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A Characterization for Bishop Equations of Parallel Curves according
to Bishop Frame in E3
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ABSTRACT: In this paper, we study Bishop equations of parallel curves according
to Bishop frame in Euclidean 3-space. We obtain a new characterization of parallel
curve by using Bishop frame in E3.
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1. Introduction

A parallel of a curve is the envelope of a family of congruent circles centered
on the curve. It generalises the concept of parallel lines. It can also be defined as
a curve whose points are at a fixed normal distance of a given curve, [11]. Parallel
curves is not a subject widely studied in research papers. The first study in this
regard, Chrastinova developed a new construction. This construction is carried
over the three-dimensional space and as a result, two parallel curves are obtained
as well. Then, Chrastinova studyed parallel helices in three-dimensional space in
[4]. In [9], Korpinar et al obtained some characterizations about parallel curves by
using Bishop frame in E3.

On the other hand Bishop frame, which is also called alternetive or parallel
frame of the curves, was introduced by L.R. Bishop in 1975 by means of parallel
vector fields. Recently, many research papers related to this concept have been
treated in Euclidean space. For example, in [13,14] the outhors introduced a new
version of Bishop frame and an application to spherical images and they studied
Minkowski space in E3, respectively. In [7,8], Korpinar and Turhan explored bihar-
monic B—slant helices and dual spacelike biharmonic curves with timelike principal
normal for dual variable in dual Lorentzian space D3 according to Bishop frame.

In this paper, we obtain a new characterization of parallel curve by using Bishop
frame in E3. The firstly, we summarize properties Bishop frame and Frenet frame
which are parameterized by arc-length parameter s and the basic concepts on
curves. Finally, we give Frenet frame of parallel curves according to Bishop frame
in E3.
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2. Background on parallel curves

Let o : I — E3 be a regular curve with parametrized by arc-length. Denote by
{T,N, B} the moving Frenet-Serret frame along the curve « in the space E3. For
an arbitrary curve o with first and second curvature, x and 7 in the space E3, the
following Frenet—Serret formulae is given

T = &N,
N = —xT+ 7B,
B’ = -7N.

The Bishop frame is expressed as

TI = HlMl +H2M2, (21)
Mll = 7H1T,
MIQ = —HQT,

where we shall call the set {T, M, M2} as Bishop trihedra and x; and k2 as Bishop
curvatures. The relation matrix may be expressed as

T = T,
N = cosf(s)My + sinf(s)Ma,
B = —sinf(s)My + cosf(s)Ma,

where 6(s) = arctan 22, 7 (s) = 6’ (s) and & (s) = \/s7 + 3. Here, Bishop curva-
tures are defined by

k1 = K(s)cos(s),

ke = K(s)sinf(s).

For planar curve « its unit tangent and unit normal vectors are T (s) and N (s) ,
respectively. Then, we get

Py (S:)=a(s)+tN(s) and P_(S_) = a(s) —tN(s),

where S1 = Sy (s) and S1 denotes the length along P+, at the distance t. Deter-
mining the length S1, we can write

dS+
ds

where k is the curvature of « (s), [4,11].

=14 tx,

Lemma 2.1. Two curves o, 3 : I — E3 are parallel if their velocity vectors o (s)
and B’ (s) are parallel for each s. In this case, if a(so) = B(so) for some one sq in
I then, a = 3, [11].

Theorem 2.2. If o, : I — E? are unit-speed curves such that ko = kg and
To = £73 then, a and B are congruent, [11].
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3. Bishop Frame of Parallel Curve in E3

Let o : I — E? be a regular curve with parametrized by arc-length and P its a
parallel curve. We obtained that for any parallel curve with Bishop frame, [9];

P =a+ uM; +nMa,

where
1 2ko tan ) — k1Ko C 2tanf — k1 C
— and n = ————

K1 2k2 sec2 6 2k sec2 0

(3.1)

In the rest of the paper, assume that S = s and Bishop Frame, Bishop curva-
tures, curvature and torsion of P with respect to arc-length parameter s denote
{T, M;, M,} and &1, Re, K, T respectively.

Firstly, we need following lemma:

Lemma 3.1. Let o : I — E3 be a reqular curve with parametrized by arc-length
and Pits a parallel curve BE3. Then, curvature and torsion of P are given by

o= (20K —2p'k1 — pKl — nKb)® + (k1 — pKi — nr1k2 + u”)2
2.1
+ (k2 — prika — 3 + 1)),
dBF¥
F o= —<— NP>
ds
where
1 2ko tanf — k1 ko C' J 2tanf — k1 C
=— — andn = ——+——
K1 2K2 sec2 0 " 2k1 sec2 0
Proof: We take the derivative of the (3.1) formula
P = TP=T= (1 — Kk1p — kon)T + ' My + n'Ma, (3.2)
P’ = T= (TP)/ = (=2n'ka — 24’ K1 — pr — nrS)T (3.3)

+ (k1 — prt — nrake + ") My + (k2 — prike —ne3 + 1) Ma.

