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On a class of Kirchhoff type problems involving Hardy type potentials

Nguyen Thanh Chung

ABSTRACT: This article deals with the multiplicity of solutions for the following
Kirchhoff type problem

{ M (fo|Vul?dz) Au = Lsa(@)u+Af(u) inQ,

x|

u = 0 on 012,

where Q@ € RN (N > 3) is a bounded domain with smooth boundary 99, 0 € Q,
M : Ra’ — R is a continuous and increasing function, a : 2 — R may change sign,
f R — R is continuous and sublinear at infinity, A, u are two parameters. Our
proof is based on the three critical points theorem in [3].
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1. Introduction and Preliminaries

In this article, we are concerned with a class of Kirchhoff type problems with
Hardy type potential

||

u = 0 on 0,

{ M ([ IVul?dz) Au = hza(z)u+ Af(u) inQ, (L1)

where Q € RY (N > 3) is a bounded domain with smooth boundary 9%, 0 € Q,
M : R — R is a continuous and increasing function with RJ := [0, +0c0), the
function a : 2 — R may change sign, X is a positive parameter, 0 < u < u*, where

2
W= (%) is the best constant in the Hardy inequality, i.e.,

2
el dx < i/ |V|? dv (1.2)
a |zf? e Ja
for all p € C§°(Q), see [8].
Since the first equation in (1.1) contains an integral over €2, it is no longer
a pointwise identity; therefore it is often called nonlocal problem. This problem
models several physical and biological systems, where u describes a process which
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depends on the average of itself, such as the population density, see [4]. Moreover,
problem (1.1) is related to the stationary version of the Kirchhoff equation
2 L 2
/)@—(&Jr£ @Qx)ﬂzo (1.3)
ot? h 2L J, 10x ox?

presented by Kirchhoff in 1883, see [7]. This equation is an extension of the classical
d’Alembert’s wave equation by considering the effects of the changes in the length
of the string during the vibrations. The parameters in (1.3) have the following
meanings: L is the length of the string, h is the area of the cross-section, F is the
Young modulus of thematerial, p is themass density, and P, is the initial tension.

In recent years, problems involving Kirchhoff type operators have been studied
in many papers, we refer to [1,2,6,9,12,14,16], in which the authors have used
different methods to get the existence of solutions for (1.1) in the case u = 0.
In [11,17], Z. Zhang et al. studied the existence of nontrivial solutions and sign-
changing solutions. In [5,8,10,13,15] the authors studied the existence of solutions
for (1.1) in the case M(t) = 1 and a(x) = 1. Motivated by the papers mentioned
above, in this work, we study the existence of solutions for Kirchhoff type problem
(1.1) in which the function f is assumed to be sublinear at infinity. Our situation
here is different from [1,2,16] in which the authors considered problem (1.1) in the
case 4 = 0 and f is superlinear or assymptotically linear at infinity.

In order to state the main result of this paper, let us introduce the following
assumptions for problem (1.1):

(A) a:Q > Risa continuous function, there exists A9 > 0 such that —A4y <
a(zx) < Ag for a.e. z € Q)

(Mp) There exists mg > 0 such that

M(t) > mg for all t € R{;

(F1) f:R — R is continuous and sublinear at infinity, i.e.,

lim &

[t| =400 T

=0

(Fy) f is superlinear at zero, i.e.,

lim @

=0;
t—0 ¢

(F3) It holds that

sup F'(t) > 0,
teR

where F(t) = fg f(z,s)ds.
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Definition 1.1. We say that u € H}(Q) is a weak solution of problem (1.1) if

M</Q|Vu|2dz> /QVu.Vvdzu/Q(llgl?uvd:c)\/Qf(u)vdzO

for all v e C§°(Q).

Theorem 1.2. Assume that the conditions (A), (My) and (F1)-(F3) are satisfied.
Then there exists . > 0 such that for any p € [0,7), there exist an open interval
A, C (0,400) and a real number 6,, > 0 such that for every A\ € A, problem (1.1)
has at least two distinct, nontrivial weak solutions in H}(Q) whose HE(Q)-norms
are less than 9.

It should be noticed that by the presence of the singular potential we cannot
obtain the similar result for the p-Laplacian —Apu. This comes from the fact that
the energy functional does not satisfy the Palais-Smale condition. Theorem 1.2 will
be proved by using a recent result on the existence of at least three critical points
by G. Bonanno [3]. For the reader’s convenience, we describe it as follows.

Proposition 1.3 (See [3, Theorem 2.1]). Let (X, |.]|) be a separable and reflexive
real Banach space, A,F : X — R be two continuously Gateaux differentiable func-
tionals. Assume that there exists xo € X such that A(zg) = F(zo) =0, A(xz) >0
for all x € X and there exist x1 € X, p > 0 such that

(Z) p < ‘A(zl);

(i) SuP{A(z)<py F(@) < P%-

Further, put

= 55 & . with € > 1,

PAG) ~ SWP{A@)<py T (&

and assume that the functional A — \F is sequentially weakly lower semicontinuous,
satisfies the Palais-Smale condition and

(ii1) limyg|—oc[A(z) — AT ()] = 400 for every A € [0,a).

