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Note on generalized topological spaces with hereditary classes

V. Renukadevi’ and P. Vimaladevif

ABSTRACT: In this paper, we extend the study of W4 operator introduced and
studied in [5] and rectify the errors in the paper. Moreover, characterizations of
p—codense and strongly p—codense hereditary classes in generalized topological
spaces are also given.
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1. Introduction

Let X be a nonempty set. A family p of subsets of X is called a generalized
topology (GT) [1] if @ €  and the arbitrary union of members of y is again in p.
The largest p1—open set contained in a subset A of X is denoted by i,(A) [1] and
is called the pu—interior of A. The smallest u—closed set containing A is called the
p — closure of A and is denoted by ¢, (A) [1]. Throughout the paper, by a space
we always mean a generalized space (X, ). o(pu) ={AC X | A C cuiy(A)} is the
family of all u — semiopen sets [2]. A subset A of X is said to be o(u) — closed if
its complement is p—semiopen. A GT p is said to be a quasi — topology [4] on X
if M, N € p implies M NN € p.

A hereditary class H of X is a nonempty collection of subset of X such that
A C B, B € H implies A € H [3]. A hereditary class H of X is an ideal [6] if
AUB € H whenever A € H and B € H. With respect to the generalized topology
u of all p—open sets and a hereditary class H, for each subset A of X, a subset
A*(H) or simply A* of X is defined by A* = {x € X | M N A ¢ H for every
M € p containing z} [3]. H is said to be u — codense if uNH = {0} [3] and is said
to be strongly p — codense [3] ift M, N € pand M NN € H, then M NN = {.
Every strongly pu—codense hereditary class is g—codense but the converse is not
true [3]. A subset A of X is said to be p—rare [3| (resp. pr—open) if i,c,(A) =0
(resp. A = iucu(A)). If 3, is the collection of all p—rare sets in (X, p), then
J, is a hereditary class and for this hereditary class, A* C cui,c,(A) for every
subset A of X [3, Proposition 2.11]. If ¢*(4) = AU A* for every subset A of
X, with respect to u and a hereditary class H of subsets of X, then ¢* € I' and
w={AC X |c"(X—-A) =X — A} is a generalized topology finer than u [3].
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The following lemmas will be useful in the sequel and we use some of the results
without mentioning it, when the context is clear.

Lemma 1.1. [3] Let (X, pu) be a space with a hereditary class H. If A and B are
any two subsets of X, then the following hold.

(a) If A € H, then A* = X — M, where M, = J{M | M € u}.

(b) If A C A", then ¢, (A) = A" = c*(A) = ¢*(4").

(¢) H is u—codense if and only if X = X*.

(d) A* is p—closed for every subset A of X.

(e) If F is p—closed, then F* C F.

Lemma 1.2. [7, Theorem 2.4| If (X,u) is a quasi-topological space and H is a
hereditary class of subsets of X, then the following statements are equivalent.

(a) H is p—codense.

(b) H is strongly p—codense.

Lemma 1.3. [7, Theorem 2.5] If (X, u) is a space and H is a hereditary class of
subsets of X, then the following statements are equivalent.

(a) H is strongly pu—codense.

(b) M C M* for every M € p.

(c) S C S* for every S € o(p).

(d) cu(M) = M* for every M € p.

(e) cu(S) = S* for every S € a(p).

2. Operator Vg

If H is a hereditary class on a space (X, 1), an operator g : p(X) = o(X)
is defined as follows: for every A € p(X), ¥5c(A) = {x € X | there exists a
M € p such that © € M and M — A € H}. The following Theorem 2.1 gives a
characterization of the function Wy¢ which is v}, in [5]. Throughout the paper, we
use the notation Wq.

Theorem 2.1. Let (X, u) be a space with a hereditary class H. Then ¥qc(A) =
X — (X - A",

Proof: Suppose z € X — (X — A)*. Then =z ¢ (X — A)* and so there exists
M € p containing z such that M N (X — A) € H which implies that M — A € .
Therefore, X — (X — A)* C {z € X | there exists M € p(z) such that M — A € 3}.
Conversely, assume that y € Wgc(A). Then there exists M € p containing x such
that M — A € H. Since M — A € H,M N (X — A) € H which implies that
y ¢ (X — A)*. Therefore, y € X — (X — A)*. Thus, ¥y (A) =X — (X —A)*. O

