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A Characterization for Bishop Equations of Parallel Curves according

to Bishop Frame in E3

Talat Körpinar, Vedat Asil, Muhammed T. Sariaydin, Muhsin İncesu

abstract: In this paper, we study Bishop equations of parallel curves according
to Bishop frame in Euclidean 3-space. We obtain a new characterization of parallel
curve by using Bishop frame in E3.
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1. Introduction

A parallel of a curve is the envelope of a family of congruent circles centered
on the curve. It generalises the concept of parallel lines. It can also be defined as
a curve whose points are at a fixed normal distance of a given curve, [11]. Parallel
curves is not a subject widely studied in research papers. The first study in this
regard, Chrastinova developed a new construction. This construction is carried
over the three-dimensional space and as a result, two parallel curves are obtained
as well. Then, Chrastinova studyed parallel helices in three-dimensional space in
[4]. In [9], Korpinar et al obtained some characterizations about parallel curves by
using Bishop frame in E3.

On the other hand Bishop frame, which is also called alternetive or parallel
frame of the curves, was introduced by L.R. Bishop in 1975 by means of parallel
vector fields. Recently, many research papers related to this concept have been
treated in Euclidean space. For example, in [13,14] the outhors introduced a new
version of Bishop frame and an application to spherical images and they studied
Minkowski space in E3

1, respectively. In [7,8], Korpinar and Turhan explored bihar-
monic B−slant helices and dual spacelike biharmonic curves with timelike principal
normal for dual variable in dual Lorentzian space D3

1 according to Bishop frame.
In this paper, we obtain a new characterization of parallel curve by using Bishop

frame in E3. The firstly, we summarize properties Bishop frame and Frenet frame
which are parameterized by arc-length parameter s and the basic concepts on
curves. Finally, we give Frenet frame of parallel curves according to Bishop frame
in E3.
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2. Background on parallel curves

Let α : I → E3 be a regular curve with parametrized by arc-length. Denote by
{T,N,B} the moving Frenet–Serret frame along the curve α in the space E3. For
an arbitrary curve α with first and second curvature, κ and τ in the space E3, the
following Frenet–Serret formulae is given

T
′ = κN,

N
′ = −κT+ τB,

B
′ = −τN.

The Bishop frame is expressed as

T
′ = κ1M1 + κ2M2, (2.1)

M
′
1 = −κ1T, (2.2)

M
′
2 = −κ2T, (2.3)

where we shall call the set {T,M
1
,M2} as Bishop trihedra and κ1 and κ2 as Bishop

curvatures. The relation matrix may be expressed as

T = T,

N = cos θ(s)M1 + sin θ(s)M2,

B = − sin θ(s)M1 + cos θ(s)M2,

where θ(s) = arctan κ2

κ1

, τ (s) = θ′ (s) and κ (s) =
√

κ2
1 + κ2

2. Here, Bishop curva-
tures are defined by

κ1 = κ (s) cos θ (s) ,

κ2 = κ (s) sin θ (s) .

For planar curve α its unit tangent and unit normal vectors are T (s) and N (s) ,
respectively. Then, we get

P+ (S+) = α (s) + tN (s) and P− (S−) = α (s)− tN (s) ,

where S± = S± (s) and S± denotes the length along P±, at the distance t. Deter-
mining the length S±, we can write

dS±

ds
= 1± tκ,

where κ is the curvature of α (s), [4,11].

Lemma 2.1. Two curves α, β : I → E3 are parallel if their velocity vectors α′ (s)
and β′ (s) are parallel for each s. In this case, if α(s0) = β(s0) for some one s0 in
I then, α = β, [11].

