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Neumann problem in divergence form modeled on the p(z)-Laplace
equation

Abdelrachid El Amrouss, Fouzia Moradi and Anass Ourraoui

ABSTRACT: We consider a Neumann problem in divergence form with variable
growth, modeled on the p(x)-Laplace equation. We establish the existence of solu-
tions under appropriate hypotheses.
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1. Introduction

In recent decades, the study of differential equations and variational problems
involving variable exponent conditions has been an interesting topic. The interest
in studying such problems was stimulated by their applications in elastic mechan-
ics, fluid dynamics and the mathematical models of stationary thermo-rheological
viscous flows of non- Newtonian fluids. For more information on modeling physical
phenomena by equations involving p(x)growth condition we refer to [1,10]. This
paper was motivated by [4,8,11].

The aim of this paper is to discuss the existence of solutions of the following
problem which involves a general elliptic operator in divergence form

() —div((a(z, Vu))+ | u P92 4 = f(z,u) in Q,
% =0 on 09,

where Q is a bounded open domain in RY with smooth boundary 9, v is the
outward normal vector on 9, 1 < p~ = ingp(:c) < p(z) < supp(x) =p*,
z€ e

N >2peCQ), a: QxRY - RY is a potential with the assumption as
below

(A1) A: QxRN — R is a continuous function with a continuous derivative
with respect to second variable £ where a = DA = A/,

(A2) A(z,0) =0,Vz € Q,

(A3) a(m,f) < Cl[l+ | 3 |p(z)71]’ 1 >0,
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(A4) A is p(z)-uniformly convex: there exists a constant k& > 0 such that
A(e,) + S A n) k| €= P Vo € 9,6,n € BY,
(A5) A satisfies elliptic condition, i.e. there exists Cy > 0 such that
A@,§) 2 C [ €', Vo € Q.6 € RY,
(Ag) A is p(x)-subhomogeneous: for all z € Q,&,n € RY,
0 < a(z, )€ < p(x)A(,§),

and

f: QxR — Ris a carathéodory function with F(x,t) = fg f(z, s)ds such that
o fxs)

F) lim ———— =0

(F) o a1 = 0

(F) lim L&) g

|s|—+o0 | S |p(m)71
(F3) there exists u, > 0 such that F(z,u,) > 0 for a.e z € Q,
(Fy) there exists A > 0 such that f(x,t) > X |t [9®), ¢ € C(Q) with

— sgpq(:c) <p and CL(Q)={h e C(Q): h(z) > 1}.

Theorem 1.1. Let A : Q x RN — RY s a potential verifies (A1) — (Ag) and
under the assumptions (F1)— (F3), then the problem (P) has at least two nontrivial
solutions.

Theorem 1.2. Assume that the potential a(x,.), f are odd with respect to the
second argument:

flax,—s) = —f(z,s) and a(z,—s) = —a(x, s),

and the conditions of Theorem 1.1 with (Fy) are satisfied. Then the problem (P)
has infinitely many solutions.

The model case leading to problem (P) is the Neumann problem for the p(z)-
Laplacian operator

—Apyut | u |7”(9”)*2 u= f(z,u)in Q,
% =0 on 09,

where a(z,s) = s. The operator A,yu = div(| Vu [P@)=2 y) is called p(x)-
Laplacian, which becomes p-Laplacian when p(z) = p (a constant). These related
problems has been investigated by many authors (cf. [2,3,5,9]).

This paper is organized as three sections. In section 2, we introduce some basic
properties of the variable exponent Lebesgue-Sobolev spaces. In section 3, we give
the existence of two nontrivial weak solutions for problem (P) and infinitely of
solutions under additional conditions.
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Definition 1.3. A weak solution of (P) is a function u € WHP@)(Q) if
/ a(x, Vu).Vudz +/ | u |P@ =2 yodr — / f(z,u)vde =0,
Q Q Q

Yo € Whr)(Q).

2. Preliminaries

We introduce the setting of our problem with some auxiliary results. For conve-
nience, we only recall some basic facts which will be used later. Define the variable
exponent, Lebesgue space

Lp(z)(ﬂ) = {u:Q — R measurable : / | uw |p(m) dx < oo},
Q
then LP(*)(Q) endowed with the norm

U |ppy=Inf{A >0 : v P) gy < 1
p(z)
Q A

becomes a Banach space separable and reflexive.
Let X = WhP(@)(Q) = {u € LP@)(Q) : Vu € LP®) ()} equipped with the norm

lul=inta>0 [ (S0P 4] 5 PO < 1),
Q A A

is a separable reflexive Banach space.
Proposition 2.1. [7] Set, p(u) = [, | u [P®) dz.

