we introduce and investigate the notions of Iω̂-closed
sets and Iω̂-continuous functions,maximal Iω̂-closed sets and maximal Iω̂-continuous
functions in ideal topological spaces.We also introduce a new class of spaces called
MTω̂-spaces.

Key Words: Iω̂-closed sets,Iω̂-continuous functions,maximal Iω̂-closed sets and
maximal Iω̂-continuous functions.

Contents

1 Introduction 191

2 Preliminaries 192

3 Iω̂-Closed sets 193

4 Iω̂-continuity and Iω̂-irresoluteness 196

5 Maximal Iω̂-closed sets 198

6 Applications 200

7 Conclusion 203

1. Introduction

Ideals in topological spaces have been considered since 1930.In 1990,Jankovic
and Hamlett[5] once again investigated applications of topological ideals.The notion
of Ig-closed sets was first introduced by Dontchev et al [3]in 1999.Navaneethakr-
ishnan and Joseph [9] further investigated and characterized Ig-closed sets and Ig-
open sets by the use of local functions.Recently the notion of Irg-closed sets was
introduced and investigated by Navaneethakrishnan and Sivaraj [10].In this paper
we define and characterize Iω̂-closed sets,Iω̂-continuous functions,maximalIω̂-closed
sets and maximal Iω̂-continuous functions.We also introduce a new class of spaces
called MTω̂-spaces.Finally we obtain a decomposition of ∗-continuity.
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2. Preliminaries

An ideal on a set X is a nonempty collection of subsets of X which
satisfies (i)A ∈ I and B ⊆ A implies B ∈ I and (ii)A ∈ I and B ∈ I implies A∪B ∈
I.If I is an ideal on X, then (X, τ , I) is called an ideal topological space(an ideal
space).For an ideal space (X, τ , I) and A ⊆ X,A∗(I, τ ) = {x ∈ X : U ∩ A /∈ Ifor
every open set U containing x } is called the local function [6] of A with respect to
I and τ .We simply write A* instead of A∗(I, τ ) in case there is no confusion.For
every ideal topological space (X, τ , I),there exists a topology τ∗(I),finer than τ
generated by β(I, τ ) = {U−J : U ∈ τ and J∈ I}.A subset A of an ideal topological
space (X, τ , I) is said to be τ∗-closed [5] or simply ∗-closed (resp.∗-perfect in itself
[4]) if A∗ ⊆ A(resp.A=A∗).A Kuratowski closure operator cl*() for a topology
τ∗(I, τ )called the ∗-topology is defined by cl*(A)=A ∪ A∗(X, τ ).

Definition 2.1. A subset A of a space (X, τ ) is called

(i)a-open set [2] if A ⊆ int(cl(intδ(A)).

(ii)regular open if A=int(cl(A)) and A is said to be regular closed if A=cl(int(A)).

(iii)strongly-I-locally closed [12] (briefly strongly-I-LC) if A = U ∩ V where U is
regular open and V is ∗-closed.

The complement of a-open set is called a-closed set.The a-closure of a subset
A of (X, τ ) is the intersection of all a-closed sets containing A and is denoted by
acl(A).

Definition 2.2. A subset A of a space (X, τ ) is called δ-closed [15] if A =
clδ(A),where clδ(A) = {x∈ X : int(cl(U)) ∩A 6= φ, U ∈ τ and x ∈ U}.The comple-
ment of δ-closed set is called δ-open set.

Definition 2.3. A subset A of a space (X, τ) is called a

(i)α-generalized closed (briefly αg-closed) set [7] if αcl(A) ⊆ U whenever A ⊆ U
and U is open in (X, τ).

(ii)ĝ-closed set [14] if cl(A)⊆ U whenever A ⊆ U and U is semi-open in (X, τ ).

(iii)αĝ-closed set [1] if αcl(A) ⊆ U whenever A ⊆ U and U is ĝ-open in (X, τ ).

(iv)ω̂-closed set [8] if acl(A) ⊆ U whenever A ⊆ U and U is αĝ-open in (X, τ).

The complement of αg-closed(ĝ-closed,αĝ-closed and ω̂-closed)set is called αg-
open (ĝ-open,αĝ-open and ω̂-open).

Definition 2.4. A subset A of an ideal space (X, τ , I) is said to be

(i)Ig-closed [3]if A∗ ⊆ U whenever A ⊆ U and U is open in X.

(ii)Irg-closed [10]if A∗ ⊆ U whenever A ⊆ U and U is regular open in X.

(iii)Iαgg-closed [13]if A∗ ⊆ U whenever A ⊆ UandUisαg-open in X.
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Definition 2.5. A function f : (X, τ, I) → (Y, σ) is said to be

(i)∗-continuous [12] if f−1(A) is ∗-closed in X for every closed set A of Y.