Theorem 2.2. If α, β : I → E3 are unit-speed curves such that κα = κβ and
τα = ±τβ then, α and β are congruent, [11].
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3. Bishop Frame of Parallel Curve in E3

Let α : I → E3 be a regular curve with parametrized by arc-length and P its a
parallel curve. We obtained that for any parallel curve with Bishop frame, [9];

P = α+ µM1 + ηM2,

where

µ =
1

κ1

−
2κ2 tan θ − κ1κ2C

2κ2
1 sec

2 θ
and η =

2 tan θ − κ1C

2κ1 sec2 θ
. (3.1)

In the rest of the paper, assume that S = s and Bishop Frame, Bishop curva-
tures, curvature and torsion of P with respect to arc-length parameter s denote
{T̃, M̃1, M̃2} and κ̃1, κ̃2, κ̃, τ̃ respectively.

Firstly, we need following lemma:

Lemma 3.1. Let α : I → E3 be a regular curve with parametrized by arc-length
and Pits a parallel curve E3. Then, curvature and torsion of P are given by

κ̃ = ((−2η′κ2 − 2µ′κ1 − µκ′
1 − ηκ′

2)
2 +

(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)2

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)2
)

1

2 ,

τ̃ = − <
dBP

ds
,NP >,

where

µ =
1

κ1

−
2κ2 tan θ − κ1κ2C

2κ2
1 sec

2 θ
and η =

2 tan θ − κ1C

2κ1 sec2 θ
.

Proof: We take the derivative of the (3.1) formula

P
′ = T

P = T̃ = (1− κ1µ− κ2η)T+ µ′
M1 + η′M2, (3.2)

P
′′ = T̃

′ =
(

T
P
)′

= (−2η′κ2 − 2µ′κ1 − µκ′
1 − ηκ′

2)T (3.3)

+
(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)

M1 +
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)

M2.

If we take norm for (3.3), we can get

κ̃ = ‖ (−2η′κ2 − 2µ′κ1 − µκ′
1 − ηκ′

2)T +
(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)

M1

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)

M2 ‖,

where κ1 and κ2 are Bishop curvatures of α curve. Then, we easy have

κ̃2 = (−2η′κ2 − 2µ′κ1 − µκ′
1 − ηκ′

2)
2 +

(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)2

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)2
.
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Now, we can calculate N
P and B

P components of the Frenet-Serret formulas
of P by

N
P = Ñ =

1

κ̃
[(−2η′κ2 − 2µ′κ1 − µκ′

1 − ηκ′
2)T+

(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)

M1

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)

M2], (3.4)

B
P = B̃ =

1

κ̃
[(µ′κ2 − µµ′κ1κ2 − µ′ηκ2

2

+µ′η′′ − η′κ1 + µη′κ2
1 + ηη′κ1κ2 − η′µ′′)T

+(−κ2 + 2µκ1κ2 + 2ηκ2
2 − 2µηκ1κ

2
2 − 2 (η′)

2
κ2 − 2µ′η′κ1

−η′′ − µ2κ2
1κ2 + µη′′κ1 − η2κ3

2 + ηη′′κ2 − µη′κ′
1 − ηη′κ′

2)M1 (3.5)

+(κ1 − 2µκ2
1 − 2ηκ1κ2 + 2µ′η′κ2 + 2 (µ′)

2
κ1 + 2µηκ2

1κ2

+µ′′ + µ2κ3
1 − µµ′′κ1 + η2κ1κ

2
2 − µ′′ηκ2 + µµ′κ′

1 + µ′ηκ′
2)M2].

From definition of torsion of P, we have

τ̃ = − <
dBP

ds
,NP >

= −
1

κ̃
[
d

ds
(
1

κ̃
(µ′κ2 − µµ′κ1κ2 − µ′ηκ2

2 + µ′η′′ − η′κ1 + µη′κ2
1 + ηη′κ1κ2

−η′µ′′)(−2η′κ2 − 2µ′κ1 − µκ′
1 − ηκ′

2)) +
d

ds
(
1

κ̃
(−κ2 + 2µκ1κ2 + 2ηκ2

2

−2µηκ1κ
2
2 − 2 (η′)

2
κ2 − 2µ′η′κ1 − η′′ − µ2κ2

1κ2 + µη′′κ1 − η2κ3
2 + ηη′′κ2

−µη′κ′
1 − ηη′κ′

2)(κ1 − µκ2
1 − ηκ1κ2 + µ′′)) +

d

ds
(
1

κ̃
(κ1 − 2µκ2

1 − 2ηκ1κ2

+2µ′η′κ2 + 2 (µ′)
2
κ1 + 2µηκ2

1κ2 + µ′′ + µ2κ3
1 − µµ′′κ1 + η2κ1κ

2
2 − µ′′ηκ2

+µµ′κ′
1 + µ′ηκ′

2)(κ2 − µκ1κ2 − ηκ2
2 + η′′))].

