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The Almost Lacunary y? sequence spaces defined by modulus

N. Subramanian

ABSTRACT: In this paper we introduce a new concept for almost lacunary x2
sequence spaces strong P— convergent to zero with respect to an modulus function
and examine some properties of the resulting sequence spaces. We also introduce
and study statistical convergence of almost lacunary x2 sequence spaces and also
some inclusion theorems are discussed.

Key Words: analytic sequence, modulus function, double sequences, chi se-
quence.
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1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.
We write w? for the set of all complex sequences (), where m,n € N, the set
of positive integers. Then, w? is a linear space under the coordinate wise addition
and scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [4]. Later
on, they were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10],
Basarir and Solankan [2], Tripathy [17], Turkmenoglu [19], and many others.

Let us define the following sets of double sequences:

M, (t) = {(mmn) € w?: supmnen |xmn|t""" < oo} ,
Cp (t) := {(mmn) € w?:p—liMmm oo | Tmn — l|t’"" =1 forsomel € (C} ,
Cop (t) := {(zmn) € w? 1 p—limmnsoo |zmn|t””" = 1} ,

Lo (t) = {(xmn) ew?: Y Y |xmn|tmn < oo} ,
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Cop (t) == €y () My (t) and Copyp (t) = Cop (1) M (1);

where t = (tm,) is the sequence of strictly positive reals t,,, for all m,n € N and
D — liMyy, n— o0 denotes the limit in the Pringsheim’s sense. In the case t,,, = 1 for
all m,n € N;M, (t),C, (t),Cop (t),Lu (t),Cop (t) and Copp (t) reduce to the sets
My, Cp, Cop, Ly, Cpp and Copp, respectively. Now, we may summarize the knowl-
edge given in some document related to the double sequence spaces. Gokhan and
Colak [21,22] have proved that M,, (t) and €, (¢), Cyp (t) are complete paranormed
spaces of double sequences and gave the a—, f—, y— duals of the spaces M, (¢) and
Chp (t) . Quite recently, in her PhD thesis, Zelter [23] has essentially studied both
the theory of topological double sequence spaces and the theory of summability of
double sequences. Mursaleen and Edely [24] have recently introduced the statisti-
cal convergence and Cauchy for double sequences and given the relation between
statistical convergent and strongly Cesaro summable double sequences. Nextly,
Mursaleen [25] and Mursaleen and Edely [26] have defined the almost strong regu-
larity of matrices for double sequences and applied these matrices to establish a core
theorem and introduced the M —core for double sequences and determined those
four dimensional matrices transforming every bounded double sequences x = (1)
into one whose core is a subset of the M —core of x. More recently, Altay and Basar
[27] have defined the spaces BS, BS (1), CS,, CSy,, C8, and BV of double sequences
consisting of all double series whose sequence of partial sums are in the spaces
My, My, (t), Cp, Cpp, €, and L,,, respectively, and also examined some properties of
those sequence spaces and determined the a— duals of the spaces BS, BV, C8,
and the 3 (¢) — duals of the spaces €8, and €8, of double series. Quite recently
Basar and Sever [28] have introduced the Banach space £, of double sequences
corresponding to the well-known space £, of single sequences and examined some
properties of the space £,. Quite recently Subramanian and Misra [29] have stud-
ied the space x3, (p,q,u) of double sequences and gave some inclusion relations.

Spaces are strongly summable sequences were discussed by Kuttner [31], Mad-
dox [32], and others. The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [8] as an extension of the
definition of strongly Cesaro summable sequences. Connor [33] further extended
this definition to a definition of strong A— summability with respect to a modulus
where A = (ay,, 1) is a nonnegative regular matrix and established some connections
between strong A— summability, strong A— summability with respect to a mod-
ulus, and A— statistical convergence. In [34] the notion of convergence of double
sequences was presented by A. Pringsheim. Also, in [35]-[38], and [39] the four
dimensional matrix transformation (Az), , = >0 3207 @i @, was studied
extensively by Robison and Hamilton.

