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Smarandache Curves on S?

Kemal Tagkoprii and Murat Tosun

ABSTRACT: In this paper, we introduce special Smarandache curves according
to Sabban frame on S2? and we give some characterization of Smarandache curves.
Besides, we illustrate examples of our results.
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1. Introduction

The differential geometry of curves is usual starting point of students in field of
differential geometry which is the field concerned with studying curves, surfaces,
etc. with the use the concept of derivatives in calculus. Thus, implicit in the
discussion, we assume that the defining functions are sufficiently differentiable,
i.e., they have no concerns of cusps, etc. Curves are usually studied as subsets
of an ambient space with a notion of equivalence. For example, one may study
curves in the plane, the usual three dimensional space, curves on a sphere, etc.
There are many important consequences and properties of curves in differential
geometry. In the light of the existing studies, authors introduced new curves.
Special Smarandache curves are one of them. A regular curve in Minkowski space-
time, whose position vector is composed by Frenet frame vectors on another regular
curve, is called a Smarandache curve [8]. Special Smarandache curves have been
studied by some authors ([1],[2],[3], [4], [8])-

In this paper, we study special Smarandache curves such as t, td, ytd - Smaran-
dache curves according to Sabban frame in Euclidean unit sphere S2. We hope
these results will be helpful to mathematicians who are specialized on mathemati-
cal modeling.
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2. Preliminaries

The Euclidean 3-space E® provided with the standard flat metric given by
(,) = daf + daj + da?

where (1,22, 23) is a rectangular coordinate system of E3. Recall that, the norm
of an arbitrary vector X € E® is given by || X|| = 1/(X, X). The curve « is called a
unit speed curve if velocity vector o/ of a satisfies ||o’|| = 1. For vectors v,w € E3,
it is said to be orthogonal if and only if (v, w) = 0. The sphere of radius r = 1 and
with center in the origin in the space E? is defined by

S2 = [P = (P, Py, Py)|(P, P) = 1}.

Denote by {T', N, B} the moving Frenet frame along the curve o in E*. For an
arbitrary curve o € E? | with first and second curvature, x and T respectively, the
Frenet formulae is given by [5]

T' = kN
N = —xkT + 7B
B'=—7N.

Now, we give a new frame different from Frenet frame. Let v be a unit speed
spherical curve. We denote s as the arc-length parameter of v. Let us denote
t(s) = v (s), and we call ¢ (s) a unit tangent vector of v. We now set a vector
d(s) = v (s) At(s) along . This frame is called the Sabban frame of v on S?
(Sphere of unit radius). Then we have the following spherical Frenet formulae of

v

v =t
t'=—vy+red
d = —rgt

where is called the geodesic curvature of k, on S? and k, = (', d) [6].

3. Smarandache Curves According to Sabban Frame on 52

In this section, we investigate Smarandache curves according to the Sabban
frame on S? .Let v = y(s) and 3 = [(s*) be a unit speed regular spherical curves on
S?, and {v,t,d} and {75:tp,dp} be the Sabban frame of these curves, respectively.

3.1. yt-Smarandache Curves

Definition 3.1. Let S? be a unit sphere in E3 and suppose that the unit speed
reqular curve v = (s) lying fully on S?. In this case, ¥t - Smarandache curve can

be defined by

B(s") = —=(r+1). (3.1)

Sl
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Now we can compute Sabban invariants of ¢ - Smarandache curves. Differen-
tiating the equation 3.1 with respect to s, we have

N dﬁdS*_ 1 / /
and
ds*
t = — (t+ kgd —
ﬁds \/5( g )
where

ds* 12+ kg2

=4/ —2 3.2
ds 2 (3.2)
Thus, the tangent vector of curve (§ is to be

1
—— (=7 +t+ Kgd). 3.3
\/m( Y HQ) ( )

Differentiating the equation 3.3 with respect to s, we get

g

tg =

Njw

kg

where

_ ’ 2

M = KgRhy — kg~ —2 , )
— /

A2 = —Kgky' — 2 —2Kg° — Ky

A3 = 264 + 25y + K4

Substituting the equation 3.2 into equation 3.4, we reach

V2
ty = ———— A1y + Aot + )\3d) . 3.5
= i 55

Considering the equations 3.1 and 3.3, it easily seen that
ds = B At L (kg (—1— ry) 4 2d) (3.6)
= =————(k -1—-k . .
’ 0T Jirang T I
From the equation 3.5 and 3.6, the geodesic curvature of 5(s*) is
Hgﬂ = <tﬂ/adﬂ>

m (}\159 + AQ (71 — fﬁ}g) + 2A3) .
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3.2. td-Smarandache Curves