(ii)strongly-I-LC-continuous [12] if f−1(A) is strongly-I-LC in X for every closed
set A of Y.

Lemma 2.6. [5] If A and B are subsets of an ideal space ,then (A∪B)∗ = A∗∪B∗

3. Iω̂-Closed sets

In this section we introduce Iω̂-closed sets and investigate some properties
of such sets.

Definition 3.1. A subset A of an ideal space (X, τ , I) is said to be Iω̂-closed if
A∗ ⊆ U whenever A ⊆ U and U is ω̂-open in X.The complement of an Iω̂-closed
set is said to be an Iω̂-open set.

Example 3.2. Let X={a,b,c,d},τ = {φ, {a}, {b}, {a, b}, {a, b, c}, {a, b, d}, X}and
I = {φ}.Then Iω̂-closed sets are φ, {c}, {d}, {c, d}, {a, c, d}, {b, c, d} and X.

Remark 3.3. (i)Since A∗ = φ for every A ∈ I,every A ∈ I is Iω̂-closed.

(ii)Every ∗-closed set is Iω̂-closed,but not conversely.

(iii)A∗ is an Iω̂-closed set for every subset A of (X, τ , I)

Remark 3.4. Converse of Remark(ii) need not be true as shown below.

Example 3.5. Let X={a,b,c},τ = {φ, {a}, {a, c}, X}and I = {φ, {a}}.Then {c} is
Iω̂-closed,but not ∗-closed.

Theorem 3.6. Let (X, τ, I) be an ideal space.Then every Iω̂-closed,ω̂-open set is
∗-closed set.

Proof: Assume that A is Iω̂-closed and ω̂-open set.Then A∗ ⊆ A whenever A ⊆ A
and A is ω̂-open.Thus A is ∗-closed. ✷

Theorem 3.7. Let (X, τ , I) be an ideal space.Then either {x} is ω̂-closed or {x}c

is Iω̂-closed for every x ∈ X.

Proof: Suppose {x} is not ω̂-closed, then {x}c is not ω̂-open and the only ω̂-open
set containing {x}cis X and hence ({x}c)∗ ⊆ X .Thus {x}c is Iω̂-closed. ✷

Theorem 3.8. Let (X, τ , I) be an ideal space.Then every Iω̂-closed set is Irg-closed.

Proof: Let A be an Iω̂-closed set.Let A⊆U where U is regular open.By theorem
[8],every regular open set is ω̂-open.Since A is Iω̂-closed,we have A∗ ⊆ U and so A
is Irg-closed. ✷

The converse of the above theorem need not be true as shown in the following
example.
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Example 3.9. Let X={a,b,c},τ = {φ, {a}, {b, c}, X}and I = {φ, {c}}.Then {b} is
Irg-closed but not Iω̂-closed.

Theorem 3.10. Let (X, τ, I) be an ideal space.Then every Iαgg-closed set is Iω̂-
closed.

Proof: Let A be an Iαgg-closed set.Let A⊆U where U is ω̂-open.Since ω̂-open set
is αg-open [8], A⊆U where U is αg-open.Since A is Iαgg-closed,we have A∗ ⊆ U
and so A is Iω̂-closed. ✷

The converse of the above theorem need not be true as shown in the following
example.

Example 3.11. Let X={a,b,c}, τ = {φ, {c}, X}and I = {φ} Then {b} is Iω̂-
closed,but not Iαgg-closed.

The following examples show that Iω̂-closed sets and Ig-closed sets are inde-
pendent.

Example 3.12. Let X={a,b,c,d}, τ = {φ, {a}, {b}, {a, b}, X}and I = {φ, {b}, {c},
{b, c}}. Then {a,b,c} is Ig-closed,but not Iω̂-closed.

Example 3.13. Let X={a,b,c,d},τ = {φ, {a}, {a, b}, X}and I = {φ}.Then {b} is
Iω̂-closed,but not Ig-closed.

Remark 3.14. The following table shows the relationships of Iω̂-closed sets with
other known existing sets.The symbol"1" in a cell means that a set implies the other
maps and the symbol"0" means that a set does not imply the other sets.

sets Iω̂ Irg Iαgg Ig
Iω̂ 1 1 0 0
Irg 0 1 0 0
Iαgg 1 1 1 1
Ig 0 1 0 1

Theorem 3.15. Let (X, τ , I) be an ideal space.Then every subset of (X, τ, I) is
Iω̂-closed if and only if every ω̂-open set is ∗-closed.