The following Theorem 2.3 gives the properties of the operator Wq¢, where (a)
confirms that the range of Wy is a subfamily of x4 and (e) is a generalization of
Theorem 3.3 of [5]. In Example 3.5 of [5], it is established that the other direction
of Theorem 2.3(f) is not true, but H stated in the above example is not a hereditary
class and 1 is not even a generalized topology. The following Example 2.2 shows
that the inequality will not be an equality in Theorem 2.3(f).
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Example 2.2. Consider the generalized topological space (X, u) with a heredi-
tary class H where X = {a,b,c,d}, p = {0,{a},{a,b},{b,c},{a,b,c}, X} and
H ={0,{b},{c}}. If A={a,d}, then Ug(A) = X — {b,c}* = X — {¢,d} = {a,b}
and Vg (Ugc(A)) = Vye({a,b}) = X — {¢,d}* = X — {d} = {a,b,c} and so
Vyc(Wc(A)) # Wac(A).

Theorem 2.3. Let (X, p) be a space with a hereditary class H and A, B C X.
Then the following hold.

(a) Ugc(A) is p—open [5, Theorem 3.1(ii)].
(b) A* = X — Us¢(X — A) [5, Theorem 3.1(iii)].
(c) If A C B, then ¥qc(A) C Ug(B) [5, Theorem 3.1(i)].
(e) If U € u*, then U C Ugc(U).
(f) Ugc(A) C Wae(Pgc(A)) [5, Theorem 3.4(i)].

() Wc(A) = Wac(Wae(A)) if and only if (X — A)* = (X — A))*.
() AN Wae(A) = 7% (A).

( H e H, then (AUH)* = A* and hence Ugc(A — H) = Uy (A).

Proof: (d) The proof follows from (c).

(e) f U € p*, then X — U is p*—closed. Therefore, (X — U)* € X — U which
implies that X — (X —U) C X — (X —U)* and so U C U4 (V).

(g) Suppose that (X — A)* = ((X — A)*)*. Then ¥gc(A) = X — (X — A)* implies
that Wse(Wsc(A) = X — (X — Wac(A)* = X — (X — (X — (X - A)))" = X —
(X=A))"=X—(X—-A)* =Ty(A). Hence ¥gc(A) = Ugc(Pg¢(A)). Conversely,
Wgc(A) = Ugc(Pge(A)) implies that X — (X —A)" = X — (X — Ug(A))" = X —
(X—(X—(X—-4)")) =X — (X — A)*)*. Therefore, (X — A)* = (X — A)*)*.
(h) Let z € ANT4¢(A). Then z € A and z € Wgc(A). Since x € Uqc(A), there exists
M, € p containing z such that M, — A € H. Therefore, x € M, — (M, — A) C A.
Since B is a basis for p* and M, — (M, — A) € B, = € ij(A), where i}, is the
interior operator in (X, u*). Conversely, assume that = € ij,(A). Then there exists
a p—open set M, containing x and H € H such that x € M, — H C A. Now
M, — H C A implies that M, — A C H which in turn implies that M, — A € H
and so & € Wyc(A). Therefore, z € AN Wyc(A). Hence AN Wyc(A) = iy (A).

(i) Suppose that H € H. Then by Lemma 1.1(a), (AU H)* = A*UH* = A" U
(X —M,) = A", since X — M, is the smallest p—closed set contained in every
p—closed set. Again, Vo(A-—H)=X—-(X—-(A-H)"=X-(X-A)UH)* =
X — (X = A =Ty (A).

(j) By Theorem 2.1, ¥g¢(0) = X — X* = (M, U(X —=M,)) — X* =M, - X")U
(X =M,)—X*) =M, — X*, since X* is pp—closed by Lemma 1.1(d) and X — M,
is the smallest u—closed set contained in every pu—closed set. a

Theorem 2.4 shows that Wq¢ preserves finite intersection under some additional
conditions. The proof also follows from Theorem 3.4 of [8] using the fact that
(AU B)* = A*U B*.
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Theorem 2.4. Let (X, p1) be a quasi-topological space and H be an ideal on X. If
A, BC X, then Ugc(ANB) =Pq(A) NTgc(B).

Proof: Let z € Usc(A)NT5¢(B). Then there exist u—open sets U and V' containing
x such that U — A € Hand V- B € H. If G = UNYV, then G is a yu—open
set containing z such that G — A € 5 and G — B € H. Now G — (AN B) =
(G-A)JU(G—B) € Handsoz € 5 (ANB). Hence U5 (ANB) = Vg (A)NT 4 (B).0

Example 2.5 below shows that the conditions quasi-topology on X and ideal on
H cannot be dropped in Theorem 2.4.