✷

Corollary 3.2. Let α : I → E3 be a regular curve with parametrized by arc-length
in E3. If P is a parallel curve of α, then

κ̃1 = κ̃ cos(θ̃), (3.6)

κ̃2 = κ̃ sin(θ̃), (3.7)

where

θ̃ =

∫ s

0

τ̃ (s) ds.

Proof: Using Lemma 3.1, we easily have (3.6) and (3.7). ✷

Finally, we give our main theorem.
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Theorem 3.3. Let α : I → E3 be a regular curve with parametrized by arc-length
and Pits a parallel curve in E3. Then, the Bishop equations of P are given by

T̃
′ = (−2η′κ2 − 2µ′κ1 − µκ′

1 − ηκ′
2)T+

(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)

M1

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)

M2,

M̃
′
1 = −κ̃1T̃,

M̃
′
2 = −κ̃2T̃.

Proof: By using Bishop frame of parallel curve, we have

M̃
′
1 = −κ̃1T̃.

If we write equation (3.6) in Corallary 3.2 and using (2.2), we get

M̃
′
1 = − cos(θ̃)[(−2η′κ2 − 2µ′κ1 − µκ′

1 − ηκ′
2)

2 +
(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)2

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)2
]
1

2 [(1 − κ1µ− κ2η)T+ µ′
M1 + η′M2].

Similarly, by using Bishop frame of parallel curve, we have

M̃
′
2 = −κ̃2T̃.

If we write equation (3.7) in Corallary 3.2 and using (2.3), we get

M̃
′
2 = − sin(θ̃)[(−2η′κ2 − 2µ′κ1 − µκ′

1 − ηκ′
2)

2 +
(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)2

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)2
]
1

2 [(1− κ1µ− κ2η)T+ µ′
M1 + η′M2].

✷

Corollary 3.4. Let α : I → E3 be a regular curve with parametrized by arc-length
and Pits a parallel curve in E3. Then, frenet frame of P are given by

T̃ = (1− κ1µ− κ2η)T+ µ′
M1 + η′M2,

Ñ =
1

κ̃
[(−2η′κ2 − 2µ′κ1 − µκ′

1 − ηκ′
2)T+

(

κ1 − µκ2
1 − ηκ1κ2 + µ′′

)

M1

+
(

κ2 − µκ1κ2 − ηκ2
2 + η′′

)

M2],

B̃ =
1

κ̃
[(µ′κ2 − µµ′κ1κ2 − µ′ηκ2

2 + µ′η′′ − η′κ1 + µη′κ2
1 + ηη′κ1κ2 − η′µ′′)T

+(−κ2 + 2µκ1κ2 + 2ηκ2
2 − 2µηκ1κ

2
2 − 2 (η′)

2
κ2 − 2µ′η′κ1

−η′′ − µ2κ2
1κ2 + µη′′κ1 − η2κ3

2 + ηη′′κ2 − µη′κ′
1 − ηη′κ′

2)M1

+(κ1 − 2µκ2
1 − 2ηκ1κ2 + 2µ′η′κ2 + 2 (µ′)

2
κ1 + 2µηκ2

1κ2

+µ′′ + µ2κ3
1 − µµ′′κ1 + η2κ1κ

2
2 − µ′′ηκ2 + µµ′κ′

1 + µ′ηκ′
2)M2].

Proof: The proof of Corollary is obvious from Theorem 3.3. ✷
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