We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 <p <1, we have

(a+b)P <al +0P (1.1)

The double series

quence (sy,,) is convergent, where s,,, = >;"7") i;(m,n € N) (see|[1]).

mn—1 Tmn s called convergent if and only if the double se-



THE ALMOST LACUNARY %2 SEQUENCE SPACES DEFINED BY MODULUS 211

A sequence x = (z,,,)is said to be double analytic if sup., |xmn|1/m+" < 00. The

vector space of all double analytic sequences will be denoted by A%. A sequence
& = (Tmn) is called double gai sequence if (m + n)! [Zymn|)/ ™™ = 0 as m, n — oo.
The double gai sequences will be denoted by x2. Let ¢ = {all finitesequences}.

Consider a double sequence x = (z;;). The (m,n)!" section zI™") of the sequence
is defined by zl™m" =3 i i20Tij Sy for allm,n € N; where S;; denotes the double
sequence whose only non zero term is a m in the (i,j)th place for each 7,7 € N.

An FK-space(or a metric space)X is said to have AK property if (Sy,n) is
a Schauder basis for X. Or equivalently z[™" — z.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings = (z) —
(Zmn)(m,n € N) are also continuous.

Orlicz [13] used the idea of Orlicz function to construct the space (L) . Lin-
denstrauss and Tzafriri [7] investigated Orlicz sequence spaces in more detail, and
they proved that every Orlicz sequence space £); contains a subspace isomorphic
to £, (1 < p < c0) . subsequently, different classes of sequence spaces were defined
by Parashar and Choudhary [14], Mursaleen et al. [11], Bektas and Altin [3],
Tripathy et al. [18], Rao and Subramanian [15], and many others. The Orlicz
sequence spaces are the special cases of Orlicz spaces studied in [6].

Recalling [13] and [6], an Orlicz function is a function M : [0,00) — [0, 0)
which is continuous, non-decreasing, and convex with M (0) = 0, M (z) > 0, for
x> 0and M (x) — oo as © — oo. If convexity of Orlicz function M is replaced
by subadditivity of M, then this function is called modulus function, defined by
Nakano [12] and further discussed by Ruckle [16] and Maddox [8], and many others.

An Orlicz function M is said to satisfy the As— condition for all values of
u if there exists a constant K > 0 such that M (2u) < KM (u) (u > 0). The Ay—
condition is equivalent to M (¢u) < K{¢M (u), for all values of w and for ¢ > 1.

Remark 1.1. An Orlicz function satisfies the inequality M (Ax) < A\M (x) for all
A with 0 < A < 1.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to construct
Orlicz sequence space

ly = {wa:ZZ‘LlM(‘Z—p’“l) < 00, forsomep>0},

The space £;; with the norm

lall = inf {p>0: 5252, M (121) <1,
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becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < 00), the spaces ¢y coincide with the classical sequence space £,.

If X is a sequence space, we give the following definitions:

()X = the continuous dual of X;

(i) X = {a = (amn) : 255 e [@mnmn| < 00, foreachz € X} ;

(i) X? = {a = (amn) : >0 5% me1 GmnTmn is convegent, foreachx € X };

(iv) X7 = {a = (Gmn) : SUPmn > 1 }Z%:f:l o Tmn

< oo, foreachx € X} ;

(v)let X beanF K — space D ¢; then XT = {f(%mn) fe X,};

Lmin o0, foreachz € X} ;

(vi) X% = {a = (amn) : SUPmn |@mnTmn|
X X8 X7 are called a — (orKéthe — Toeplitz)dual of X, 3 — (or generalized —
Kaothe — Toeplitz) dual of X,y — dualof X, § — dual of X respectively. X* is de-
fined by Gupta and Kamptan [20]. It is clear that 2* C X? and X c X7, but
X# c X7 does not hold, since the sequence of partial sums of a double convergent
series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [30] as follows

Z(A)={x=(zr) €w: (Axg) € Z}

for Z = ¢, ¢p and £y, where Az = xp, — 241 for all k € N.