If u € WHPE)(Q) we have

- +
(D lullz1=ul’ <plw) <ful”,
() lullsti=[lul” <pu) <[u]” .

Proposition 2.2. [7] For any u € LP®)(Q), v e LV ®)(Q), we have

| /qu dz [< 2 | u lp)| v |2y

with
SE I
p(z)  p(x)

Proposition 2.3. [7] If ¢ € C(Q) and q(z) < p*(z) for any x € Q, then the
embedding from WHP@)(Q) to LI®)(Q) is compact and continuous, where

vy ) R i p(a) < N,
p(z){ —Z:og(i])‘p(m)zN.
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The energy functional ¢ : W) (Q) — R is given by

b(u) = /Q A, Vu)da + /Q ]%mv)@ d — /Q Fla, u)dz

is well defined and of class C'!'. Here, the derivative is

¢ (u).v = / a(z, Vu).Vudz +/ | u [P@ =2 yode —/ f(z,u)vde
Q Q Q
for all v € X. Therefore, the critical points of ¢ are weak solutions of ().

Definition 2.4. An operator a : X — X* verifies the (S;) condition if for any

sequence (Tp)nen such that x, — x weakly and limsup{a(zy,), x, — ) < 0, we have
n—-+oo

U, — U Sstrongly.

3. Proof of the main results

To prove Theorem 1.1 we will use the minimization and a Mountain Pass type
argument to find nonzero critical point of ¢. So we need the following lemma.

Lemma 3.1. ¢ is sequentially weakly lower semi continuous.

Proof:

Using (F}) and (F3), we can see that | f(x,s) |< Cs(1+ | s [P®)=1), Vs € R
with C5 > 0. By the compact embedding W) (Q) < LP(*)(Q), we deduce that
u — [, F(z,u)dz is sequentially lower semi continuous. Besides,

u— / A(z,Vu)der/ 1 | u |P®) da
Q o ()

is convex uniformly, which assures that it is sequentially lower semi continuous. O

Proof: [Proof of Theorem 1.1:]
We start to check that ¢ is coercive and satisfies the (P.S) condition. From
(Fy) for € > 0 small enough, there exists § > 0 such that

| f(z,s) |<e|s|P@7h V]s| >4,

and thus we get

1t P@ fmax| f(z,s) || t],VtER,

| 1) |< p(z) |s|<é

for a.e z € Q2. Consequently, for || u ||> 1 we obtain
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S
e
S~—
Y

1 1
AiE,VdeJr/— up(z)dzfs/— u [P dx
/Q ( ) o p(x) ul q p(x) [ u]

— t d
g}glf(w, )| u|de

1
02/ |Vu|p(l)dx+(175)/—|u|p(m) dx
Q o p(x)

— t d
fﬂglf(w, ) [ u|de

Y

1—-¢ -
> min{Cy, —— P t d
> min{Co, 5} [ u | —max | fw.0)| [ u]do

1—¢ -
pe Fllull? =C" | meas(2) |p () max | f@,t) [ wll,

> min{Cy,

where C’ is a positive constant and ¢ — 0.

Therefore, ¢ is coercive and has a global minimizer u; which is nontrivial be-
cause

$(u1) < ¢(ux) <0.

In the sequel, we claim that ¢ satisfies the Palais Smale condition. In fact,
let (un)n C X be a Palais Smale sequence, that is

¢ (un) — 0in X*, p(un) =1 € R.

First we show that (uy,), is bounded. One has, from (A4)

o(u,) = /QA(:E,Vun)dqu/ %) | wn |p(z) dzf/QF(z,un)dz

o D

1
> 02/ | Vi, [P@ dz+/ —— | [P@ dxf/F(z,un)d:c.
Q o p() Q

On the other hand, from (Aj5), we get

| |p(x) dx f/ [z, up)updx
Q

<¢I(un)7un> = / a(z,Vun)Vund:ch
Q Q

IN

/p(z)A(x,Vun)dz+/ | uy, [P dx—/f(x,un)undz.
Q Q Q

Thus,
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P(un) — 5— <¢I(Un>a Up)

IV
S~
\

S
%[ =
=
B
b
—
&
<
S
)
a
8

1 1 "
+ [ =g e P o
— /Q F(x,un)d:ch/Q 2p+f(z,un)und:c
> %/|VU |p(z)dx+§/|u P@) dx
+ /Q[Qp%f(:c,un)un — F(z,uy,)]dz.

