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The modular sequence space of x>

N. Subramanian, P. Thirunavukkarasu and R. Babu

ABSTRACT: In this paper we introduce the modular sequence space of x2 and
examine some topological properties of these space also establish some duals results
among them. Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to
define the sequence space ¢j; which is called an Orlicz sequence space. Another
generalization of Orlicz sequence spaces is due to Woo [9]. We define the sequence
spaces X?‘A and X?‘, where f = (fmn) and g = (gmn) are sequences of modulus
functions such that fy,n and gmn be mutually complementary for each m, n.
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1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.
We write w? for the set of all complex sequences (z,,,), where m,n € N, the set
of positive integers. Then, w? is a linear space under the coordinate wise addition
and scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [4]. Later
on, they were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10],
Basarir and Solankan [2], Tripathy [17], Turkmenoglu [19], and many others.

Let us define the following sets of double sequences:

M, (t) = {(mmn) € w? : supmnen |xmn|t""" < oo} ,
Cp (t) = {(zmn) € w? 1 p—liMm n—oo | Tmn — |t’"" =1 forsome € (C} ,

Cop (t) := {(mmn) € w? 1 p—limm noo |;z:mn|tm"' = 1} ,
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Lo (t) = {(xmn) SETEED DD P |xmn|tmn < oo} ,

Cop () 1= Cp (1) 1 Mu (t) and Covy (t) = Cop () (1 M (¢);

where t = (tm,) is the sequence of strictly positive reals t,,, for all m,n € N and
D — limy, n—soo denotes the limit in the Pringsheim’s sense. In the case t,,, = 1 for
all m,n € N;M, (t),C, (t),Cop (), Lu (t),Crp (t) and Copp (t) reduce to the sets
My, Cp, Cop, Ly, Cpp and Copp, respectively. Now, we may summarize the knowl-
edge given in some document related to the double sequence spaces. Gdkhan and
Colak [21,22] have proved that M,, (t) and €, (¢), Cyp (t) are complete paranormed
spaces of double sequences and gave the a—, f—, y— duals of the spaces M, (¢) and
Chp (t) . Quite recently, in her PhD thesis, Zelter [23] has essentially studied both
the theory of topological double sequence spaces and the theory of summability of
double sequences. Mursaleen and Edely [24] have recently introduced the statisti-
cal convergence and Cauchy for double sequences and given the relation between
statistical convergent and strongly Cesaro summable double sequences. Nextly,
Mursaleen [25] and Mursaleen and Edely [26] have defined the almost strong regu-
larity of matrices for double sequences and applied these matrices to establish a core
theorem and introduced the M —core for double sequences and determined those
four dimensional matrices transforming every bounded double sequences © = (1)
into one whose core is a subset of the M —core of x. More recently, Altay and Basar
[27] have defined the spaces BS, BS (t), €S, €Sy, €8, and BV of double sequences
consisting of all double series whose sequence of partial sums are in the spaces
My, My, (t), Cp, Cpp, €, and L,,, respectively, and also examined some properties of
those sequence spaces and determined the a— duals of the spaces B8, BV, C§,
and the 3 (¢) — duals of the spaces €8, and €8, of double series. Quite recently
Basar and Sever [28] have introduced the Banach space £, of double sequences
corresponding to the well-known space £, of single sequences and examined some
properties of the space £,. Quite recently Subramanian and Misra [29] have stud-
ied the space x3; (p, ¢, u) of double sequences and gave some inclusion relations.

Spaces are strongly summable sequences were discussed by Kuttner [31], Mad-
dox [32], and others. The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [8] as an extension of the
definition of strongly Cesaro summable sequences. Connor [33] further extended
this definition to a definition of strong A— summability with respect to a modulus
where A = (a,, 1) is a nonnegative regular matrix and established some connections
between strong A— summability, strong A— summability with respect to a mod-
ulus, and A— statistical convergence. In [34] the notion of convergence of double
sequences was presented by A. Pringsheim. Also, in [35]-[38], and [39] the four
dimensional matrix transformation (Az), , = >°0°_ D207 i T, was studied
extensively by Robison and Hamilton.