Here ¢, ¢y and £, denote the classes of convergent,null and bounded sclar valued
single sequences respectively. The difference space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < oo by BaSar and Altay in [42] and in
the case 0 < p < 1 by Altay and BaSar in [43]. The spaces ¢ (A),co (A),ls (A)
and bv, are Banach spaces normed by

1
l2ll = |aa| + suprs1 |Azg| and ], = (52, Jzef?)/”, (1 < p < 00).
Later on the notion was further investigated by many others. We now introduce
the following difference double sequence spaces defined by
Z(A) = {x = (Tmn) € W? : (Axpy,) € Z}

2 2
where Z = A » X and Aznmn = (:Cmn - zanrl) - (szrln - :Ceranrl) = Tmn —
Tmn+1 — Tmtin T Tmtin+1 for allm,n € N

2. Definitions and Preliminaries

By the convergence of a double sequence we mean the convergence on the
Pringsheim sense that is, a double sequence © = (z,,) has Pringsheim limit 0
(denoted by P — limaz = 0) (i.e) ((m 4 n)! |[Zma])/™™ = 0 as m,n — co. We
shall write more briefly as ”' P — convergentto0”’
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Definition 2.1. A modulus function was introduced by Nakano [12]. We recall
that a modulus f is a function from [0,00) — [0,00), such that

(1) f(x) =0 if and only if x =0

(2) flx+y) < f(x)+ f(y), forallz >0,y >0,

(3) f is increasing,

(4) f is continuous from the right at 0. Since |f (x) — f (y)| < f (|Jz — yl), it follows
from here that f is continuous on [0, 00) .

Definition 2.2. Let A = (a??) denote a four dimensional summability method

that maps the complex double sequences x into the double sequence Ax where the
k,0— th term to Ax is as follows:

(Az),, = Zzﬂ ZZL A" Tmn

such transformation is said to be nonnegative if ajl;" is nonnegative.

The notion of regularity for two dimensional matrix transformations was pre-
sented by Silverman [40] and Toeplitz [41]. Following Silverman and Toeplitz,
Robison and Hamilton presented the following four dimensional analog of regular-
ity for double sequences in which they both added an adiditional assumption of
boundedness. This assumption was made because a double sequence which is P—
convergent is not necessarily bounded.

Definition 2.3. A double sequence x = (1) of real numbers is called almost P—
convergent to a limit 0 if

P = limy goosuprsz0= S0 S (4 n)! @) 0.

m=r n=s

that is, the average value of (Xmy) taken over any rectangle
{(m,n):r<m<r+p—1,s<n<s+q—1} tends to 0 as both p and q to oo,
and this P— convergence is uniform in r and s. Let denot the set of sequences with
this property as [XQ] .

By a lacunary 0 = (my);k = 0,1,2,--- where mg = 0, we shall mean an in-
crasing sequence of non-negative integers with my —my_1 as k — oo. The intervals
determined by 0 will be denoted by I, = (my—1,m,] and hy = m, — m,_1. The
ratio m’:: will be denoted by qp.

Definition 2.4. The double sequence 0y = {(mp,ne)} is called double lacunary
if there exist two increasing sequences of integers such that

mo =0,h =mp —m,_1 — 00 as k — 0o and
no=0,hy =ny —ny_1 — 00 as £ — oo.