Proof: Necessity. Assume that every subset of (X, τ , I) is Iω̂-closed.If A is ω̂-
open,then by hypothesis A is Iω̂-closed and so A∗ ⊆ Awhich implies A is ∗-closed.
Sufficiency.Suppose every ω̂-open set is ∗-closed.Let A be a subset of X and A ⊆ U
where U is ω̂-open.Then A∗ ⊆ U∗ ⊆ U .Thus A is Iω̂-closed. ✷

Theorem 3.16. If A and B are Iω̂-closed sets in an ideal space (X, τ, I),then A∪B
is also an Iω̂-closed set.

Proof: Let U be a ω̂-open subset of (X, τ, I) containing A ∪ B.Then A ⊆ U and
B ⊆ U .Since A and B are Iω̂-closed,A∗ ⊆ U and B∗ ⊆ U .By lemma 2.6,(A∪B)∗ =
A∗ ∪B∗.Thus (A ∪B)∗ ⊆ U which implies A ∪B is Iω̂-closed. ✷
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Remark 3.17. The intersection of two Iω̂-closed sets need not be Iω̂-closed.

Example 3.18. Let X={a,b,c},τ = {φ, {c}, X}and I = {φ}.Then A = {a, c}and
B = {b, c}are Iω̂-closed ,but A ∩B = {c} is not Iω̂-closed.

Theorem 3.19. Let A be an Iω̂-closed set in an ideal space (X, τ, I).Then cl∗(A)−
A contains no nonempty ω̂-closed set.

Proof: Suppose A is an Iω̂-closed set in X and F be a ω̂-closed subset of cl∗(A)−
A.Then A ⊆ X −F and X-F is ω̂-open.Since A is Iω̂-closed,cl∗(A) ⊆ X−F and so
F ⊆ X − cl∗(A).Thus F ⊆ cl∗(A) ∩ (X − cl∗(A)) = φ.Hence cl∗(A) − A contains
no nonempty ω̂-closed set. ✷

Theorem 3.20. Let A be an Iω̂-closed set in an ideal space (X, τ , I).Then the
following are equivalent.

(a)A is a ∗-closed set.

(b)cl∗(A)−A is a ω̂-closed set.

(c)A∗ −A is a ω̂-closed set.

Proof: (a)⇒(b)If A is ∗-closed,then cl∗(A)−A = φ and so cl∗(A)−A is ω̂-closed.
(b)⇒(a)Suppose cl∗(A)−A is a ω̂-closed.Since A is Iω̂-closed,by theorem 3.19, cl∗

(A)−A = φ and so A is ∗-closed.
(b)⇔(c) Follows from cl∗(A) − A = (A ∪ A∗) − A = (A ∪ A∗) ∩ (X − A) =
A∗ ∩ (X −A) = A∗ −A. ✷

Theorem 3.21. Let A be an Iω̂-closed set in an ideal space (X, τ, I)such that
A ⊆ B ⊆ A∗.Then B is also an Iω̂-closed set.

Proof: Let U be an ω̂-open of X such that B ⊆ U .Then A ⊆ U .Since A is Iω̂-
closed,A∗ ⊆ U .Now B∗ ⊆ (A∗)∗ ⊆ A∗ ⊆ U .Consequently B is Iω̂-closed. ✷

Theorem 3.22. Let A be an Iω̂-closed set in an ideal space (X, τ , I).Then A ∪
(X −A∗) is also an Iω̂-closed set.

Proof: Let U be a ω̂-open set such that A∪(X−A∗) ⊆ U .Then X−U ⊆ X−(A∪
(X−A∗)) = X ∩ (A∪ (X−A∗))c = X ∩ (A∪ (A∗)c)c = X ∩ (Ac ∩A∗) = A∗ ∩Ac =
A∗−A.Since X-U is ω̂-closed and A is Iω̂-closed,by theorem 3.19,X−U = φ and so
X =U.Thus X is the only ω̂-open set containing A∪ (X −A∗).Hence A∪ (X −A∗)
is Iω̂-closed. ✷

Theorem 3.23. Let (X, τ , I)be an ideal space (X, τ, I) and A ⊆ X.Then A∪ (X−
A∗) is Iω̂-closed if and only if A∗ −A is Iω̂-open.

Proof: Follows from A ∪ (X −A∗) = X − (A∗ −A). ✷

The following theorem gives a characterization of Iω̂-open sets.
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Theorem 3.24. A subset A of an ideal space (X, τ , I) is Iω̂-open if and only if
F ⊆ int∗(A) whenever F is ω̂-closed and F ⊆ A.

Proof: Necessity.Suppose A is Iω̂-open and F be a ω̂-closed set contained in
A.Then X−A ⊆ X−F and hence cl∗(X−A) ⊂ X−F .Thus F ⊆ X−cl∗(X−A) =
int∗(A).
Sufficiency.Suppose X − A ⊆ U where U is ω̂-open.Then X − U ⊆ A and X-U is
ω̂-closed.Then X − U ⊆ int∗(A) which implies cl∗(X −A) ⊆ U .Consequently X-A
is Iω̂-closed and so A is Iω̂-open. ✷

Theorem 3.25. If A is an Iω̂-open set of an ideal space (X, τ , I) and int∗(A) ⊆
B ⊆ A,Then B is also an Iω̂-open set of (X, τ , I).