We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 <p <1, we have

(a+b)P <al + b (1.1)
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The double series Z:,nﬂ Tmn is called convergent if and only if the double se-

quence (sy,,) is convergent, where s,,, = >;"7") i;(m,n € N) (see|[1]).

A sequence x = (z,,,)is said to be double analytic if sup, |xmn|1/m+" < 00. The
vector space of all double analytic sequences will be denoted by A%. A sequence
2 = (Zpn) is called double gai sequence if ((m 4 n)! [z, |)/ ™™ — 0 as m, n — oc.
The double gai sequences will be denoted by x2. Let ¢ = {all finitesequences}.
Consider a double sequence x = (z;;). The (m,n)!" section zI™") of the sequence
is defined by zl™" = > le’zoxij 3 for all m,n € N; where 3;; denotes the double
sequence whose only non zero term is a m in the (i,j)th place for each 7,7 € N.

An FK-space(or a metric space)X is said to have AK property if (Sy,n) is
a Schauder basis for X. Or equivalently ™" — z.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings = = (zx) —
(Tmn)(m,n € N) are also continuous.

Orlicz [13] used the idea of Orlicz function to construct the space (L) . Lin-
denstrauss and Tzafriri [7] investigated Orlicz sequence spaces in more detail, and
they proved that every Orlicz sequence space £j; contains a subspace isomorphic
to £, (1 < p < 00) . subsequently, different classes of sequence spaces were defined
by Parashar and Choudhary [14], Mursaleen et al. [11], Bektas and Altin [3],
Tripathy et al. [18], Rao and Subramanian [15], and many others. The Orlicz
sequence spaces are the special cases of Orlicz spaces studied in [6].

Recalling [13] and [6], an Orlicz function is a function M : [0,00) — [0, 00)
which is continuous, non-decreasing, and convex with M (0) = 0, M (z) > 0, for
x> 0and M (xz) = oo as ¢ — oo. If convexity of Orlicz function M is replaced
by subadditivity of M, then this function is called modulus function, defined by
Nakano [12] and further discussed by Ruckle [16] and Maddox [8], and many others.

An modulus function M is said to satisfy the As— condition for small u or
at 0 if for each k € N, there exist Ry > 0 and uy, > 0 such that M (ku) < RpM (u)
for all u € (0,uy]. Moreover, an modulus function M is said to satisfy the Ay—
condition if and only if

limu_>0+supj\]\44((2:)) < 00

Two Modulus functions M; and M, are said to be equivalent if there are positive
constants «, 3 and b such that

M (o) < My (u) < My (Bu) for all w € [0,0].
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An modulus function M can always be represented in the following integral form

M (u) = [§'n(t)dt,

where 7, the kernel of M, is right differentiable for ¢ > 0,7 (0) = 0,7 (¢) > 0 for
M(w)

t > 0,7 is non-decreasing and 7 (t) — oo as t — oo whenever T o0 as u T oo.
Consider the kernel n associated with the modulus functionM and let

u(s) = sup {t 1 () < s}
Then p possesses the same properties as the function 7. Suppose now
= [ p(s)ds.

Then, ® is an modulus function. The functions M and & are called mutually
complementary Orlicz functions.

Now, we give the following well-known results.

Let M and ® are mutually complementary modulus functions. Then, we have:
(i) For all u,y > 0,

uy < M (u) + @ (y), (Young'sinequality) (1.2)
(ii) For all u > 0,
un () = M (u) + @ (1 (w) (13)
(iii) For all w > 0, and 0 < A < 1,
M (Au) < AM (u) (1.4)

Lindenstrauss and Tzafriri 7] used the idea of Orlicz function to construct Orlicz
sequence space

Ly = {wa:ZZilM(%) < 00, forsomep>0},

The space £;; with the norm

|| :mf{p>o:z,;“;1M(%) < 1},
becomes a Banach space which is called an Orlicz sequence space. For M (t) =
tP (1 < p < 00), the spaces ¢y coincide with the classical sequence space £,,.
If X is a sequence space, we give the following definitions:
(i)X'= the continuous dual of X;