Let my, 0 = myne, hi e = hkh_g, and Oy ¢ is determine by

Ino={(m,n) :mp_1 <m < mpandne_1 <n <ng},q, = & L

me 10T
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Definition 2.5. Let f be an modulus function and P = (pmn) be any factorable
double sequence of strictly positive real numbers, we define the following sequence

space: X?v [ACGH,P} =
1/m+n pmn

{P n limk’eﬁ Zmelk,e ZnGIk,l {f ((m + n)! |$m+r,n+8|) } =0,
uniformly in r and s.}

We shall denote x} [ACq, ., P] as x* [ACy, ,, P] respectively when pp, = 1
for all m and n. If z is in x? [ACGk, . P} , we shall say that = is almost lacunary
x? strongly P—convergent with respect to the modulus function f. Also note if
f(x) = 2,ppn = 1 for all m and n, then x} [ACy,,, P] = x*[ACy,,] which are
defined as follows: x* [ACy, ,] =

. 1/ m+4n
{P a lzmk’lﬁke Zmelk,e Znelk,g [((m + n)' |xm+7“7n+s|) / :| = 07

uniformly in r and s.}
Again note if py,, = 1 for all m and n, then x3 [ACs, . P] = X7 [ACs, ] . we
define Xfc [ACs, . P] =

. 1/m+n]Pmn
(P —timiers S en,, Suen, [ (m+m) @)™ = 0,
uniformly in r and s.}

Definition 2.6. Let [ be an modulus function P = (pmn) be any factorable double
sequence of strictly positive real numbers, we define the following sequence space:

X7 [Pl = ,
{P - limp»qﬂooi fn:l Zgzzl |:((m + TL)' |zm+r,n+s|)1/m+n} = 0,

uniformly in r and s.}

If we take f () = &, pmn = 1 for all m and n, then Xfc [P] = x%

Definition 2.7. Let 0, ¢ be a double lacunary sequence; the double number sequence
x 18 Spi,e — P— convergent to 0 then

P — limkygﬁmazns

{m,n) € T s (@ m) mrinss = O™} = 0.

In this case we write S/’g;:g —lim ((m 4+ n)! | Tmtrnts — 0|)1/m+" =0.

3. Main Results

Theorem 3.1. If f be any modulus function and a bounded factorable positive
double number sequence pp,, then X? [AC’@,CY[,P} is linear space

Proof: The proof is easy. Theorefore omit the proof. O

Lemma 3.2. Let f be an modulus function which sastisfies As— condition and
let 0 < & < 1. Then for each x > & we have f(z) < K& ' f(2) for some constant
K >0.

Theorem 3.3. For any modulus function f which satisfies Ao— condition we have
X2 [ACGk,Z} C X?c [ACGJM}
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Proof: Let z € x* [ACy, ,] so that for each r and s

. 1/m+n
? [4C, J={P ~ timkens Soner, Tuery (07 + )t om i) 7] =0}
Let € > 0 and choose § with 0 < 6 < 1 such that f (¢) < e for every ¢t with 0 < ¢ < 4.
We obtain the following,

1/m+
T Sty Snen, S [0+ 0! Emrns) 7]

_ 1 1/m+

~ hre meEly Znelk’g and [Ty 4r,n+s—0| <8 f |:((m + n)' |zm+r,n+s|) " n:| +
1 1/m+

hie meElk,, ank’g and | Ty 4rn45—0]>6 f {((m + n)' |1'm+r,n+s|> m+n S

hre (hké ) + hLM Zmefk P ZnGIkwl and |Tm4r,nts—0[>8 f |:((m + n)' |‘Tm+7"7"+5

hke (hk€€> + h K~ f( )hkl X2 [Acek,e] :
Therefore by 3 2 as k and ¢ goes to infinity in the Pringsheim sense, for each r and
s we are granted = € Xfc [AC‘%,/J . O

DY)

Theorem 3.4. Let 0y ¢ = {mu, ns} be a double lacunary sequence with limin frq, >
1 and liminfiqz > 1 then for any modulus function f, xfc (P) C X?c (ACy, . P)

Proof: Suppose liminfrqr > 1 and liminf;q > 1; then there eXists 6 > 0 such
that qk > 146 and g7 > 1+ §. This implies :fl—’; > g 5 and }” > 175 Then for

S xf (P), we can write for each r and s.