Proof: Suppose F ⊆ B where F is ω̂-closed set of (X, τ , I).Then F ⊆ A.Since A
is Iω̂-open,F ⊆ int∗(A).Since int∗(A) ⊆ int∗(B),we have F ⊆ int∗(B).By theorem
3.24, B is Iω̂-open. ✷

4. Iω̂-continuity and Iω̂-irresoluteness

Definition 4.1. A function f : (X, τ , I) → (Y, σ) is said to be Iω̂-continuous if
f−1(V ) is Iω̂-closed in X for every closed set V of Y.

Example 4.2. Let X=Y={a,b,c},τ = {φ, {a, b}, X}, I = {φ, {a}} and σ = {φ, {a},
{a, b}, {a, c}, Y }.Then the function f : (X, τ, I) → (Y, σ) defined by f(a) = c, f(b) =
a and f(c) = b is Iω̂-continuous.

Definition 4.3. A function f : (X, τ, I1) → (Y, σ, I2) is said to be Iω̂-irresolute if
f−1(V ) is Iω̂-closed in X for every Iω̂-closed set V of Y.

Example 4.4. Let X = Y = {a, b, c},τ = {φ, {a}, {a, c}, X}, I = {φ, {a}} and
σ = {φ, {a}, {b, c}, Y },J = {φ, {c}}.Then the function f : (X, τ, I) → (Y, σ, J)
defined by f(a) = c, f(b) = a and f(c) = b is Iω̂-irresolute.

Theorem 4.5. A subset A of an ideal space (X, τ , I) is Iω̂-continuous if and only
if f−1(V ) is Iω̂-open in X for every open set V of Y.

Proof: Let f : (X, τ) → (Y, σ) be a Iω̂-continuous function and V be any open set
in (Y, σ).Then f−1(V c) is Iω̂-closed in (X, τ).Since f−1(V c) = [f−1(V )]c, f−1(V )
is Iω̂-open in (X, τ ).
Converse is similar. ✷

Remark 4.6. The composition of two Iω̂-continuous functions need not be ω̂-
continuous and this is shown by the following example.

Example 4.7. Let X ={a,b,c}=Y=Z, τ = {φ, {a, b}, X}, I = {φ, {c}}, σ = {φ, {a},
Y }, J = {φ, {b}} and η = {φ, {a}, {a, b}, {a, c}, Z}.Let f : (X, τ, I) → (Y, σ) be the
function defined by f(a) = a, f(b) = c and f(c) = b and g : (Y, σ, J) → (Z, η)
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be the function defined by g(a) = a, g(b) = c and g(c) = b.Then both f and g are
Iω̂-continuous.But g ◦ f : (X, τ, I) → (Z, η) is not a Iω̂-continuous function since
(g ◦ f)−1({b}) = f−1(g−1({b})) = f−1{c} = {b} is not Iω̂-closed in (X, τ, I) where
{b} is a closed set in(Z, η).

Theorem 4.8. Let f : (X, τ , I1) → (Y, σ, I2)and g : (Y, σ, I2) → (Z, η, I3)be any
two functions.Then the following hold.

(i)g ◦ f is Iω̂-continuous if f is Iω̂-continuous and g is continuous.

(ii)g ◦ f is Iω̂-continuous if f is Iω̂-irresolute and g is Iω̂-continuous.

(iii)g ◦ f is Iω̂-irresolute if f is Iω̂-irresolute and g is Iω̂-irresolute.

Proof:

(i)Let V be closed in Z. Since g is continuous,g−1(V ) is closed in Y.Iω̂-continuity
of f implies f−1(g−1(V )) is Iω̂-closed in X and hence g ◦ f is Iω̂-continuous.

(ii)Let V be closed in Z. Since g is Iω̂-continuous,g−1(V ) is Iω̂-closed in Y.Since f is
Iω̂-irresolute,f−1(g−1(V )) is Iω̂-closed in X and hence g ◦ f is Iω̂-continuous.

(iii)Let V be Iω̂-closed in Z. Since g is Iω̂-irresolute,g−1(V ) is Iω̂-closed in Y.Since
f is Iω̂-irresolute,f−1(g−1(V )) is Iω̂-closed in X and hence g◦f is Iω̂-irresolute.

✷

Recall that f : (X, τ ) → (Y, σ) is said to be ω̂∗-closed if f(V) is
ω̂-closed in Y for every ω̂-closed set V in X.