Example 2.5. (a) Consider the space (X, u) where X = {a,b,c}, u={0,{a,b},
{a,c}, X} and H = {0,{a}}. Clearly, pu is not a quasi-topology on X. If A =
{b} and B = {a,c}, then V5(A) = {a,b} and V4(B) = {a,c} which implies
\I/g-c(A) N \I/}((B) = {a} But \I/g-c(A n B) = \I/g—((@) =0 # \I/g-c(A) N \I/g{(B)

(b) Consider the space (X, u) with a hereditary class H where X = {a,b,c,d},

w = {0,{a},{d},{a,c},{a,d}, {a,c,d}, X} and H = {0,{a},{c}}. Here H is not
an ideal. If A = {b,c,d} and B = {a,b}, then Ugc(A) = X and V4 (B) = {a,c}
and so Usc(A) N Wy (B) = {a, c}. Also, Us(AN B) = {a} # Usc(A) N Yy (B).

Theorem 2.6. [8, Theorem 3.3] Let (X, ) be a space with a hereditary class 3.
Ifo={ACX|ACUy(A)}, then o is a generalized topology on X and o = p*.

Proof: Let A € 0. Then A C ¥g¢(A) = X —(X—A)* which implies that (X —A)* C
X — A. Therefore, X — A is p*—closed and so A is y*—open. Therefore, o C u*.
Conversely, A € p* and x € A. Then there exists M € p and H € H such that
re€M-—HCA. Now M — H C A implies that M — A C H which in turn implies
that M — A € H and so x € Uyc(A). Therefore, u* C 0. Hence o = p*. Since p* is
a generalized topology [3], it follows that o is a generalized topology. |

Corollary 2.7. Let (X, u) be a space with a hereditary class H. Then the following
hold.

(a) M, = M~ [8, Corollary 3.1].

(b) If B C X =M, then iy (B) = 0.

Theorem 2.8. Let ( X, p) be a space with a hereditary class H and A C X. Then
the following properties hold.

(a) Ugc(A) = U{U e p|U—-AeH} [, Theorem 3.2].

(b) Uac(A)=U{U e | (U—-A)U(A—-U) € H}, if A is p—open.

Proof: (a) follows immediately from the definition of Wqq.

(b) Denote J{U € pu | (U—A)U(A—-U) € H} by A. Since H is hereditary,
Ugc(A) D A for every A C X. Assume A € p and x € Wgc(A). Then there exists
Mepsuchthatz e M and M —Ae H.IfU=MUA, then U € yp and x € U.
Now (U —-A)U(A-U)=(M - A)UD=M — Aimplies (U - A)U(A-U)eXH
and so z € A. Therefore, ¥g¢(A) C A. Hence Ugc(A) = A. O
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The following Theorem 2.9 characterizes y—codense hereditary classes in quasi-
topological spaces.

Theorem 2.9. Let (X, pu) be a quasi-topological space with a hereditary class 3.
Then the following conditions are equivalent.

(a) H is u—codense.

(b) Woc(0) = 0.

(c) If A C X is u—closed, then Wgc(A) — A =0.
(d) If AC X, then i,c,(A) = Wac(iyc,(A)).

(e) If A is pr—open, then A =Uq(A).

(f) If U € p, then ¥ac(U) C i,c,(U) C U™,

Proof: (a)=(b). Us(0) ={U e p|U -0 =U € H} =0, since pNH = {0}.
(b)=(c). Suppose A C X is pu—closed. If © € Ug(A) — A, then there exists a
U, € p containing z such that U, — A € H. But U, — A € p implies that U, — A €
{U | U € H} and so Wy (D) # 0, a contradiction. Therefore, Wgc(A) — A = 0.
(c)=(d). Since i,c,(A) € p for every subset A of X, by Theorem 2.3(e), i,c,(A) C
Wac(iueu(A)). By (0), Uoclcu(4)) C eu(A) and s0 Tole, (4)) = i, (Wl (A) ©
ipcu(A). By Theorem 2.3(b), Wa¢ (i, (A)) C ¥ac(cu(A4)) Ciucu(A) and so
Wo(incu(A)) = incu(A).

(d)=(e). Let A be a pr—open subset of X. Then A = i,c¢,(A) and so ¥y (A) =
Usc(incu(A)) = incu(A) = A

(e)=>(a). Since @ is ur—open, ) = V() = U{U € p | U € H}, by Theorem 2.8(a).
Hence uNH = {0}.