Bie = 1 Soerey Sner, £ (04 2)! ot
1/m+n Pmn .

]

thi 2kzl Zil |:((m + TL)' |xm+r,n+s|)

Pmn
hke ka ! an ' |:((m + n)' |xm+r,n+s|>1/m+n:| -

1 |>1/m+n:| Pmn B

Pt m= mk 1+1Z

h%e n= ne 1+1 ka ' [((m+n)' |$m+r,n+s|) fm n}
X 1 + Pmn
= 77;:1;;2 (mklng szzl Zil |:((m + n)' |$m+r,n+s|) /m ni| ) -

B B B B 1 Pmn
meanes (1 sy e (m ) s )]

- 1 Pmn
nlfwl ( ! Zm mp_1+1 Zne ' [((m+n)!|xm+r,n+s|) /m+n}

Mne—1

— 1 + Pmn
”kal (mkl—l Zn =ny_1+1 Emk ! [((m+n)' |$m+7‘,n+s|) /m n} ) .

Since # € X7 (P) the last two terms tend to zero uniformly in m, n in the Pringsheim
sense, thus, for each r and s

mp n m+n]Pmm
Bk,é = [khL ( L kazl nil [((m + 7’L)' |$m+r,n+s|)1/ * } )

hke myng

-~ , 1 + Pmn
- 2Rt (e S S (Gt ) o))

+o(l).
Since hie = mgng — mp_1ng_1 we are granted for each r and s the following

nll

|:((m +n)! |xm+r,n+s
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The terms »
e S S S (G ) )T
Pmn
(m Yok St f(m4n)! |xm+hn+s|)1/m+n} ) are both Pringsheim

gai sequences for all r and s. Thus By, is a pringsheim gai sequence for each r and
5. Hence x € Xfc (ACy,,. P). O

Theorem 3.5. Let 0 = {m,n} be a double lacunary sequence with limsuprqy <
0o and limsuprqr < oo then for any modulus function f, Xfc (AC@,CY[,P) C

X3 (p)-

Proof: Since limsuprqr, < oo and limsupiqr < oo there exists H > 0 such that
qr < H and g7 < H for all k and /. Let = € xfc (AC@,M,P) . Also there exist kg > 0
and £y > 0 such that for every ¢ > kg and j > ¢y and r and s,

, 1 Pmn
Ay = h_ij Zmelw Znefm f [((m + ) Zrpr s |) /m+n] — 0asm,n — oco.

Let G = max {A;j 1 <i<kpandl <j < fo} , and p and ¢ be such that mj_1 <
p < myg and ny_1 < ¢ < ny. Thus we obtain the following:

1 + Pmn
A [(m ot ) )

S mk,llng,l szzl Zgzl |:((m + TL)' |zm+r,n+s

k V4 1/m+n Pmn
s T Tt (Sner, Ten, [ ) zmrnsd) ™)

1 ko Lo ’ 1 ,
mp_1ng_1 £=t=1 Zu:l htv“Atvu + ME—1Me—1 Z(ko<75§k) Uo<u<e) ht’“Atv“
’

|)1/m+n:| Pmn

IN

G ko Lo 1 ,
Mmi—1ng—1 Let=1 Zuzl hi,u + Mk—1Mp—1 Z(1€0<75§k) Uo<u<t) ht’uAtﬂu
’
G mygnegkolo 1 ’
Mpg_1Mp_1 + Mg_1Mr—1 Z(k0<t§k) UWo<u<e) htquAt,u
’
G mkongokoeo 4 1
mreime—s + SUPt>ko Jutlo At u Me_1m0 1 Z(ko<t§k)U(€o<u§€) Pt
!
G myynegkolo ¢ Z h
ME_1Mg_1 mp_1ng_1 £e(ko<t<k)UJ(Lo<u<e) "*Lu
’
G kot
My Meg Roto +€H2.
M —1Mp—1

Since my and ¢, both approaches infinity as both p and ¢ approaches infinity, it
follows that

IN

IN

IN

IN

pYmn]

p_lq Zm:l 2221 [((m + 1) [Trmgr s =0, uniformlyinrands.