Theorem 4.9. If f : (X, τ , I) → (Y, σ) is Iω̂-continuous and ω̂∗-closed then f is
Iω̂-irresolute.

Proof: Suppose V is Iω̂-closed in Y and f−1(V ) ⊆ U where U is ω̂-open in X.Then
X − U ⊆ X − f−1(V ) = f−1(Y − V ) and hence f(X − U) ⊆ Y − V .Since f is
ω̂∗-closed,f(X-U) is ω̂-closed.By theorem 3.24,f(X − U) ⊆ int∗(Y − V ) = Y −
cl∗(V ).Now X−U ⊆ f−1(f(X−U)) ⊆ f−1(Y − cl∗(V )) = X− f−1(cl∗(V )) which
implies f−1(cl∗(V )) ⊆ U .Since f is Iω̂-continuous,f−1(cl∗(V )) is Iω̂-closed and so
cl∗(f−1(cl∗(V ))) ⊆ U .Hence cl∗(f−1(V )) ⊆ cl∗(f−1(cl∗(V ))) ⊆ U .Thus f−1(V ) is
Iω̂-closed and so f is Iω̂-irresolute. ✷

Definition 4.10. A collection {Aα : α ∈ ∧} of Iω̂-open sets in an ideal topological
space (X, τ , I) is said to be an Iω̂-open cover of a subset V of X if V⊂ ∪{Aα : α ∈ ∧}
holds.

Definition 4.11. An ideal space (X, τ , I) is said to be Iω̂-compact if for every
Iω̂-open cover {Vα : α ∈ Λ},there exists a finite subset Λ0 of Λ of X such that
X − ∪{Vα : α ∈ Λ0} ∈ I.

Lemma 4.12. [11]For any function f : (X, τ, I) → (Y, σ), f(I) is an ideal on Y.
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Theorem 4.13. The image of a Iω̂-compact space under a Iω̂-continuous surjective
function is f(I)-compact.

Proof: Let f : (X, τ, I) → (Y, σ) be a Iω̂-continuous surjective function from a Îω̂-
compact space.Let{Vα : α ∈ Λ} be an open cover of Y. Then {f−1(Vα) : α ∈ Λ}is
an Iω̂-open cover of X.Since X is Iω̂-compact,there exists a finite subset Λ0 of Λ of
X such that X − ∪{f−1(Vα) : α ∈ Λ0} ∈ I.Hence Y − ∪{Vα : α ∈ Λ0} ∈ f(I) and
so (Y, σ) is f(I) compact. ✷

Definition 4.14. A topological space (X, τ , I) is said to be Iω̂-connected if X cannot
be written as a disjoint union of two non-empty Iω̂-open subsets.A subset of X is
Iω̂-connected if it is Iω̂-connected as a subspace.

Theorem 4.15. If f : (X, τ, I) → (Y, σ) is a Iω̂-continuous surjection and X is
Iω̂-connected,then Y is connected.

Proof: Suppose Y = A ∪ B where A and B are disjoint,open sets in Y.Since f
is Iω̂-continuous and onto,X = f−1(A) ∪ f−1(B) where f−1(A) and f−1(B) are
disjoint,non-empty Iω̂-open sets in X,a contradiction since X is Iω̂-connected.Hence
Y is connected. ✷

Definition 4.16. An ideal space (X, τ, I) is said to be Iω̂-normal if for each pair of
non-empty disjoint closed sets A and B of X, there exists disjoint Iω̂-open subsets
U and V of X such that A ⊆ U and B ⊆ V .

Theorem 4.17. If f : (X, τ, I) → (Y, σ) is a Iω̂-continuous,closed injection and
Y is normal,then X is Iω̂-normal.

Proof: Let A and B be disjoint closed subsets of X.Since f is closed and injective,
f(A) and f(B) are disjoint,closed subsets of Y.Since Y is normal, there exists disjoint
open subsets U and V of X such that f(A) ⊆ U and f(B) ⊆ V .Hence A ⊆ f−1(U)
and B ⊆ f−1(V ) and f−1(U) ∩ f−1(V ) = φ.Since f is Iω̂-continuous,f−1(U) and
f−1(V ) are Iω̂-open in X which implies X is Iω̂-normal. ✷

5. Maximal Iω̂-closed sets

Definition 5.1. A proper nonempty Iω̂-closed subset U of an ideal space (X, τ, I)
is said to be maximal Iω̂-closed if any Iω̂-closed set containing U is either X or U.

Example 5.2. Let X={a,b,c,d },τ = {φ, {a}, {b}, {a, b}, X}, I = {φ, {b}, {c}, {b, c}}.
Then Iω̂-closed sets are φ, {b}, {c}, {b, c}, {c, d}, {a, c, d}, {b, c, d}, X.Here {a, c, d}
and {b, c, d} are maximal Iω̂-closed sets.