(i) X = {a = (amn) : 355 et [@mnmn| < 00, foreachz € X} ;

(i) X? = {a = (amn) : >0 5% 1 GmnTmn is convegent, foreachx € X };
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(iv) X7 = {a = (Gmn) : SUPmn > 1 ‘Z%:f:l Ao Tmn

< oo, foreachx € X} ;

(v)let X beanF K — space D ¢; then X¥ = {f(%mn) fe X,};

Vmtn o0, foreachx € X};

(Vi)X6 = {a = (amn) $ SUPmn |amn$mn|
X X8 X7 are called a — (orKéthe — Toeplitz)dual of X, 3 — (or generalized —
Kothe — Toeplitz) dualof X,y — dualof X, § — dualof X respectively. X* is de-
fined by Gupta and Kamptan [20]. It is clear that 2 C X? and X c X7, but
X# C X7 does not hold, since the sequence of partial sums of a double convergent
series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [30] as follows

Z(A) ={x=(a) €ew: (Axy) € Z}

for Z = ¢, ¢y and £, where Az, = xp, — 241 for all k € N.

Here ¢, ¢y and /., denote the classes of convergent,null and bounded sclar valued
single sequences respectively. The difference space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < co by Baar and Altay in [42] and in
the case 0 < p < 1 by Altay and Baar in [43]. The spaces ¢(A),co (A),ls (A)
and bv, are Banach spaces normed by

1
2]l = J21] + supxz1 [Awk] and [2]],,, = (52, lox?) /", (1 < p < 00).

Later on the notion was further investigated by many others. We now introduce
the following difference double sequence spaces defined by

Z(A) = {z = (zmn) € W : (Azpn) € Z}

2 2
where Z = A » X and Aznmn = (:Cmn - zanrl) - (szrln - :Ceranrl) = Tmn —
Tmntl — Tmtin + Tmtin+1 for all myn € N.

2. Definition and Preliminaries

Definition 2.1. Let A\ be a sequence space. Then X is called

(i) Solid (or normal) if (mnTmn) € X whenever (Tmy) € X for all sequences (cmn)
of scalars with || < 1.

(i) Monotone if provided \ contains the canonical preimages of all its stepspaces.
(i) Perfect if X = X\ [20)].

Proposition 2.2. X is perfect = X is normal = X is monotone [20)].

Proposition 2.3. Let A be a sequence space. If \ is monotone, then \™ = )\B, and
if X is normal, then A\ = \7.



76 N. SUBRAMANIAN, P. THIRUNAVUKKARASU AND R. BABU

A Banach metric sequence space (), S) is called a BK-metric space if the topol-
ogy S of A is finer than the co-ordinatewise convergence topology, or equivalently,
the projection maps Py : A = K, Py () = Zpyn, m,n > 1 are continuous, where
K is the scalar field R (the set of all reals) or (the complex plane). For

T11 T12 W Lin 0 .. 0
Ta1 X292 Lo 0 .. 0
€r =
Iml Im2 ---Tmn 0 .. 0
0 0 .00 .0
0 0 .00 .0

and m,n € N, we write the [mn]™" section of z as

Z11 12 W L1n 0 .. 0
o1 oo . Lon 0 .. 0
plmn] —
Tml Tm2 Tmpn 0O 0
0 0 .00 0
0 0 .00 0

If 2™ — 2 in (A, S) for each x € ), we say that (), S) is an AK-space. The
metric d(.,.), generating the topology S of X is said to be monotone metric if
d(x,0), <d(y,0), for x = {Zmn},y = WYmn) € A With |Zyn| < |Ymal, for all
m,n > 1 [48].

Any Orlicz function M,,,, always has the integral representation

My (z) = fom Dmn (1) dt,

where Py, known as the kernel of M,,, is non-decreasing, is right continuous
fort > 0, pyn (0) = 0, ppp (t) > 0 for ¢t > 0 and ppy, (1) — 00, as t — .
Given an Orlicz function M,,, with kernel p,,, (t), define

dmn (5) = sup {t * Pmn (t> <s,82> 0}

Then gy, ($) possesses the same properties as pi,,, (t) and the function N,,,, defined
as

Non () = [ Gimn () ds

is an Orlicz function. The functions M,,, and N,,, are called mutually comple-
mentary Orlicz functions.