Hence = € x3 (P). O

Theorem 3.6. Let 00 = {m,n} be a double lacunary sequence with 1<
liman fi, eqr,e < limsuprq, < 0o, then for any modulus function f, X?c (ACQN,P)

=x3 ().
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Theorem 3.7. Let 0 be a double lacunary sequence then
. P T
(i) (@mn) 532 (S, )
(ii)(AC’gw) is a proper subset of (55;)
(iii) If x € A% and () LY X2 (S/G;,) then (Tmn) LY X2 (AC’@,CY[)
(iv) x? (S/G;,) NA2 =2 [ACGWJ A2
Proof: (i) Since for all r and s
H(m,n) € Iy ((m +n)! |$m+r,n+s - 0|)1/m+”} - 0’ =
Zmelw Znelw and | &4 rnts|=0 ((m+ 1) Tmsr s — 0|)1/m+n <
Zmelw Znelw ((m + 1) Zmtrnts — 0|)1/m+n , for all r and s

. 1/m+n
P - llmkvthkg Zmelk’g Znelk ¢ ((m + TL)' |zm+r,n+s - 0|) fm+ =0
This implies that for all r and s

P — limklﬁj H(m,n) € I e ((m+n) | Tmtrnts — O|)1/m+n — OH = 0.

(ii)let & = (ymn) be defined as follows:

DI T L /AT

(m+n)!

1 2 3 [37\/}1”]7”“ 0

(m+n)!

1 2 3 [37\/}1”]7”“ 0

(zmn) = (m+n)! R [

Here z is an double sequence and for all r and s
P —limy hi,e H(m,n) € Io: ((m+ 1) Tomtrnts — 0|)1/m+n = 0}‘ =

(m—+n)! [m]m+n > Hmn =0

. 1
P — lzmkvl_hk,g )]

Therefore (21) LY X2 (S/"g;) . Also

. 1/m+
P— llmkvthkg Zmelk’g Znelk,g ((m + TL)' |zm+r,n+s|) /mtn -

P L (e Y Y™ hk,el’"*">”m” " 1> _

(SIS

1 .
3 | e (m+n)!

217
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P
Therefore (,,,) /4 X2 (Acek,[,) .
(iii) If € A2 and (ﬂﬁmn) 5 X2 (5/9:) then (mmn) £> X2 (ACBk,e) :

Suppose x € A? then for all r and s, ((m + n)! |Tmtrnts — O|)1/m+" < M for all
m,n. Also for given € > 0 and k and ¢ large for all  and s we obtain the following:

e et Soner e (A1) T gs — O =

ﬁ Zmelw Znelw and | T v nts|>0 ((m+n)! |xm+r,n+s - 0|)1/m+n +
e Domely o 2oy o and zmsrnss)<0 (M F W) mprngs — ofyt/mtn
< AL|{(mn) € T s (4 1) omrnrs = 0D = 0| 4

Therefore z € A? and (x,,,) LY X2 (5;) then () LY x? (ACy, ,)
(iv) 2 (59\ ) NA2 = X2 [ACy, ,] N A2 follows from (i),(ii) and (). 0

Theorem 3.8. If f be any modulus function then xfc [AC@kA % (S/QZZ)

Proof: Let = € x5 [ACy, ,| , for all r and s.

Therefore we have

ﬁ mely., Znelw f {((m +n)! |$m+r,n+s - 0[)

1/m+ni| >

1/m+n
thg mely ¢ ZHGI)“[ and ‘Im+r’n+5|20 f |:((m + n)' |xm+T7"+5 - O|) / :| >
h%gf (0) H(m,n) € Ine: ((m+n) Tmprnts — 0|)1/m+"} = 0‘ .
Hence z € x? (gg-;) ) O
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