Remark 5.3. Every maximal Iω̂-closed set is a Iω̂-closed set but not conversely.

Example 5.4. In example 5.2,{b} is a Iω̂-closed set but not a maximal Iω̂-closed
set.



New approach of ideal topological generalized closed sets 199

Theorem 5.5. The following statements are true for any ideal space (X, τ , I).

(i)Let F be a maximal Iω̂-closed set and G be a Iω̂-closed set.Then F ∪G = Xor
G ⊂ F .

(ii)Let F and G be maximal Iω̂-closed sets.Then F ∪G = X or F = G.

Proof:

(i)Let F be a maximal Iω̂-closed set and G be a Iω̂-closed set.If F ∪G = X ,then
there is nothing to prove.Assume that F ∪ G 6= X .Now F ⊂ F ∪ G.By
theorem 3.16,F ∪ G is a Iω̂-closed set.Since F is a maximal Iω̂-closed set,we
have F ∪G = X or F ∪G = F .Hence F ∪G = F and so G ⊂ F .

(ii)Let F and G be maximal Iω̂-closed sets.If F ∪G = X ,then there is nothing to
prove.Assume that F ∪G 6= X .Then by(i) F ⊂ G and G ⊂ F which implies
F=G.

✷

Definition 5.6. An ideal space (X, τ, I) is said to be a MTω̂-space if every nonempty
proper Iω̂-closed subset of X is a maximal Iω̂-closed set.

Example 5.7. Let X={a,b,c,d },τ = {φ, {a}, {b, c, d}, X}, I = {φ}.Then Iω̂-closed
sets are φ, {a}, {b, c, d}, X.Here {a} and {b, c, d}are maximal Iω̂-closed sets. Hence
(X, τ , I) is a MTω̂-space.

Definition 5.8. A function f : (X, τ, I) → (Y, σ) is said to be maximal Iω̂-
continuous if f−1(V )is a maximal Iω̂-closed set in X for every nonempty proper
closed set V of Y.

Theorem 5.9. Every surjective maximal Iω̂-continuous function is Iω̂-continuous.

Proof: Let f : (X, τ , I) → (Y, σ) be a surjective maximal Iω̂-continuous func-
tion.The inverse image of φ and Y are always Iω̂-closed sets in X. Let V be a
proper closed set in Y.Now f is a maximal Iω̂-continuous function implies f−1(V )
is a maximal Iω̂-closed set in X.Since every maximal Iω̂-closed set is a Iω̂-closed
set,the proof follows. ✷

Remark 5.10. The converse of the above theorem need not be true as seen from
the following example.

Example 5.11. Let X=Y={a,b,c},τ = {φ, {a, b}, X}, I = {φ, {a}}and σ = {φ, {a},
{a, b}, {a, c}, Y }.Then the function f : (X, τ, I) → (Y, σ) defined by f(a) = c, f(b) =
a and f(c) = b is Iω̂-continuous, but not maximal Iω̂-continuous.

Theorem 5.12. If f : (X, τ, I) → (Y, σ) is a surjective,Iω̂-continuous function
where X is a MTω̂-space,then f is a maximal Iω̂-continuous function.
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Proof: Let V be a nonempty proper closed subset of Y.Since f is surjective and Iω̂-
continuous,f−1(V ) is a nonempty proper Iω̂-closed subset of X.Now X is a MTω̂-
space implies f−1(V ) is a maximal Iω̂-closed subset of X.Thus f is a maximal
Iω̂-continuous function. ✷

Remark 5.13. The composition of maximal Iω̂-continuous functions need not be
a maximal Iω̂-continuous function.

Example 5.14. Let X={a,b,c}=Y=Z,τ = {φ, {a}, {b, c}, X}, I = {φ}, σ = {φ, {c},
Y }, J = {φ} and η = {φ, {a}, Z}.Let f : (X, τ , I) → (Y, σ) be the function
defined by f(a) = c, f(b) = b and f(c) = aand g : (Y, σ, J) → (Z, η) be the
function by g(a) = b, g(b) = a and g(c) = c.Then both f and g are maximal Iω̂-
continuous.But g ◦ f : (X, τ , I) → (Z, η) is not a maximal Iω̂-continuous function
since (g ◦ f)−1({b, c}) = f−1(g−1({b, c})) = f−1{a, c} = {a, c} is not maximal
Iω̂-closed in (X, τ , I) where {b, c} is a closed set in(Z, η).

Theorem 5.15. Let f : (X, τ , I) → (Y, σ) be a maximal Iω̂-continuous func-
tion and g : (Y, σ, J) → (Z, η) be a surjective, continuous function.Then g ◦ f :
(X, τ , I) → (Z, η) is a maximal Iω̂-continuous function.