If we take norm for (3.3), we can get

Fo= | (=20'ke — 20"k — pwl — o) T + (k1 — pwt — nrake + p) My
+ (ke — pr1ks — k3 +n") Mz ||,
where k1 and ko are Bishop curvatures of a curve. Then, we easy have

~ 2
R2 = (=20'ky — 20 k1 — pr) — nRh)? + (k1 — pst — nRake + 1)

+ (Hz — WK1k — K3 + 77”)2
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Now, we can calculate NP and BP components of the Frenet-Serret formulas
of P by

NP = N= %[(—277'@ — 20Ky — pry — b)) T + (k1 — pe] — nrike + 1) My
+ (kg — pr1kg — nKk3 + n") Mg, (3.4)
B = B-= %[(u’@ — ppt Ky ko — K3
' = 'k 4 ' 63 o K1k — ") T

+(—kg + 2uK1Ko + 2nK3 — 2unkK KRS — 2 (7]/)2 Ko — 2u'n K1

=" — pPRTRg + " k1 — 0?5 4 " ke — 'Ky — ' Ky) My (3.5)
+(Kky — 2uKT — 2nK1ko 4 20’ Ko + 2 (u’)2 K1+ 2unKiks

1+ PR — sy 4 RS — i kg + pl K]+ p'neh) M),

From definition of torsion of P, we have

dBP
F = —<— NP>
ds

(ko — pp kkg — p'nis + 'y — 'k + ' 65+ K ke

') (=20 k2 — 20 K1 — pK| = nkRs)) + d%(%(*ﬂz + 2uK1Kg + 20K
—2pm1k3 — 2 () o — 200 Ky — 0" — PR + K — PR3 4 " e
—pn' &y — ' 64) (k1 — e} — nr1kg + 1)) + %(%('fl — 20KT — 2k kg
20 k2 + 2 (1) k1 + 2unkdkg + p + PR — Ry P RRS — e
Ry + p'nRs) (ke — prike — ks 4+ 1))

O

Corollary 3.2. Let a: I — E3 be a reqular curve with parametrized by arc-length
in E3. If P is a parallel curve of o, then

k1 = Fkecos(h), (3.6)
Ro = FRsin(f), (3.7)
where s
0= / T(s)ds
0
Proof: Using Lemma 3.1, we easily have (3.6) and (3.7). O

Finally, we give our main theorem.
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Theorem 3.3. Let a: I — E3 be a regular curve with parametrized by arc-length
and Pits a parallel curve in E3. Then, the Bishop equations of P are given by

™ = (=20 ko — 20/ K1 — pk) — nrby)T + (m — ;m? — NK1K2 + u”) M,
+ (k2 — pr1ka — 5 + 1) Ma,
M, = —iT,
M, = —#T.

Proof: By using Bishop frame of parallel curve, we have
M, = -, T.
If we write equation (3.6) in Corallary 3.2 and using (2.2), we get
M, = —cos(O)[(~20'k2 — 201 — prh — nh)% + (k1 — k3 — nraks + ")’
+ (K2 — pr1K2 — RS + 77”)2]%[(1 — w1t — wgn) T + ' My + 7' Ma].
Similarly, by using Bishop frame of parallel curve, we have
M), = —i,T.
If we write equation (3.7) in Corallary 3.2 and using (2.3), we get
My = —sin(0)[(~20k2 — 2051 — prh —nrh)% + (k1 — sl — neaky + ")’
+ (K2 — pr1K2 — K + 77")2]% [(1 = k1pe — won)T + ' My + n'Ma].

d

Corollary 3.4. Let a: I — E3 be a reqular curve with parametrized by arc-length
and Pits a parallel curve in E3. Then, frenet frame of P are given by

T = (1—rip—kon)T + /My + 'Ma,
N = %[(—277%2 — 24Ky — pry — b)) T + (k1 — pe] — nrike + 1) My
+ (k2 — pr1k2 — nK3 + 1) M),
B = %[(MI@ — pp Kk — g+ u'n" o'y KT kR — o @")T

+(—ko 4 2ur1 ko + 2nK3 — 2unri K3 — 2 (77')2 Ko — 21’0 K1

=" — pPKike 4 pn k1 — PR3 ke — ' Ky — i KG) My
(k1 — 2uKT — 2nk1 kg + 2u'n Ky + 2 (u’)2 K1+ 2unKI Ko
"+ PR — " B+ PRiRS — R + ' KY 4 ' neh) M.

Proof: The proof of Corollary is obvious from Theorem 3.3. O
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