(¢)=(f). U € p, then X — U is p—closed and so Ug(X —U) = X — U which
implies that X — (X — (X —U))* = X — U so that X — U* = X — U. Hence
U* =U. Also, ¢, (U) is p—closed implies that Ws¢(c,(U))—c,(U) = 0 which implies
that Wqc(c,(U)) C cu(U). Therefore, Ws(U) = i,(V3c(U)) C i,(¥ac(cu(U))) C
ipcu(U) C ey (U) =U*, by Lemma 1.1(b). Hence Woc(U) C i,c,(U) C U*.
(f)=-(a). Suppose U € pu. Then U C ¥y (U) C i,c,(U) C U* which implies that
H is strongly p—codense, by Lemma 1.3 and so H is g—codense. O

The following Example 2.10 shows that the condition quasi-topology on p cannot
be dropped in Theorem 2.9.

Example 2.10. Consider the space (X, ) with hereditary class H as in Example
2.2. Clearly, p is not a quasi-topology on X and H is p—codense. If A = {a,d},
then A is p—closed and Vqgc(A) — A = {a,b} — {a,d} = {b} # 0.

A hereditary class H is said to be x — strongly p — codense [5] if for M, N €
w, (MAN)NA € H and (MNN)— A € H, then M NN = (). Nothing is mentioned
about the set A. In the proof of Lemma 3.9(i) of [5], A = X, in the proof of Lemma
3.9(ii) of [5], A = 0 and in Example 3.10 of [5], A is a nonempty proper subset
of X. Hence the set A in the definition of x—strongly u—codense hereditary class
is any subset A of X. Also, in [5], it is proved that every x—strongly u—codense
hereditary class is strongly p—codense but the converse is not true [5, Example
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3.10]. However, the converse holds if H is an ideal as shown by Theorem 2.12 below.
Corollary 2.14 follows from Theorem 2.12 and Theorem 3.12 of [5]. If u = {0},
the trivial generalized topology, in a space (X, u), then every hereditary class H is
a x—strongly u — codense hereditary class. In this context, we have the following
Theorem 2.11.

Theorem 2.11. Let (X, i) be a space where pp = {(0}. Then the following hold.
(a) Every hereditary class is a x—strongly u — codense hereditary class.

(b) A* = X for every subset A of X.

(c) Uac(A) =0 for every subset A of X.

Remark 2.1. If g = {0}, Theorem 2.11 shows that every hereditary class
is *x—strongly p—codense and Wgc(A) = () and so the results established in
Corollary 3.11, Theorem 3.12, Corollary 3.13, Theorem 3.14, Corollary 3.15,
Theorem 3.17 and Theorem 3.18 of [5] are vacuously true.

Theorem 2.12. Let (X, 1) be a space with an ideal H. If H is strongly pu—codense,
then JH is x—strongly p— codense.

Proof: Let M\,N € pand A C X with (MNN)—AeHand (MNN)NA e H.
Now MNN =((MNN)—-A)U(MNN)NA) e H, since K is an ideal. Since H
is strongly u—codense, M N N = (). Hence H is x—strongly pu—codense. O

Corollary 2.13. Let (X, u) be a quasi-topological space with an ideal H. If H is
p—codense, then H is x—strongly p— codense.

Corollary 2.14. Let (X, i) be a space with an ideal H. If H is strongly p— codense,
then WUqgc(A) C A* for every subset A of X.

Proof: Follows from Theorem 2.12 and Theorem 3.12 of [5]. O

Corollary 2.15. Let (X, p) be a space with a strongly p—codense ideal 3 and
ACX. If A€ XH, then Ugc(A) = 0.

Proof: Follows from Corollary 2.14 and Lemma 1.1(a). O

The following Example 2.16 shows that the above Corollary 2.14 is not true for
p—codense ideals.

Example 2.16. Consider the space (X, 1) where X ={a,b,c}, n={0,{a, b}, {a,c},
X} and H = {0,{a}}. Clearly, H is a p—codense ideal. If A = {a,c}, then
A* ={c} and Vqc(A) = {a, c} which implies that W5 (A) ¢ A*.

In [5], before Lemma 3.9, it is stated that in a space (X, u), every ideal K is
*—strongly p—codense. But this statement is not true, even if H is a p—codense
ideal, as shown by the following Example 2.17.
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Example 2.17. Consider the space (X,p) with hereditary class H where X =
{a,b,c},u={0,{a},{a,c},{b,c}, X} and H = {0, {c}}. Clearly, H is a p—codense
tdeal. If M = {a,c} and N = {b,c}, then M N N = {c}. Also, for every A C
X, (MNN)NA e H and ( MNN)—A € H. But M NN # (. Hence H is
not x—strongly pu—codense. Note that an ideal need not be a strongly p—codense
hereditary class.