Proof: Let V be a nonempty proper closed set in Z.Since g is continuous,g−1(V )
is a nonempty proper closed set in Y.Now f is maximal Iω̂-continuous implies
f−1(g−1(V )) = (g ◦ f)−1(V ) is a maximal Iω̂-closed set in X.Hence g ◦ f is a
maximal Iω̂-continuous function. ✷

Theorem 5.16. Let f : (X, τ , I) → (Y, σ) be a surjective,Iω̂-continuous function
and X be a MTω̂-space and g : (Y, σ, J) → (Z, η) be a surjective,continuous func-
tion.Then g ◦ f : (X, τ, I) → (Z, η) is a maximal Iω̂-continuous function.

Proof: Let V be a nonempty proper closed set in Z.Since g is continuous,g−1(V ) is
a nonempty proper closed set in Y.Now f is Iω̂-continuous implies f−1(g−1(V )) =
(g ◦ f)−1(V ) is a proper Iω̂-closed set in X.Since X is a MTω̂-space,(g ◦ f)−1(V )is
a maximal Iω̂-closed set in X.Hence g ◦ f is a maximal Iω̂-continuous function. ✷

6. Applications

In this section, we introduce ĈI -sets and D̂I -sets and investigate
some
of their properties.

Definition 6.1. A subset A of an ideal space (X, τ , I) is said to be a

(i) ĈI-set if A = U ∩ V where U is an ω̂-open set and V is a ∗-closed set.

(ii)D̂I-set if A = U ∩ V where U is an ω̂-open set and V is a ∗-perfect set.

Remark 6.2. (i)Every ω̂-open set is a ĈI -set.
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(ii)Every ∗-closed set is a ĈI-set.

(iii)Every ∗-perfect set is a D̂I-set.

(iv)Every D̂I-set set is a ĈI -set.

Remark 6.3. The converses of the above remark 6.2 need not be true as shown in
the following example.

Example 6.4. Let X={a,b,c,d},τ = {φ, {a}, {b}, {a, b}, X} and I = {φ, {b}, {c},
{b, c}}. Then

(i){b, c, d} is a ĈI -set,but not a ω̂-open set.

(ii){a, b, d} is a ĈI-set,but not a ∗-closed set.

(iii){a} is a D̂I-set,but not a ∗-perfect set.

Theorem 6.5. Every strongly-I-LC is a ĈI-set in an ideal space (X, τ , I).

Proof: Since every regular open set is ω̂-open [8],the proof follows. ✷

The converse of the above theorem 6.5 need not be true as shown in the following
example.

Example 6.6. Let X={a,b,c,d},τ = {φ, {a}, {b}, {a, b}, X} and I = {φ, {b}, {c},
{b, c}}. Then {a, b, c} is a ĈI -set,but not strongly-I-LC.

Theorem 6.7. Let A be a subset of an ideal space (X, τ , I).If A is a D̂I-set and
an Iω̂-closed set, then A is a ∗-closed set.

Proof: Since A is a D̂I -set,A = U ∩ V where U is an ω̂-open set and V is a ∗-
perfect set.Now A ⊆ U where U is an ω̂-open set and A is an Iω̂-closed set implies
that A∗ ⊆ U .Also A ⊆ V where V is a ∗-perfect set implies that A∗ ⊆ V .Thus
A∗ ⊆ U ∩ V = A and so A is a ∗-closed set. ✷

Remark 6.8. The converse of the above theorem need not be true as seen from the
following example.

Example 6.9. Let (X, τ ) and I be same as in example 6.4.Then {b,c}is a ∗-closed
set,but not a D̂I-set.

Theorem 6.10. Let A be a subset of an ideal space (X, τ , I).Then A is a ∗̂-closed
set if and only if A is a ĈI-set and an Iω̂-closed set.

Proof: Necessity.Suppose A is a ∗-closed set.Then A = X ∩ A where X is ω̂-open
set and A is a ∗-closed set.Hence A is a ĈI -set.By remark 3.3,A is also Iω̂-closed.
Sufficiency.Let A be a ĈI -set and an Iω̂-closed set.Since A is a ĈI -set, A = U ∩ V
where U is an ω̂-open set and V is a ∗-closed set.Now A ⊆ U where U is an ω̂-open
set and A is an Iω̂-closed set implies that A∗ ⊆ U .Also A ⊆ V where V is a ∗-closed
set implies that A∗ ⊆ V ∗ ⊆ V .Thus A∗ ⊆ U ∩ V = A and so A is a ∗-closed set. ✷
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Theorem 6.11. Let (X, τ , I) be an ideal space and A be a ĈI-set in X.Then the
following hold.