For a sequence M = (M,,,,) of Orlicz functions, the modular sequence class Cum
is defined by
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g]\/I = {ZE = (:Cmn) : Zﬁ:l Zzozl an (|$mn|) < OO} .

Using the sequence N = (N,,,,) of Orlicz functions, similarly we define /y. The
class £); is defined by

ly = {[1; = (Tmn) : Z menymn converges forally € EN} . (2.1)

m=1n=1

For a sequence M = (M,,,,) of Orlicz functions, the modular sequence class £y
is also defined as

by ={r = (Tmn) : Zﬁ:l Zle M (|#mal) < oo}

The space £ is a Banach space with respect to the norm ||z||,, defined as

HzHM =inf {Z::1 220:1 Mnp (|Zmal) <1}

The single sequence spaces were introduced by Woo [49] around the year 1973, and
generalized the Orlicz sequence £); and the modulared sequence space considered
earlier by Nakano in [12].

Proposition 2.4. Let M,,, and Ny, be mutually complementary functions for
each m,n. Then

(i) For x,y > 0,2y < My () + N (y) -

(i) For x > 0, 2pmn () = Myn () + Ninn (Drmn (2)) -

An important subspace of £, which is an AK-space is the space h); defined as

har ={x € lar = Yoy Yoney M (|mn| < 00)}

A sequence (M,,,) of Orlicz functions is said to satisfy uniform A;— condition
at ‘0’ if there exist p > 1 and ky € N such that « € (0,1) and k > ko, we have

%ﬂ(g) < p, or equivalently, there exists a constant K > 1 and ko € N such that

% < K forallk > kyand x € (0, %} . If the sequence (M,,,,) satisfies uniform

As— condition, then hy; = £y and vice versa [49].

Definition 2.5. Let fpn and gmn be mutually complementary functions for each
m,n and let X = (Amn) be a sequence of strictly positve real numbers. Then we
define the following sequence spaces:

o jo%s) m4n ‘Imn 1/m+n
X?)\:{‘T:(-Tmn):zm:1zn:1fmn((( + )‘/\ ) ) —>0asm,n—>oo}.

mn

The space X?‘/\ is a metric space with the metric

d (x,y) = SUPmn {an {2:521 fozl Jmn (((ern)!‘Im;;nym"‘)l/m+n)} < 1}

and
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2\
Xg -
{x = (‘Tmn) : Z:;:l ZZ; Imn (Am” ((m + n)! |$mn|)1/m+n) —Oasm,n — OO} '

The space X?]A 18 a metric space with the metric

d(z,y) =
suppn {inf {0020 2051 g (A (74 1) [ = yan) /™)) < 1}

The spaces X?A and x? also can be written as

o0 e} m=+n)!|Tmn 1/m+n
X?/\:{x:(zmn)izm:1zn:1fmn((( )t ). ) GX?}.

Amn

and
32 = o = () - 22y 22 gn (A (0 1) )V 747) €52}
Throughout the paper we write fmy (1) =1 and gmn (1) =1 for all m,n € N.
3. Main Results

Theorem 3.1. Let f = (fmn) and g = (gmn) be two sequences of Orlicz functions.
Then xfck and X?{\ are linear spaces over the field of complex numbers.