In the rest of this section, we derive some properties of the Wqc—operator. The
following Theorem 2.18 gives characterizations of p—codense hereditary classes
which is a generalization of Lemma 1.1(c).

Theorem 2.18. Let (X, u) be a space with a hereditary class H. Then the following
are equivalent.

(a) H is u—codense.

(b) My, = X.

(C) \I/g{(X — MM) = @

Proof: (a)&(b). Suppose z € X and x ¢ M. Then there exists M € p such
that z € M and M N M, € H which implies that M € H and so M = 0,
since H is p—codense. Therefore, z € M7. Hence M}, = X. Conversely, suppose
M e pnI. If M # (0, then there exists x € M and so x € M, which implies that
M NM, =M ¢ H, a contradiction. Therefore, N H = {0}.

(b)&(c). Uge(X —M,) =X — (X — (X =M,))" = X =M. So (b) and (c) are
equivalent. O

The following Example 2.19 shows that the converse of Theorem 2.9(e) is not
true and Theorem 2.20 gives a partial converse.

Example 2.19. Consider the space (X, u) where X = {a,b,c}, p=1{0,{a},{a,b},
{a,c}, X} and H={0,{b}}. Clearly, H is a p—codense ideal. Here H,={0,{b},{c},
{b,c}} so that H C H,. If A = {a,b}, then Ug(A) = X — {c}* = X — {c} = {a,b}
and so Wy (A) = A. But i,c,(A) =i,(X) =X # {a,b} and so A is not ur—open.

Theorem 2.20. Let (X, u) be a quasi-topological space with a hereditary class H
and A C X. If H, C H, then A = Uqgc(A) implies that A is ur—open.

Proof: Suppose that A = Wg¢(A). Then A is p—open and so A =i, (A) C i,c,(A).
Let z € i,¢,(A). Then there exists G € p containing x such that G C ¢, (A) which
implies that G — A C ¢, (A) — A. Now i,¢,(cu(A) — A) C ipu(cu(A) —i,(4)) =
ip(cp(A) — A) = iueu(A) — cu(A) = 0 and so ¢, (A) — A € 3, which implies that
cu(A) — A € H, since 3, C H. Therefore, G — A € I so that € Wgc(A). Hence
ipcu(A) C Wgc(A) = A. Thus, A is pr—open. O

Corollary 2.21. Let (X, u) be a quasi-topological space with a p—codense heredi-
tary class H such that H, C H. Then for every A C X, A= Uqc(A) if and only if
A is pur—open.
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Proof: Follows from Theorem 2.9(e) and Theorem 2.20. O

The following Theorem 2.22 gives characterizations of u—codense hereditary
classes in terms of the generalized topology of semiopen sets o (i) of the generalized
topology fi.

Theorem 2.22. Let (X, u) be a space with a hereditary class H. Then the following
are equivalent.

(a) H is strongly pu—codense.

(b) If A is o(u)—closed, then ¥qc(A) C A.

(c) Uge(eu(A )) ipcu(A) for every A C X.

(d) Ugc(A) =i, (A) for every pu—closed set A.

(e) Uae(e U(A)) C zgcg( ) for every subset A of X.

(f) ¥5c(A) Cix(A) for every o(u)—closed set A.

Proof: (a)=(b). Suppose A is o(p1)—closed. By Lemma 1.3(c), X — A C (X — A)*.
Therefore, X — (X — A)* C A which implies that ¥g¢(A4) C A.

(b)=(a). If A € o, then X — A is o —closed. Therefore, by (b), U5 (X —-A) C X —A
and so A C A*. By Lemma 1.3(c), K is strongly u—codense.

(a)=(c). If A C X, Uge(cu(A) = X — (X —cu(4)* = X — cu(X — cu(4)), by
Lemma 1.3(e) and so Ug(c,(A)) = i,cu(A).

The equivalence of (c¢) and (d) is clear.

(c)=(b). If Ais o(u)—closed, by (c), Usc(cu(A)) = iucu(A) C A. Since Wy is
monotonic, it follows that Wgc(A) C A which proves (b).

Clearly, (e) and (f) are equivalent.

(b)=(f) follows from the fact that ¥5c(A) € p and (e)=-(b) is clear. O
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