Then, there exist an open interval A C [0,a@] and a positive real number 6 such that
each X\ € A, the equation
DA(u) — ADF(u) =0

has at least three solutions in X whose ||.||-norms are less than §.

2. Multiple solutions
Let us define the functional J, » : Hj(©2) — R by the following formula

oat) = 530 ([ 1vuar) = § [ SRt a [ R
= A(u) — \F(w),
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where
NW%M<QWMMO%/|$|F
?(U)Z/QF(u)dx, uEHo( /M F(t):/otf(s)d&
(2.2)

In the rest of this paper, we denote by S, the best constant of the embedding
Hi(Q) — L), that is, Syllullze) < |lull, where ||.|| is the norm in H{(€),

lull = (fo [Vul® dz)*.

Lemma 2.1. There exists @ > 0 such that for any p € [0,7), the functional J, »
is sequentially weakly lower semicontinuous on HE ().

Proof: Let {u,,} be a sequence that converges weakly to u in H}(Q). By the

conditions (A) and (M), taking @ =
same arguments as in the proof of [10, Theorem 3.2|, we can obtain

o ( ) [ ) = (e
%/Q%Wdz.

(2.3)

1, using the

On the other hand, by (F}), there exists a constant C; > 0, such that
[f(t)] < Ci(1+]t]), for all t € R. (2.4)

From (2.4) and the Holder inequality, we get

F(um) dx — /Q (u) dx

/|Fum — F(u)|dx

SKJNU+&Awn—MHWm—uW$

< cl/(1+ .+ O (1t — 1))t — ]
Q

1
<0 {(meas(Q)) [+ O (1, — u)|||L2(Q)] it — ull 2@, O € (0,1),
(2.5)
which shows that
lim F(up,) de = / F(u)dx. (2.6)
Q Q

m—r oo
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From relations (2.3) and (2.6), we conclude that

lim inf Ju () > Ty (u)

and thus, the functional .J, ) is sequentially weakly lower semi-continuous in Hg (92).
O

Lemma 2.2. For every p € [0,71) and A € R, the functional J, x is coercive and
satisfies the Palais-Smale condition.

Proof: Let us fix A € R, arbitrary. By (F}), there exists § = §(\) > 0, such that

A
I£(0)] §S§( Sy 0) (1+ ALt for all |t > 4.
wr

Integrating the above inequality we have

S3 _ 1Ao 11412
|F(t)| < > - (T4 A7t + lm@)g [f(s)||t] for all ¢t € R. (2.7)

Hence, by (A) and (1.2), it follows from the continuous embeddings and the Holder
inequality that

T () = 1]\7 </ |Vu|2dz> - E/ %W@ /\/Q F(u) da

m ;LA u
> 50 [ 1vulae - 15 :x:z ~ I [ 1Pl da

1 Ao / 2 |AIS3 MAO / 5
> —(m Vul*de — ————=—(m ul*dx (2.8)

3 (mo = 5) [ 1Vl e = g (mo = 22)

|)\|max|f |/ |u| dx
It|<s
1 1 Ao 2 Al 1

> _ Yl
> g (o — 252 Il = a0 5 (meas(e)

Since 11 = “Xg“ > 0, we deduce that for each p € [0,z) and A € R, the functional
Ju,x is coercive.
Next, let {u,,} be a sequence in H{ (), such that

Jua(tm) = ¢ < oo and J}, , (um) — 0 in H~'(Q) as m — oo, (2.9)

where H~1(Q) is the dual space of H{ ().

Since J,, 5 is coercive, the sequence {u,,} is bounded in H}(£2). Then, there
exists a subsequence of {u,, }, still denoted by {u,,}, that converges weakly to some
u € HY(Q) and {u,,} converges strongly to u in L2(€2).

We will prove that for any u,v € H}(Q),

®(u,v) > mollu — vl?, (2.10)
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where my is given by (My) and

O(u,v) = M ( |Vu|2dz> / Vu- (Vu— Vo) dx
Q Q
-M ( |Vo|? d:c) / Vo - (Vu — V) dz.
Q Q
Indeed, using the Cauchy inequality we have

1
Vu - Vo < |Vu||Vo| < 5(|vu|2 + |Vv)?)

or

(|Vul* — |[Vo]?). (2.11)

|~

Vu- (Vu—Vov) >

Hence, because M (t) is increasing, it implies that

B(u,v) = {M( [ |Vu|2dz> M< i |vv|2d:c)}/Q Vu - (Vu - Vo) de
+M(/Q|Vv|2dx)/Q|Vu—Vv|2dx
> % {M (/Q|Vu|2d:c) Y (/Q|Vv|2dac)} [/Q|Vu|2d:c—/Q|Vv|2dx}
+M</9|Vv|2dx)/9|Vqu|2dz

> mo|lu — vHQ.