Proof: It is routine verfication. Therefore the proof is omitted. O

Theorem 3.2. X?u and X;A are monotone metric

Proof: d(z,y)=supmn {mf {Zfs:l N (((m+n)!|zn§,—ymn\)l/m+")} < 1} ;

mn

d(z",y") = supy, {znf {Z::r S frr (W\;y”')l/%)} < 1} , and

rr

d(a,y°) = supss {inf { o, 00, fuo (Ml ) <1,
Let r > s. Then
} >

SUPmn {'Lnf {Zﬁ:r ZZO:T f”" (M)} S !
. 0o o0 S) I Tss " Yss 1/2s
SUPss {an {Zm:s Zn:s fss (%)} S 1} ’
d(.TT,yT)Zd(.TS,yS),T>S (31)

Also {d(z%,y®) :r=1,2,3,---} is a monotonically increasing sequence bounded
by d(z,y) . For such a sequence

>0 > S) | Tss — Yss 1/2s . s s
SUPss {mf{z Zfss <((2 )" /\SSy ) >} < 1} = limssood (2°,y°) = d (z,y)

o (3.2)

From (3.1) and (3.2) it follows that
. e 00 A Ton —Ymn | )T .
d(z,y) = Supmn {mf {Zm:l Yooy fmn ((( +n)l| Ymnl) )} < 1} is mono-

Amn

tone metric for x7,.
The proof similar for x2*. O
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Theorem 3.3. X?‘)\ has AK

Proof: Let z = (zyn) € xfck and take the [m, n]th sectional sequence of z. We have
d (m,x“7s])=supmn {an {Z;’;’Zl Z;’:’Zl fmn (((m+n)!\§m,n\)l/m+n )} <l:m>rn> 8}—)

mn

0as [r,s] = oo. Therefore ™) — z in xfck as 1,5 — oo. Thus x?k has AK. O
Theorem 3.4. X?u 18 solid

Proof: Let |zmn| < |Ymn| and let o, € Xfc)\. We have
0o 0o mAn) | Zmn )/ 00 00 m+n)Ymn 1/m+n
Zm:l Zn:l fmn ((( * ) ‘)\ l) ) S Zm:l Zn:l fmn ((( - ) l,\y D ) :

mn mn

1/m+n
But > 3% fn (((m"r"l)!lAynLn‘) ) c X?/\, because y € x%. That is

mn

| 1/m+n
D=1 met fram (((ern)";i:f:') ) — 0asm,n — oo =

D omet 2anet fmn (((m+n)”$m"|)l/m+n) — 0asm,n — oo. Therefore & = () €

mn

X7 Hence x7, is solid. O

Theorem 3.5. The spaces (X?/\,d(., ){) and (xg’\,d(., );‘) are Banach metric
spaces.

Theorem 3.6. The sequence spaces X?‘)\ and xg’\ are BK-spaces
Proof: The space (x?“, d(., ){) is a Banach space by Theorem 3.5. Now let

d (ac[“s],ac)ﬁ — 0asr,s — oo.

Then

)1/m+n

((m—l—n)!‘x%ﬂ—xmn —0asr,s — o0

. 00 S ((m4n)!|=lrs] —zmn|)1/m+n
SUPmn S I 4D 1>y fm <1l —=0asr,s—
00

Amn

for all m,n € N.

((m+n)!|x£§i}71mn|)l/m+n ((m+n)!|z££fl]fzmn|)l/m+n
If fin ( )] < 1 then )] <1 for all
m,n. Therefore we also obtain

[rs)

((m +n)! ‘xmn — T

1/m+n
) < A (a1, )]

[rs]

— 0asr,s — oo, then ((m+n)! ‘zmn — Tmn

1/m+n
) — 0 as

Since d (x[’”*s] , x)f\c

r,s — oo for all m,n € N. Hence (x?u, d(., ){) is a BK-space.
The proof is similar for (X?‘, d(., );\) ) O
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Corollary 3.7. x?“ has AD

X% 15 a BK-AK by Theorem 3.3 and 3.6. Consequently x7, has AD. Also AK
implies AD by [50].

Corollary 3.8. x7, has FAK

Every space with monotone metric has AK and also AB implies FAK by [Wilan-
sky].

X7 has AB, consequently x7, has FAK.
4. Xif and X?X\
If A\, = 1 for all m, n € N, then the sequence space x?‘ reduces to the sequence
space
X} =
{x = (Zyn) t Domey Pomey frm (((m +n)! |xmn|)1/m+") — 0asm,n — oo} .