(i)If B is ∗-closed,then A ∩B is a ĈI -set.

(ii)If B is ω̂-open,then A ∩B is a ĈI-set.

(iii)If B is ĈI -set,then A ∩B is a ĈI-set.

Proof:

(i)Since A is a ĈI -set, A = U ∩ V where U is an ω̂-open set and V is a ∗-closed
set.Hence A ∩B = (U ∩ V ) ∩B = U ∩ (V ∩B) where V ∩Bis ∗-closed.Thus
A ∩B is a ĈI -set.

(ii)Since A is a ĈI -set, A = U ∩ V where U is an ω̂-open set and V is a ∗-closed
set.Hence A ∩B = (U ∩ V ) ∩B = (U ∩B) ∩ V where U ∩B is ω̂-open.Thus
A ∩B is a ĈI -set.

(iii)Since B is a ĈI -set, A = U1∩V1 where U1 is an ω̂-open set and V1 is a ∗-closed
set.Hence A∩B = (U ∩ V )∩ (U1 ∩ V1) = (U ∩U1)∩ (V ∩ V1) where U ∩U1is
ω̂-open and V ∩ V1 is∗-closed .Thus A ∩B is a ĈI -set.

✷

Definition 6.12. A function f : (X, τ , I) → (Y, σ) is said to be ĈI-continuous if
f−1(V )is ĈI -set in (X, τ, I) for every closed set A of Y.

Theorem 6.13. Every strongly-I-LC-continuous is ĈI -continuous.

Proof: Follows from theorem 6.5 ✷

Theorem 6.14. Let f : (X, τ, I) → (Y, σ) be a function.Then the following are
equivalent.

(i)f is ∗-continuous.

(ii)f is ĈI-continuous and Iω̂-continuous.

Proof: Follows from theorem 6.10 ✷

Theorem 6.15. Let f : (X, τ, I) → (Y, σ) be a function.Then the following are
equivalent.

(i) f is ∗-continuous.

(ii) f is strongly-I-LC-continuous and Iω̂-continuous.
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Proof: (i)⇒(ii)Follows from the fact that every ∗-closed set is strongly-I-LC [12]
and from Remark 3.3
(ii)⇒(i)Let V be a closed set in Y.Since f is strongly-I-LC-continuous and Iω̂-
continuous, f−1(V ) is a strongly-I-LC and Iω̂-closed set.By theorem 6.5,f−1(V )
is a ĈI -set and Iω̂-closed set and hence f is ĈI -continuous and Iω̂-continuous.By
theorem 6.14,f is ∗-continuous. ✷

Definition 6.16. A function f : (X, τ , I) → (Y, σ) is said to be D̂I-continuous if
f−1(V )is D̂I-set in (X, τ , I) for every closed set V of Y.

Theorem 6.17. If function f : (X, τ , I) → (Y, σ) is D̂I-continuous and Iω̂-
continuous,then f is ∗-continuous.

Proof: Follows from Remark 6.2(iv) and theorem 6.14 ✷

Remark 6.18. The converse of the above theorem need not be true as seen from
the following example.

Example 6.19. Let X={a,b,c}=Y,τ = {φ, {a}, {a, c}, X},and I = {φ, {a}}, σ =
{φ, {a}, {a, b}, {a, c}, Y },Then the function f : (X, τ, I) → (Y, σ) defined by f(a) =
b, f(b) = c,and f(c) = a is ∗-continuous,but not D̂I-continuous,since f−1{b, c} =
{a, b}is not a D̂I-set where {b,c} is a closed set in Y.

Theorem 6.20. Let f : (X, τ , I) → (Y, σ) be a surjective,ĈI -continuous and max-
imal Iω̂-continuous function.Then f is ∗-continuous.

Proof: Follows from theorem 5.9 and theorem 6.14 ✷

Remark 6.21. The converse of the above theorem need not be true as seen from
the following example.

Example 6.22. Let X=Y={a,b,c},τ = {φ, {a}, {a, c}, X}and I = {φ, {a}}, σ =
{φ, {b}, {c}, {b, c}, Y }. Then the function f : (X, τ, I) → (Y, σ) defined by f(a) =
b, f(b) = a and f(c) = c is surjective and ∗-continuous,but not maximal Iω̂-
continuous,since f−1({a}) = {b}is not a maximal Iω̂-closed set in X where {a}
is a closed set in Y.

7. Conclusion

The study of ideal topological generalized closed sets via ω̂-open sets
is applicable in most areas of pure and applied mathematics.This study would open
up the academic flood gates and new vistas in the field of bitopology and fuzzy
topology for further research studies.



New approach of ideal topological generalized closed sets 204

References

1. Abd El-Monsef M.E. ; Rose Mary S ; Lellis Thivagar M. : On αĝ-closed sets in
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