Definition 3.2. Let S? be a unit sphere in E3 and suppose that the unit speed
reqular curve v = () lying fully on S?. In this case, td - Smarandache curve can

be defined by

1
s*) = —(t + d). 3.7
B(s™) \/5( ) (3.7)
Now we can compute Sabban invariants of td - Smarandache curves. Differen-
tiating the equation 3.7 with respect to s, we have

N dg ds* o 1 / /
and
ds* 1
1o = (g =
where

ds* 11+ 2K,2
=4/ —. 3.8
ds 2 (3:8)

In that case, the tangent vector of curve 3 is as follows

1
tp = ———=(—7 — Kqt + Kq4d). (3.9)

V142K,

Differentiating the equation 3.9 with respect to s, it is obtained that

ds* 1
ts ds = My + Aot + Aad) (3.10)
S (14 2k4%)2

where

A = 2kgky  + kg + 2K43
Ao = —1— Ky —3Kry? — 244

_ 2 / 4
A3 = —Kg” + Ky — 2K4".

Substituting the equation 3.8 into equation 3.10, we get

V2
tg = ———————= (Miy + Aot + A3d) . 3.11
¥ = ey M+ et dsd) (3.11)

Using the equations 3.7 and 3.9, we easily find

1+ kg)d). (3.12)

dg =B Nt S ( t+(
- - Koy —
? SN o7

So, the geodesic curvature of B(s*) is as follows
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H!Jﬁ = <tﬁ/’dﬁ>
= m ()\1[439 — )\2 + )\3 (1 + Hg)) .
Kg“)?2
3.3. ytd-Smarandache Curves

Definition 3.3. Let S? be a unit sphere in E® and suppose that the unit speed
regqular curve v = (s) lying fully on S?. Denote the Sabban frame of y(s), {v,t,d}.
In this case, ytd - Smarandache curve can be defined by

B(s*) = %(erter). (3.13)

Lastly, let us calculate Sabban invariants of ytd - Smarandache curves. Differ-
entiating the equation 3.13 with respect to s, we have

dg ds* 1
I (o*) — _ / / ’
and ds* )
S
tﬁg—jg(t_'}/‘f'ﬁ?gd—ﬁgt)
where

ds* 2(1 — kg + Kg2)

=y — >, 3.14
ds 3 ( )
Thus, the tangent vector of curve § is
t ! (—y+ (1 )t + Kgd) (3.15)
= — — K Kqd) . )
PTVRA Ry ) S
Differentiating the equation 3.15 with respect to s, it is obtained that
ds* 1

A5 2VA(1 — g + %)

where
AN = —ky +2rgky" — 24 4kg — dkg% + 243
Ao = —ky — Kghky — 2 —4ky? 4 264 + 2k4% — 2%
A3 = —kghy' + 2Ky — 4ky% + 26, + k> — 2k,%.

Substituting the equation 3.14 into equation 3.16, we reach

V3
tg = ———————— (\{v + Aot + N\3d) . 3.17
? 4(1—@—1—@2)2( v ° ) ( )

Using the equations 3.13 and 3.15, we have

2kg — )y + (-1 —Kg)t+ (2 —Ky)d). (3.18)

1
dﬁ:ﬂ/\tﬁ:\/ém((
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From the equation 3.17 and 3.18, the geodesic curvature of 3(s*) is
Hgﬁ = <tﬁl’dﬁ>

:m()\l (259_1)+)\2(_1_Hg)+)‘3(2_“g)).

3.4. Example

Let us consider the unit speed spherical curve:
v (8) = {cos (s) tanh (s) , sin (s) tanh (s) , sech (s)}.

It is rendered in Figure 1.

1.0

Figure 1: v = ~(s)

Considering the Sabban frame and the Sabban formulae, we have geodesic cur-
vature of ~:
kg = 2sech (t).

In terms of the definitions, we obtain Smarandache curves according to Sabban
frame on 52, see Figures 2-4.
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Figure 2: vt - Smarandache Curve

Figure 3: td - Smarandache Curve

57
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Figure 4: ~vtd - Smarandache Curve
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