Theorem 4.1. If A\ = (M) is a double gai sequence such that inf Ay, > 0, then

2
=P =3

Proof: Let = € x}. Thend > > | fimn (((m+n)! |xmn|)1/m+n) — 0as m,n —
00. Since A = (Amy) is double gai, we can write a < A, < b for some b > a > 0.
Since f,,, is non-decreasing , it follows that

Pt 2pet fmn (()\mn (m+n)! |xmn|)1/m+") <
Y om=1 2omet fran (((m +n)! |xmn|)1/m+") =0

as m,n — oo. Hence xfc C X?«A- The other inclusion x?’\ C Xfc follows from the
inequality

Dot Do fmm (((m +n)! |zmn|)1/m+”) <
D omet 2anet fmn (()\mn (m+n)! |xmn|)1/m+”) -0

as m,n — oo. Therefore X?‘ = xfc. Similarly, we can prove Xif = X?. O

Theorem 4.2. If {\,,,} € A? with a = SUDm nAmn > 1 and {)\,_nh} is unbounded,

then xif C X?A and the inclusion map ¢ : Xif — X?‘ is continuous with d (¢,0) <

772

Proof: We have S > fn (/\mn ((m +n)! |$mn|)1/m+n) <

D=1 Qmeey frm (((m +n)! |zmn|)1/m+") — 0 as m,n — oo. Hence 3/ C X7
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We now show that the containment xif C X?c)‘ is proper. From the unbound-
edness of the sequence {)\;111}, choose a sequence myn, of positive integers such
that )\;}an > pq. Define © = {x,,, } as follows:

1
_ {W,mn:mpnq,p,qzl,Q’...
:L'mn—

0, otherwise.

Then x € X?/\; but = ¢ Xif.

!

To prove the continuity of the inclusion map ¢, for z € xi , We write

AXF = SUPmn {inf (Zﬁ:l Y onet frn (((m+")!|$mnl>”m+")) < 1} — Oasm,n —
Q.

Amn

and

5 = {inf (S S22 Fun (A ((m 4 )l ) V7H7) ) <1}

Oasm,n — oo.

Since f,,, is nondecreasing, we get AX? Cn x?c)‘. Hence

d(z, 0); = sup (inf (Bxfc’\)) < sup (mf (Axif)) =d(x, O)J; (4.1)
<

(i.e)d (¢,0)} < d(x,0)f. Thus ¢ is continuous with d(¢,0) <1 = 7?.

Define 3,,,,, = Amn, m,n € N. Then 3,,, <1 and from (4.1), it follows that
d(x,O)? < d(:c,O)g forxz e xif (4.2)
Hence from (4.2)
A A
A(¢.0)7 = d (.00 <n?d (.0

(i.e) ¢ is continuous with d (¢,0) < n2. O

Theorem 4.3. Y2 | > | Zynlmn for all & = {xmn} € X35 € {amn} € XJ

A’V'TL n

o) [ee) [ele] oo m=+n)!Tmn t/mn
& Zm:l anl |$mnamn| < Zm:l Zn:l fron ((( — ‘/\mn : ) +
S Y Gmn ()\mn ((m +n)! |amn|)1/m+n) )

Since @ = {amn} € X2 we have 0" > | gmn ()\mn ((m +n)! |xmn|)1/m+") —
0asm,n — oo and

_ 2 00 00 ((mAn)@mn )/ ™
= {Tmn} € XF, We have > 1 > 7 fin v — 0asm,n —
0.
Hence Z§:1 220:1 TinnQmn converges < {amn} € xg)‘. O

Proof: |1'mnamn| S fmn (((m+n)!|xmn\)1/m+" ) +gmn ()\mn ((m + TL)' |amn|>1/m+n)
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Proposition 4.4. The f— dual space of x?“ is A%A

B B
Proof: First, we observe that X%)\ - 1"?)\, Theorefore (1"%)\) - (X?q) . But
2\ G a2
(fo) # A%, Hence
B
Afy € (XF2) (4.3)

B B
Next we show that (x?/\) C A%A. Let y = (Ymn) € (x?c)\) . Consider f (z) =

D=1 2ome1 LmnYmn With T = (Zmn) € X?/\
T = [(%mn - S’mn-i—l) - (%m—i-ln - S'm-i—ln-l—l)]