According to (Fy) and (Fy), for € > 0 there exist § > 0 and 1 > 0 such that
| f,t) |[<e |t PO

for all | ¢ |< ¢ and for all | ¢ |> 1. Hence, one has

g
F(z,t) |< — | ¢ [P®) +C
| F(z,t) | p(x)l |
for all | ¢ |< ¢ and for all | ¢ |> n with C is a constant.
Furthermore,
| flz, )t [<e|t[PD V|t|<dand V|t ][>,
It yields,
o) = e (@ un)un) = guin{Cai) [ (T P 4wy P
n 2p+ nj)y ¥n - 2 7p+ o n n
1 1
e — = p(z) 4
(g o) [ 1w P do ey
1 1 1 1
2 mi I N (@)
> [gmin{Ca )~ ez + =) [ (| Vun

+ | up |p(z))d:c +cq,

with ¢; > 0. For € > 0 small enough with M = %min{Cg, #}76(2’%4”% >0,
then we get

/Q(| Vi, [P@ + | uy, [P dz < %d)(un) - 21.%<¢'(un),un> — .

Since ¢(uy,) is bounded and (¢’ (uy,), u,) — 0. Then (uy,),, is bounded in X, passing
to a subsequence, so u, — u in X and u,, — u in Lp(””)(Q). Now, we are ready to
prove that u,, — u in X.
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We have
(@ (un), up —u) = / a(x, Vuy)(uy, dx—i—/ | wn, |p(l) 2 U Uy, — u)dz

/fxun Up — u)dx,

accordingly,

| /Q a(x, V) (up, —uw)dz | = | (¢ (un), up — u) —/Q |t P72y, (0, — w)da
/ [z, upn)(uy, — u)dx

< )t — ) |+ |t PO vy — |
+/|f<x,un>||unfu|dsc
Q
< 1) & Cun) lx-ll ten — e |

+ea || tn [P @) tn = U [pa)

—l—/ﬂ|f(x,un)||un—u|dac.

By (F1) and (F»), there exists C' > 0 such that
| f(z,s) |< C(1+ | s [P@~1),vs e R.

Which yields

[ 17w =) o
Q

IN

C/ |un—u|dx+C/ |ty PO wy — | da
Q Q

IN

c’ | Up — U |p(z)

+C | un PO )] tn = u ()

Since || ¢'(un) [ x=— 0 and |ty — u |pm)— 0 we get

1imsup/ a(x, Vuy,).(u, —u)dx <0.
Q

n—oo

From proposition 2.1 in [4] we know that a(x, §) is of Sy type, it follows that w,, — u
in X. Next, we verify the geometric condition of Mountam Pass Theorem. Indeed,
by (Fy), there exists 4 > 0 such that | F(z,s) [< 55 | [P(=) | for all | s |< 6.

Using (F3), there exists K (d) > 0 such that

| Fla,s) |< K(8) | s ["< K(6) | s |
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for every | s |[> § with p* < ¢~ and ¢(z) < p*(x). Thereby, for || u ||= r small
enough, (till || u |[|[< min{1, || u; ||})

P(u) > /A(z,Vu)d:c+/ L|u|f’<z> dz—/ & u P da
Q Q xz Il

u|<6] p(z)

|u|>6

. 1 + € - -
min{C, F} [l e [ul” —K(@©) [|ull* = h(r).

Y

Since ¢~ > pT > p~, there exists r > 0 small enough and a > 0 such that
h(r) > a > 0. Besides, ¢(0) = 0. Then, by the Mountain Pass Lemma, there exists
ug € X such that ¢'(uz) = 0. O

Proof: [Proof of Theorem 1.2:]
The functional ¢ is even. Since ¢ is coercive then ¢ satisfies condition (P.S),
for any ¢ # 0. Obviously, ¢(0) = 0 and in§(¢ > —o0.
ue

By the Ljusternik-Schnirelman theorem (see [12]), to prove Theorem 1.2, it
is sufficient to prove that for every positive integer n, there exists a symmetric
closed set A, C X such that y(4,) > n and supyca, d(un) < 0, where ~ is the
Krasnoselskii genus.

Now let any n be given, since it is known that C§°(£2) is an infinite-dimensional
subspace of X, so we can take an n-dimensional subspace Y;, C C§° C X. By the
proof of Theorem 4.3 in [6] we have

v(4,) =n and sup ¢(u) <0,
uceA,

where A, = kS,_1, k> 0and S,1 = {u €Y, || u|= 1}. Hence there is a
sequence of solutions {fuy : k = 1,2, } of (P) such that ¢(+ug) < 0. O
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