(2.12)

Now, from (2.9), (2.10) and the Hardy inequality, we find that

o(1)

(I (wm) = J' () (tm — u)
%M (/Q |Vum|2dx) /QVum (Vi — Vu) dx
- %M (/Q |Vu|2dx) /Qvu- (Vi — Vu) dv

-2 @u7u2x* Um ) — f(u)) (U — u) dx
2/Q|$|2|m " d A/Q(f(m) F)(um —u)d

> 70 fug, — u? - gﬁf et — ull? = A [ (F (i) — F(0)) (ttm — ) d
_1 m—MAO Upy — u|® — Um) — f(u))(Uy —u)dx
—2(0 u*)llm | A/Q(ﬂm) F () (e — w) d.

(2.13)
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On the other hand, by the Holder inequality,

[ (#) = 7)) )

< Cl/(2+|um| + u|) [ — u| dz (2.14)
Q

< |:2 (meas(ﬂ)) 2 + ||’um||L2(Q) =+ ||U||L2(Q):| ||um — ’LLHLZ(Q),

which approaches 0 as m — oco.
From (2.13), (2.14) and the fact that 0 < p <1 = E3*¢, we deduce that u,
converges strongly to u in Hj(Q). O

Lemma 2.3. For each j € [0, 1) we have

i SUP {F(u): Alu) < p} _
p—07F P

0,
where the functionals A and F are given by (2.2).

Proof: By (F3), for an arbitrary small € > 0, there exists § > 0, such that

3 A
()] < —652 (mo - M—*O) |t| for all [t| < 6.
W

Combining the above inequality with (2.4) we get

S2 A
|F(t)] < % (mo - “u 0) It]2 + Cs[t|9 for all ¢ € R, (2.15)

*

where ¢ € (2, %), and Cj is a constant that does not depend on t.
Next, for each p > 0, we define the sets

B; ={ueHy(): A(u)<p},

A
B = {u € Hi(Q): (mo — 'UM*O) [lul? < 2p} .

By (1.2), the conditions (A) and (My) we have B} C B2. Moreover, using (2.15),
it follows that for any u € B2,

*

A
3w < § (o~ 52 Jull + Cos (2.16)

Since 0 € B) and J,, x(0) = 0, we have 0 < SUPye 1 Jua(u). On the other hand, if

UGB?), then
pAo =
Jull < (mo— u*) (20)%.

N
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Now, using (2.16), we deduce that

< SupuEB}j ?(U) < SupuEBg ?(U)

- P - P

(2.17)

ANT
§£+OJS¢I_q (mo—'u 0) (2p)7 "
2 Iz

*

Since ¢ > 2, letting p — 07, because € > 0 is arbitrary, we get the conclusion. O

Proof: [Proof of Theorem 1.2] In order to prove Theorem 1.2, we shall apply
Proposition 1.3 by choosing X = H}(Q) as well as A and F as in (2.2). Now, we
shall check all assumptions of Proposition 1.3. Indeed, we have A(0) = F(0) =0
and since —A4y < a(r) < Ag for all x € Q, we deduce from (1.2) that for any
0<p<m, A(u) >0 for any u € H}(Q).

From (F3), let tg € R be such that F(tg) > 0. Also choose Ry > 0 such a way
that Ry < dist(0,09). For o € (0,1), we define the function u, by

0, for x € RN\ Bg, (0),
ug(x) = | to, for x € Byg,(0),
Tty (Bo — |2])  for 2 € Bry(0)\Bor,(0),

where B,.(0) denotes the N-dimensional open ball with center 0 and radius r > 0,
and |.| denotes the usual Euclidean norm in RY. It is clear that u, € Hg(Q). From
the definition of u,, simple computations show that

e = t5(1 = 0)72(1 — oM )wn Ry~

and

Fug) = / F(uy) dx —|—/ F(uy) dx
BURO(O) BRO(O)\BO‘RO(O)

> |:F(ﬁQ)O‘N — max |[F(t)|(1 - U)N] R) wy,
[t|<Ro

where wy is the volume of the unit ball By(0). If we choose o € (0,1) close

enough to 1, says og, then the right-hand side of the last inequality becomes strictly

positive. By Lemma 2.3, we can choose p, € (0, 1) such that

A
po < <m0 - ”M,P) ltoo |2 < Alting)

and

SUP 4 (u)<p, T (1) _ [F(to)od — maxpy<p, |[F(t)](1 — o)V RYwy
Po 2‘A‘(u00)
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Now, in Proposition 1.3, we choose g =0, z1 = us,, § =1+ py and

L+ po
F(usy)  SUPAG<pgy T (W)
A(u(;o) Po

a=a, = > 0.

For any u € [0,7), taking into account the above lemmas, all assumptions of
Proposition 1.3 are verified. Then there exist an open interval Az C [0,a] and a
number dz, such that for each A € Az, the equation DA(u) — ADF(u) = 0 has
at least three solutions in Hg(Q) whose H{(2)-norms are less than d7. By (Fb),
f(0) = 0, one of them may be the trivial one, so problem (1.1) has at least two
non-trivial weak solutions with the required properties. O
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