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
A n _)\WLn )\m,n _)\WLn
0 0 (m+n)! (m+n)! 0 0 0 .. (m+n)! (m+n)! 0
0 0 0 0 0 0 0 0 0 0
0 0 .0 0 0
00 .0 0, 0

fmn (((m+n)!|$mn ‘)1/m+n ) —

Amn

Hence converges to zero.
Therefore [(%mn — %’mn-‘rl) — (%’m-i-ln — %m-‘rln-i-l)] S X?‘k
Hence d ((Smn — Smn+t1) — (Smt1n — Smt1nt1),0) = 1. But

[Ymn| < [If][d((Smn = Smnt1) = (Smtin = Sma1nt1) ,0) < [|f]] - 1 < oo for each
m,n. Thus (ymn) is a double modular bounded sequence and hence an modular

B
analytic sequence. In other words y € A%,. But y = (yny) is arbitrary in (xfck) .

Therefore 5
(x2)" C A%y (4.4)

B
From (4.3) and (4.4) we get (X?,\) =A%, O
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Proposition 4.5. The dual space of x?“ is A%A.In other words (xfc)\)* = A?A.

.0 0

0 0
0 0 .0 0

Proof: We recall that $<,,,, =

0 0 Amn ()

o s
0 0 ...0 0
with (riil:i)! in the (m,n)th position and zero’s else where, with
T = %m’m
0. . .0

{f (((m+n)!|;£:,\)l/’"*" ) } _

. N 1/m+n
0 f (pm)

(m,n
0 . .0
which is a modular double gai sequence. Hence, Snn € XF5-f() = D07 1 TmnYmn
with © € x3, andf € (x},)", where (x7,)
= (Tmn) = Smn € Xfc)\.Then,

)th

*

is the dual space of x7,. Take
[Ymn| < | FI1d(Smn,0) <00 ¥Vm,n (4.5)

Thus, (Ymn) is a modular bounded sequence and hence an modular double analytic
sequence. In other words, y € A%,. Therefore (x7,)* = A%,.This completes the
proof. O

Theorem 4.6. Let fi,, and gmy, for each mn be mutually complementary func-
tions. Then

B f a Y
{X?‘/\} :{X?‘/\} :{X?‘/\} :[X?‘/\} =Xg

Proof: From Proposition 2.2, Proposition 2.3 and Theorem 3.4. O

Theorem 4.7. (i) If the sequence fn, satisfies uniform As— condition, then
«@
[X?c)\} = x?- (ii) If the sequence Gmn satisfies uniform Ao— condition, then
2ATY _ 2
X" = XFar

Proof: Let the sequence f,,, satisfies uniform As— condition. Then for any = €
X}y and a € X2, we have
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1/m+n
S St [Pt < Xy Sy fun (2 lema 0

S > | Gmn (/\mn ((m+n)! |amn|)1/m+n) — 0asm,n — co.
Thus a € [x?u} . Hence xg)‘ C [X?u} .
To prove the inclusion [X?u} - x?, let a € [X?u} . Then for all {2, } with

(((m+n)!mmn)1/m+"

mn

) € x?c we have

Doy Yomey [Tmnamn| converges & {amn} € X2,

Since the sequence (fp,,) satisfies uniform Ay— condition, we get

Zzzl Zzozl [N Ymn@mn| converges < {amn} € x?-

(03

Thus (Amn@mn) € {xﬂ = X?; and hence {a;,,} € X;A- This gives that {x?/\} =

2X
Xg -
(ii) Similarly, one can prove that [xg/\}a = Xfc y if the sequence (gn) satisfies
uniform As— condition. O

Theorem 4.8. Let Y be an FAK-spaceD ®. Then y D X?‘ < (Sun) 48 a member
of the mutually complementary Orlicz sequence space

Proof: Y D X?'
f
f 2
<Yl C (xf)
sYfc X?{\ by Theorem 4.6

< (Symn) is a member of the mutually complementary Orlicz sequence space.
O
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